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Abstract
Most of the free parameters in the Standard Model (SM) — a quantum field theory which has
successfully elucidated the behaviors of strong, weak and electromagnetic interactions of all the
known fundamental particles, come from the lepton and quark flavors. The discovery of neutrino
oscillations has proved that the SM is incomplete, at least in its lepton sector; and thus the door
of opportunity is opened to exploring new physics beyond the SM and solving a number of flavor
puzzles. In this review article we give an overview of important progress made in understanding
the mass spectra, flavor mixing patterns, CP-violating effects and underlying flavor structures of
charged leptons, neutrinos and quarks in the past twenty years. After introducing the standard
pictures of fermion mass generation, flavor mixing and CP violation in the SM extended with
the presence of massive Dirac or Majorana neutrinos, we briefly summarize current experimental
knowledge about the flavor parameters of quarks and leptons. Various ways of describing flavor
mixing and CP violation are discussed, the renormalization-group evolution of flavor parameters
is illuminated, and the matter effects on neutrino oscillations are interpreted. Taking account of
possible extra neutrino species, we propose a standard parametrization of the 6 × 6 flavor mix-
ing matrix and comment on the phenomenological aspects of heavy, keV-scale and light sterile
neutrinos. We pay particular attention to those novel and essentially model-independent ideas or
approaches regarding how to determine the Yukawa textures of Dirac fermions and the effective
mass matrix of Majorana neutrinos, including simple discrete and continuous flavor symmetries.
An outlook to the future development in unraveling the mysteries of flavor structures is also given.
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1. Introduction
1.1. A brief history of lepton and quark flavors
The history of particle physics can be traced back to the discovery of the electron by Joseph
Thomson in 1897 [1]. Since then particle physicists have been trying to answer an age-old but
fundamentally important question posed by Gottfried Leibniz in 1714: Why is there something
rather than nothing? Although a perfect answer to this question has not been found out, great
progress has been made in understanding what the Universe is made of and how it works, both
microscopically and macroscopically. Among many milestones in this connection, the biggest and
most marvelous one is certainly the Standard Model (SM) of particle physics.
The SM is a renormalizable quantum field theory consisting of two vital parts: the electroweak
part which unifies electromagnetic and weak interactions based on the SU(2)L × U(1)Y gauge
groups [2, 3, 4], and the quantum chromodynamics (QCD) part which describes the behaviors of
strong interactions based on the SU(3)c gauge group [5, 6, 7]. Besides the peculiar spin-zero Higgs
boson and some spin-one force-mediating particles — the photon, gluons, W± and Z0 bosons,
the SM contains a number of spin-half matter particles — three charged leptons (e, µ, τ), three
neutrinos (νe, νµ, ντ), six quarks (u, c, t and d, s, b), and their antiparticles. Fig. 1 provides a
schematic illustration of these elementary particles and their interactions allowed by the SM, in
which each of the fermions is usually referred to as a “flavor”, an intriguing term inspired by and
borrowed from different flavors of ice cream 1. It is straightforward to see
• why the photon, gluons and neutrinos are massless. The reason is simply that they have no
direct coupling with the Higgs field. While the unbroken U(1)em and SU(3)c gauge sym-
metries respectively preserve the photon and gluons to be massless, there is no fundamental
symmetry or conservation law to dictate the neutrino masses to vanish. But today there is
solid evidence for solar [9, 10, 11, 12], atmospheric [13], reactor [14, 15] and accelerator
1This term was first used by Harald Fritzsch and Murray Gell-Mann to distinguish one kind of quark from another,
when they ate ice cream at a Baskin Robbins ice-cream store in Pasadena in 1971 [8].
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Figure 1: An illustration of the elementary particles and their interactions in the SM, in which the thick lines mean
that the relevant particles are coupled with each other. Note that the Higgs field, gluon fields and weak vector boson
fields have their own self-interactions, respectively.
[16, 17, 18] neutrino (or antineutrino) oscillations, convincing us that the elusive neutrinos
do possess tiny masses and their flavors are mixed [19]. This is certainly a striking signal of
new physics beyond the SM.
• why flavor mixing and weak CP violation can occur in the quark sector. The reason is
simply that the three families of quarks interact with both the Higgs boson and the weak
vector bosons, leading to a nontrivial mismatch between mass and flavor eigenstates of the
three families of quarks as described by the 3 × 3 Cabibbo-Kobayashi-Maskawa (CKM)
matrix [20, 21]. The latter accommodates three flavor mixing angles and one CP-violating
phase which determine the strengths of flavor conversion and CP nonconservation.
So fermion mass, flavor mixing and CP violation constitute three central concepts of flavor physics.
But the SM itself does not make any quantitative predictions for the values of fermion masses,
flavor mixing angles and CP-violating phases, and hence any deeper understanding of such flavor
issues must go beyond the scope of the SM.
Within the framework of the SM, the quark flavors take part in both electroweak and strong in-
teractions, the charged-lepton flavors are sensitive to the electroweak interactions, and the neutrino
flavors are only subject to the weak interactions. These particles can therefore be produced and
detected in proper experimental environments. Table 1 is a list of some important milestones asso-
ciated with the discoveries of lepton and quark flavors. The discoveries of W±, Z0 and H0 bosons
have also been included in Table 1, simply because their interactions with charged fermions and
massive neutrinos help define the flavor eigenstates of such matter particles. Some immediate
comments are in order.
(1) The history of flavor physics has been an interplay between experimental discoveries and
theoretical developments. For instance, the existence of the positron was predicted by Paul Dirac
in 1928 [47] and 1931 [48], at least two years before it was observed in 1933. The pion was
predicted by Hideki Yukawa in 1935 [49], and it was experimentally discovered in 1947. The
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Table 1: Some important milestones associated with the experimental discoveries of lepton or quark flavors and the
effects of parity and CP violation. The discoveries of W±, Z0 and H0 bosons are also listed here as a reference.
Experimental discoveries Discoverers or collaborations
1897 electron J. J. Thomson [1]
1917 proton (up and down quarks) E. Rutherford [22]
1932 neutron (up and down quarks) J. Chadwick [23]
1933 positron C. D. Anderson [24]
1936 muon C. D. Anderson, S. H. Neddermeyer [25]
1947 pion (up and down quarks) C. M. G. Lattes, et al. [26]
1947 Kaon (strange quark) G. D. Rochester, C.C. Butler [27]
1956 electron antineutrino C. L. Cowan, et al. [28]
1957 Parity violation C. S. Wu, et al. [29]; R. L. Garwin, et al. [30]
1962 muon neutrino G. Danby, et al. [31]
1964 CP violation in s-quark decays J. H. Christenson, et al. [32]
1974 charmonium (charm quark) J. J. Aubert, et al. [33]; J. E. Augustin, et al. [34]
1975 tau M. L. Perl, et al. [35]
1977 bottomonium (bottom quark) S. W. Herb, et al. [36]
1983 weak W± bosons G. Arnison, et al. [37]
1983 weak Z0 boson G. Arnison, et al. [38]
1995 top quark F. Abe, et al. [39]; S. Abachi, et al. [40]
2000 tau neutrino K. Kodama, et al. [41]
2001 CP violation in b-quark decays B. Aubert, et al. [42]; K. Abe, et al. [43]
2012 Higgs boson H0 G. Aad, et al. [44]; S. Chatrchyan, et al. [45]
2019 CP violation in c-quark decays R. Aaij et al. [46]
electron antineutrino was first conjectured by Wolfgang Pauli in 1930 and later embedded into the
effective field theory of the beta decays by Enrico Fermi in 1933 [50] and 1934 [51], but it was
not observed until 1956. The quark model proposed independently by Murray Gell-Mann [52]
and George Zweig [53] in 1964 was another success on the theoretical side, which helped a lot in
organizing a variety of the mesons and baryons observed in the 1960’s.
(2) The observation of parity violation in weak interactions was a great breakthrough and con-
firmed Tsung-Dao Lee and Chen-Ning Yang’s revolutionary conjecture in this connection [54],
and it subsequently led to the two-component theory of neutrinos [55, 56, 57] and the V−A struc-
ture of weak interactions [58, 59]. Such theoretical progress, together with the Brout-Englert-
Higgs (BEH) mechanism [60, 61, 62, 63], helped to pave the way for Sheldon Glashow’s work
in 1961 [2] and the Weinberg-Salam model of electroweak interactions in 1967 [3, 4]. After the
renormalizability of this model was proved by Gerard ’t Hooft in 1971 [64, 65], it became the
standard electroweak theory of particle physics and proved to be greatly successful.
(3) Among other things, the presence of weak neutral currents and the suppression of flavor-
changing neutral currents are two salient features of the SM. The former was experimentally ver-
ified by the Gargamelle Neutrino Collaboration in 1973 [66], and the latter was theoretically ex-
6
plained with the help of the Glashow-Iliopoulos-Maiani (GIM) mechanism [67]. At that time
the prerequisite for the GIM mechanism to work was the existence of a fourth quark [68] and its
Cabibbo-like mixing with the down and strange quarks [20, 69]. Both of these two conjectures
turned out to be true after the charm quark was discovered in 1974.
(4) The observation of CP violation in the K0-K¯0 system was another great milestone in particle
physics, as it not only motivated Andrei Sakharov to put forward the necessary conditions that a
baryon-generating interaction must satisfy to produce the observed baryon-antibaryon asymmetry
of the Universe in 1967 [70], but also inspired Makoto Kobayashi and Toshihide Maskawa to
propose a three-family mechanism of quark flavor mixing which can naturally accommodate weak
CP violation in 1973 [21]. This mechanism was by no means economical at that time because its
validity required the existence of three new hypothetical flavors — charm, bottom and top, but it
was finally proved to be the correct source of CP violation within the SM.
In the lepton sector the elusive neutrinos have been an active playground to promote new ideas
and explore new physics. It was Ettore Majorana who first speculated that a neutrino might be
its own antiparticle [71], and his speculation has triggered off a long search for the neutrinoless
double-beta (0ν2β) decays mediated by the Majorana neutrinos since the pioneering calculation
of the 0ν2β decay rates was done in 1939 [72]. In 1957, Bruno Pontecorvo challenged the two-
component neutrino theory by assuming that the electron neutrino should be a massive Majorana
fermion and the lepton-number-violating transition νe ↔ νe could take place [73] in a way similar
to the K0 ↔ K¯0 oscillation [74]. Soon after the discovery of the muon neutrino in 1962, Ziro
Maki, Masami Nakagawa and Shoichi Sakata proposed a two-flavor neutrino mixing picture to
link νe and νµ with their mass eigenstates ν1 and ν2 [75]. That is why the 3 × 3 neutrino mixing
matrix is commonly referred to as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix.
The year 1968 can be regarded as the beginning of the neutrino oscillation era, simply because
the solar 8B neutrino deficit was first observed by Raymond Davis in the Homestake experiment
via the radiochemical reaction νe +
37Cl → e− + 37Ar [9] and the two-flavor neutrino oscillation
probabilities were first formulated by Pontecorvo [76, 77]. Since then the flavor oscillations of
neutrinos or antineutrinos have convincingly been detected in a number of underground experi-
ments, as partially listed in Table 2 2. Some brief comments are in order.
(a) Some theorists have made important contributions towards understanding the production
of solar neutrinos and their oscillation behaviors inside the Sun, leading to a final solution to the
long-standing solar neutrino problem in 2002. For example, John Bahcall’s pioneering work in
establishing the Standard Solar Model (SSM) has exercised a profound and far-reaching influence
on the development of neutrino astrophysics [80, 81, 82]; and the description of how neutrinos
oscillate in medium, known as the Mikheyev-Smirnov-Wolfenstein (MSW) matter effect [83, 84],
was a remarkable theoretical milestone in neutrino physics.
(b) The unexpected observation of a neutrino burst from the Supernova 1987A explosion in
the Large Magellanic Cloud opened a new window for neutrino astronomy. On the other hand,
the observations of a number of high-energy extraterrestrial neutrino events ranging from about
30 TeV to about 1 PeV at the IceCube detector [85, 86] confirmed the unique role of cosmic
2For the sake of simplicity, here only the neutrino (or antineutrino) oscillation experiments that were recognized
by the 2002 and 2015 Nobel Prizes or the 2016 Breakthrough Prize in Fundamental Physics are listed.
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Table 2: Some key milestones associated with the experimental discoveries of neutrino or antineutrino oscillations.
Neutrino sources and oscillations Discoverers or collaborations
1968 solar neutrinos (νe → νe) R. Davis, et al. [9]
1987 supernova antineutrinos (νe) K. Hirata, et al. [78]; R. M. Bionta, et al. [79]
1998 atmospheric neutrinos (νµ → νµ) Y. Fukuda, et al. [13]
2001 solar neutrinos (νe → νe, νµ, ντ) Q. R. Ahmad, et al. [10, 12]; S. Fukuda, et al. [11]
2002 reactor antineutrinos (νe → νe) K. Eguchi, et al. [14]
2002 accelerator neutrinos (νµ → νµ) M. H. Ahn, et al. [16]
2011 accelerator neutrinos (νµ → νe) K. Abe, et al. [17, 18]
2012 reactor antineutrinos (νe → νe) F. P. An, et al. [15]
neutrinos as a messenger in probing the depth of the Universe which is opaque to light.
(c) A careful combination of currently available neutrino oscillation data allows us to deter-
mine two independent neutrino mass-squared differences and three neutrino mixing angles to a
very good degree of accuracy in the standard three-flavor scheme, although the ordering of three
neutrino masses has not been fully fixed and the strength of leptonic CP violation remains unde-
termined [19]. These achievements have motivated a great quantity of elaborate theoretical efforts
towards unraveling the mysteries of neutrino mass generation and flavor mixing dynamics, but a
convincing quantitative model of this kind has not been obtained [87].
In short, there exist three families of leptons and quarks in nature, and their existence fits in
well with the framework of the SM. The fact that three kinds of neutrinos possess finite but tiny
masses has been established on solid ground, but it ought not to spoil the core structure of the SM.
Moreover, quark flavor mixing effects, neutrino flavor oscillations and CP violation in the weak
charged-current interactions associated with quarks have all been observed, and some effort has
also been made to search for leptonic CP violation in νµ → νe versus νµ → νe oscillations [88]. All
these developments are open to both benign and malign interpretations: on the one hand, the SM
and its simple extension to include neutrino masses and lepton flavor mixing are very successful
in understanding what we have observed; on the other hand, the SM involves too many flavor
parameters which have to be experimentally determined rather than theoretically predicted.
1.2. A short list of the unsolved flavor puzzles
Within the three-flavor scheme of quarks and leptons, there are totally twenty (or twenty-
two) flavor parameters provided massive neutrinos are the Dirac (or Majorana) fermions 3. These
parameters include six quark masses, three charged-lepton masses, three neutrino masses, three
quark flavor mixing angles and one CP-violating phase in the CKM matrix, three lepton flavor
mixing angles and one (or three) CP-violating phase(s) in the PMNS matrix. One may therefore
classify the unsolved flavor puzzles into three categories, corresponding to three central concepts
in flavor physics— fermion masses, flavor mixing and CP violation.
3Note that a peculiar phase parameter characterizing possible existence of strong CP violation in QCD is not taken
into account here, but its physical meaning will be discussed in section 2.3.3.
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Figure 2: A schematic illustration of flavor “hierarchy” and “desert” problems in the SM fermion mass spectrum at
the energy scale MZ [89], where the central values of charged-lepton and quark masses are quoted from Refs. [90, 91],
and the allowed ranges of three neutrino masses with a normal ordering are cited from Refs. [92, 93].
Category (1): the puzzles associated with fermion masses. Within the SM, the masses of nine
charged fermions are expressed as the products of their respective Yukawa coupling eigenvalues
and the vacuum expectation value of the neutral Higgs field, while the masses of three neutrinos
are vanishing as a straightforward consequence of the model’s simple and economical structure.
In particular, the neutrinos are chosen to be only left-handed for no good theoretical reason within
the SM; and hence introducing the right-handed neutrino states is undoubtedly a natural way to
generate nonzero neutrino masses beyond the SM. For example, the difference between baryon
number B and lepton number L is the only anomaly-free global symmetry of the SM [94, 95], and
it can be promoted to a local B− L symmetry of electroweak interactions by naturally introducing
three right-handed neutrinos [96, 97, 98, 99]. The right-handed neutrino states also appear as
a natural and necessary ingredient in some grand unification theories (GUTs) with the left-right
[100, 101, 102] or SO(10) gauge symmetry [103, 104]. Since the Yukawa coupling matrices of
Q = −1 leptons, Q = +2/3 quarks and Q = −1/3 quarks are completely undetermined in the SM,
one is left with no quantitative predictions for their masses and no interpretation of the observed
mass spectrum as shown in the right panel of Fig. 2 4. Therefore, we wonder
• why there is a very strong mass hierarchy in the charged-lepton and quark sectors (namely,
me  mµ  mτ, mu  mc  mt and md  ms  mb), although all of them originate
from the BEH mechanism and Yukawa interactions. In other words, we have not found out
a compelling reason why the mass spectrum of nine charged fermions has a span of nearly
six orders of magnitudes. This puzzle can be referred to as the flavor hierarchy problem.
4Here only the normal neutrino mass ordering (i.e., m1 < m2 < m3) is considered for the purpose of illustration,
and it is actually favored over the inverted one (i.e., m3 < m1 < m2) at the 3σ level [92, 93].
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• why there is a flavor desert between the neutral and charged fermion masses, spanning
about six orders of magnitude. A conservative upper limit on the neutrino masses should
be of O(0.1) eV to O(1) eV [19], although the latest Planck constraint on the sum of three
neutrino masses sets an even more stringent upper bound 0.12 eV at the 95% confidence
level [105]. Such flavor “hierarchy” and “desert” issues might hint at the Majorana nature of
massive neutrinos, a kind of new physics far beyond the SM. Namely, the origin of neutrino
masses is very likely to be considerably different from that of charged-fermion masses.
• what the real mechanism of neutrino mass generation is. It is often argued that a pure Dirac
neutrino mass term, just like the mass term of three charged leptons, would be compatible
with ’t Hooft’s naturalness criterion [106] but inconsistent with Gell-Mann’s totalitarian
principle [107] 5. On the one hand, switching off such a tiny mass term does allow for
lepton flavor conservation in the classical regime of an SM-like system if non-perturbative
quantum effects are not taken into account [87, 110], and hence its presence seems not to
be unnatural. But on the other hand, a right-handed (SU(2)L singlet) neutrino field and
its charge-conjugated counterpart can form a new Majorana neutrino mass term which is
not forbidden by any fundamental symmetry, and thus a combination of this term and the
Dirac neutrino mass term would dictate massive neutrinos to have the Majorana nature.
The canonical seesaw mechanism [111, 112, 113, 114, 115] and its various variations were
proposed along this line of thought, and their basic idea is to ascribe the small masses of
three known neutrinos to the existence of some unknown heavy degrees of freedom.
• whether the twelve independent mass parameters can be (partly) correlated with one another
in a theoretical framework beyond the SM. A viable left-right symmetric [100, 101, 102],
SO(10) [103, 104] or SU(5) [116] GUT is possible to establish an intrinsic link between
leptons and quarks. In this connection both lepton and baryon numbers are nonconservative
[87, 110], implying that the proton might be unstable and massive neutrinos should be the
Majorana particles. A typical example is the so-called Georgi-Jarlskog mass relations at
the GUT scale [117]: mb = mτ, mµ = 3ms and md = 3me. Quantum corrections to such
tree-level mass relations are absolutely necessary so as to confront them with the values of
charged-lepton and quark masses at low energies.
In addition, the strange “flavor desert” shown in Fig. 2 is so suggestive that it might hide one or
more sterile neutrinos in the keV mass range [89] 6 — a good candidate for warm dark matter in
the Universe [118, 119, 120, 121]. If such new but relatively light degrees of freedom exist, the
origin of their masses will certainly be another flavor puzzle.
5The naturalness criterion tells us that “at any energy scale µ, a set of parameters αi(µ) describing a system can be
small, if and only if, in the limit αi(µ) → 0 for each of these parameters, the system exhibits an enhanced symmetry”
[106]. In contrast, the totalitarian principle claims that “everything not forbidden is compulsory” [107]. Of course,
these two kinds of criteria and some other empirical guiding principles for model building beyond the SM may not
always work and thus should not be overstated [108, 109].
6Here “sterile” means that such a hypothetical neutrino species does not directly take part in the standard weak
interactions, but it may mix with the normal (or “active”) neutrinos and thus participate in weak interactions and
neutrino oscillations in an indirect way.
10
Category (2): the puzzles associated with flavor mixing patterns. If the SM is minimally ex-
tended by allowing its three neutrinos to be massive, then one may treat lepton flavor mixing and
quark flavor mixing on the same footing. The puzzling phenomena of flavor mixing and CP vio-
lation come from a nontrivial mismatch between the mass and flavor eigenstates of three-family
leptons or quarks, and such a mismatch stems from the fact that lepton or quark fields can interact
with both scalar and gauge fields (as illustrated in Fig. 1). After transforming all the flavor eigen-
states into the mass eigenstates, the flavor mixing and CP-violating effects of leptons and quarks
can only manifest themselves in the weak charged-current interactions, described respectively by
the PMNS matrix U and the CKM matrix V:
Lcc =
g√
2
(e µ τ)L γµ U
ν1ν2
ν3

L
W−µ + (u c t)L γ
µ V
dsb

L
W+µ
 + h.c. . (1)
Note that U and V are commonly defined, by convention or for some reason, to be associated
respectively with W− and W+. Note also that the SM dictates the 3 × 3 CKM matrix V to be
exactly unitary, but whether the 3×3 PMNS matrix U is unitary or not depends on the mechanism
of neutrino mass generation — its unitarity will be slightly violated if the three light neutrinos
mix with some extra degrees of freedom (e.g., this is the case in the canonical seesaw mechanism
to be discussed in sections 2.2.3 and 5.2.2). Here we assume U to be unitary, given the fact that
current neutrino oscillation data and electroweak precision measurements have left little room for
the observable effects of possible unitarity violation (i.e., below O(10−2) [122, 123, 124]). In
this situation one may parametrize U in terms of three flavor mixing angles and one (or three)
physical CP-violating phase(s) in a “standard” way as advocated by the Particle Data Group [19],
corresponding to the Dirac (or Majorana) nature of the neutrinos:
U =
1 0 00 c23 s230 −s23 c23

 c13 0 s13e
−iδν
0 1 0
−s13eiδν 0 c13

 c12 s12 0−s12 c12 00 0 1
 Pν
=

c12c13 s12c13 s13e
−iδν
−s12c23 − c12s13s23eiδν c12c23 − s12s13s23eiδν c13s23
s12s23 − c12s13c23eiδν −c12s23 − s12s13c23eiδν c13c23
 Pν , (2)
in which ci j ≡ cos θi j and si j ≡ sin θi j (for i j = 12, 13, 23) with θi j lying in the first quadrant, δν
is the irreducible CP-violating phase which is usually referred to as the Dirac phase, and Pν ≡
Diag{eiρ, eiσ, 1} is a diagonal phase matrix containing two independent phase parameters ρ and σ.
The latter may have physical meaning only when massive neutrinos are the Majorana particles.
The same parametrization is applicable to the CKM matrix V with three flavor mixing angles (ϑ12,
ϑ13 and ϑ23) and one physical CP-violating phase δq [125, 126, 127]. The phase parameters δν
and δq signify CP violation in neutrino oscillations and that in quark decays, respectively. The
allowed 3σ ranges of six flavor mixing angles are plotted in Fig. 3 for illustration, where the
present experimental data on quark decays [19] and neutrino oscillations [93] have been input and
the normal neutrino mass ordering has been taken. Some open questions are in order.
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Figure 3: A schematic illustration of the 3σ ranges of three lepton flavor mixing angles (θ12, θ13 and θ23) and three
quark flavor mixing angles (ϑ12, ϑ13 and ϑ23) constrained by current experimental data on quark decays [19] and
neutrino oscillations [93], respectively. Here only the normal neutrino mass ordering is taken into account, simply
because it is favored over the inverted neutrino mass order at the 3σ level [92, 93]. The fractional errors of each
mixing angle measure the relative uncertainties around its best-fit value.
• How to interpret the observed quark flavor mixing pattern. In view of ϑ12 ' 13◦, ϑ13 ' 0.21◦
and ϑ23 ' 2.4◦ as shown in Fig. 3 for quark flavor mixing, we expect that the CKM matrix V
is nearly an identity matrix with small off-diagonal perturbations. Namely, V = I + O(λ) +
O(λ2) + · · · , with λ ' sinϑ12 ' 0.22 being the Wolfenstein expansion parameter used to
describe the hierarchical structure of V [128]. The latter is expected to have something to
do with the strong mass hierarchies of up- and down-type quarks illustrated by Fig. 2 (i.e.,
mu/mc ∼ mc/mt ∼ λ4 and md/ms ∼ ms/mb ∼ λ2). For example, the interesting empirical
relation sinϑ12 '
√
md/ms can be derived from a very simple texture of quark mass matrices
[129, 130, 131]. To fully understand potential correlations between quark mass ratios and
flavor mixing angles, it is necessary to determine the corresponding structures of Yukawa
coupling matrices with the help of a theoretical guiding principle or a phenomenological
organizing principle, such as the discrete [132, 133] and continuous [134] flavor symmetries
or the Fritzsch-like zero textures [135, 136]. So far a unique and convincing solution to the
quark flavor mixing problem has been lacking [137].
• How to explain the observed lepton flavor mixing pattern. The recent best-fit values of three
lepton flavor mixing angles are θ12 ' 33.5◦, θ13 ' 8.4◦ and θ23 ' 47.9◦ [92] (or θ12 ' 33.8◦,
θ13 ' 8.6◦ and θ23 ' 49.7◦ [93]) in the case of a normal neutrino mass ordering, considerably
different from their counterparts in the quark sector. Given the fact of me/mµ ∼ mµ/mτ ∼ λ2,
it is naively expected that contributions of the charged-lepton mass ratios to the lepton flavor
mixing angles should be insignificant. If the large lepton mixing angles are ascribed to a
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weak neutrino mass hierarchy (i.e., the ratios m1/m2 and m2/m3 are relatively large and even
close to one in the normal neutrino mass ordering), then the texture of the neutrino mass
matrix should have a weak hierarchy too. A more popular conjecture is that the PMNS
matrix U might be dominated by a constant flavor mixing pattern U0 and corrected by a
small perturbation matrix ∆U. Namely, U = U0 + ∆U. In the literature some interesting
patterns of U0, such as the so-called “democratic” [138, 139] and “tribimaximal” [140, 141,
142] mixing patterns, have been proposed to account for current neutrino oscillation data
and build viable neutrino mass models. Although U0 can be specified by imposing certain
flavor symmetries on the charged-lepton and neutrino mass matrices, how to specify the
symmetry-breaking part ∆U is highly nontrivial. The latter is usually associated with many
unknown parameters which are experimentally unaccessible for the time being, and hence
they have to be put into a hidden dustbin in most of the present model-building exercises
[143, 144, 145, 146]. The variety of such models on the market makes it difficult to judge
which flavor symmetry is really true or closer to the truth.
• Whether there exists a kind of correlation between lepton and quark flavor mixing parame-
ters. In a given GUT framework it is in general possible to establish some relations between
lepton and quark Yukawa coupling matrices, from which one may partly link the mass and
flavor mixing parameters in one sector to those in the other sector. For instance, the so-called
quark-lepton complementarity relations θ12 + ϑ12 = pi/4 and θ23 ± ϑ23 = pi/4 have been put
into consideration in some literature [147, 148], although they are dependent both on the
energy scales and on the parametrization forms of U and V [149, 150, 151, 152].
Note again that U and V are associated respectively with W− and W+, as emphasized above. This
fact might put a question mark against some attempts to establish a straightforward relationship
between U and V , such as the aforementioned quark-lepton complementarity relations.
Category (3): the puzzles associated with CP violation. CP violation means that matter and
antimatter are distinguishable, so are a kind of reaction and its CP-conjugated process. Within the
SM the effects of CP violation naturally manifest themselves in weak interactions via a nontrivial
complex phase — denoted as the Kobayashi-Maskawa phase δq — residing in the CKM quark
flavor mixing matrix V [21]. Given the fact that neutrinos are massive and lepton flavors are mixed,
CP violation is also expected to show up in the lepton sector. The most natural source of leptonic
CP violation should be the nontrivial complex phase(s) of the PMNS matrix U. Corresponding
to the Dirac or Majorana nature of massive neutrinos, U may contain a single CP-violating phase
denoted by δν or three ones denoted as δν, ρ and σ. While δν is sometimes called the Dirac phase,
ρ and σ are often referred to as the Majorana phases because they are closely associated with
lepton number violation and have nothing to do with those lepton-number-conserving processes
such as neutrino-neutrino and antineutrino-antineutrino oscillations. In cosmology CP violation
is one of the crucial ingredients for viable baryogenesis mechanisms to explain the mysterious
dominance of matter (baryons) over antimatter (antibaryons) in today’s Universe [70]. Some open
issues about CP violation in the weak interactions are in order.
• A failure of the SM to account for the observed baryon-antibaryon asymmetry of the Uni-
verse. In spite of δq ' 71◦ in the standard parametrization of V [19], strongly hierarchical
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quark masses as compared with the electroweak symmetry breaking scale shown in Fig. 2
and very small flavor mixing angles make the overall effect of CP violation coming from
the SM’s quark sector highly suppressed [153]. On the other hand, the mass of the Higgs
boson (i.e., MH ' 125 GeV [19]) is large enough to make a sufficiently strong first-order
electroweak phase transition impossible to happen within the SM [154, 155, 156, 157]. For
these two reasons, one has to go beyond the SM to look for new sources of CP violation
and realize the idea of baryogenesis in a different way. One typical example of this kind is
baryogenesis via leptogenesis [158] based on the canonical seesaw mechanism, and another
one is the Affleck-Dine mechanism with the help of supersymmetry [159].
• The true origin and strengths of leptonic CP violation. It is certainly reasonable to attribute
the effects of leptonic CP violation to the nontrivial complex phase(s) of the PMNS matrix
U, but the origin of such phases depends on the mechanism of neutrino mass generation. If a
seesaw mechanism is responsible for generating the tiny Majorana neutrino masses of three
active neutrinos, for instance, the CP-violating phases of U are expected to originate from
the complex phases associated with those heavy degrees of freedom and the relevant Yukawa
interactions via the unique dimension-five Weinberg operator [160] and the corresponding
seesaw formula. In this case, however, whether there exists a direct connection between
leptonic CP violation at low energies and viable leptogenesis at a superhigh-energy scale
is strongly model-dependent [161]. Current neutrino oscillation data have excluded δν = 0
and pi at the 2σ confidence level [88] and provided a preliminary preference for δν ∼ 3pi/2
at the 1σ confidence level [92, 93], but how to determine or constrain the Majorana phases
ρ and σ remains completely unclear because a convincing phenomenon of lepton number
violation has never been observed.
• Whether CP violation in the lepton sector is correlated with that in the quark sector. Such
a question is basically equivalent to asking whether there exists some intrinsic correlation
between the lepton and quark sectors, so that the two sectors share some flavor properties
regarding mass generation, flavor mixing and CP violation. In this connection a robust GUT
framework should help, although there is still a long way to go. From a phenomenological
point of view, one may certainly conjecture something like δq + δν = 3pi/2 or 2pi with the
help of current experimental data [19, 92, 93]. But this sort of quark-lepton complementarity
relation for the CP-violating phases suffers from the same problem as those for the flavor
mixing angles, and hence it might not be suggestive at all.
Besides the issues of CP violation in the weak interactions, there is also the problem of strong
CP violation in the SM — a nontrivial topological term in the Lagrangian of QCD which breaks
the original CP symmetry of the Lagrangian and is characterized by the strong-interaction vacuum
angle θ [94, 95, 162, 163]. This angle, combined with a chiral quark mass phase [164] via the
chiral anomaly [165, 166], leads us to an effective angle θ. With the help of the experimental
upper limit on the neutron electric dipole moment [167], the magnitude of θ is constrained to
be smaller than 10−10. Given its period 2pi, why is the parameter θ extremely small instead of
O(1)? Such a fine-tuning issue constitutes the strong CP problem in particle physics, and the most
popular solution to this problem is the Peccei-Quinn theory [168, 169].
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All in all, the discovery of the long-expected Higgs boson at the Large Hadron Collider (LHC)
in 2012 [44, 45] implies that the Yukawa interactions do exist and should be responsible for the
mass generation of charged leptons and quarks within the SM. On the other hand, a series of suc-
cessful neutrino oscillation experiments have helped establish the basic profiles of tiny neutrino
masses and significant lepton flavor mixing effects, as outlined above. To deeply understand the
origin of flavor mixing and CP violation in both quark and lepton sectors, including the possible
Majorana nature of massive neutrinos, it is desirable and important to summarize where we are
standing today and where we are going tomorrow. In particular, a comparison between the flavor
issues in lepton and quark sectors must be enlightening. The future precision flavor experiments,
such as the super-B factory [170], an upgrade of the LHCb detector [171] and a variety of neutrino
experiments [19], will help complete the flavor phenomenology and even shed light on the under-
lying flavor theory which is anticipated to be more fundamental and profound than the SM. Such
a theory is most likely to take effect at a superhigh-energy scale (e.g., the GUT scale), and thus
whether it is experimentally testable depends on whether it can successfully predict a number of
quantitative relationships among the low-energy observables.
The present article is intended to review some important progress made in understanding flavor
structures and CP violation of charged fermions and massive neutrinos in the past twenty years.
We plan to focus on those striking and essentially model-independent ideas, approaches and results
regarding the chosen topics, and outline possible ways to proceed at this frontier of particle physics
in the next ten years. The remaining parts of this work are organized as follows. In section 2 we
go over the standard pictures of fermion mass generation, flavor mixing and weak CP violation in
a minimal version of the SM extended with the presence of massive Dirac or Majorana neutrinos.
Section 3 provides a brief summary of our current numerical knowledge about the flavor mixing
parameters of quarks and leptons, and section 4 is devoted to the descriptions of flavor mixing
patterns and CP violation phenomenology. In section 5 the light and heavy sterile neutrinos are
introduced, and the effects of their mixing with active neutrinos are described. Sections 6 and 7
are devoted to possible flavor textures and symmetries of charged fermions and massive neutrinos,
respectively. In section 8 we summarize the main content of this article, make some concluding
remarks and give an outlook to the future developments in this exciting field.
2. The standard picture of fermion mass generation
2.1. The masses of charged leptons and quarks
2.1.1. The electroweak interactions of fermions
Let us concentrate on the Lagrangian of electroweak interactions in the SM, denoted as LEW,
which is based on the SU(2)L × U(1)Y gauge symmetry group and the Higgs mechanism [3, 4].
The latter is crucial to trigger spontaneous symmetry breaking SU(2)L × U(1)Y → U(1)em, such
that three of the four gauge bosons and all the nine charged fermions acquire nonzero masses.
The Lagrangian LEW consists of four parts: (1) the kinetic term of the gauge fields and their
self-interactions, denoted as LG; (2) the kinetic term of the Higgs doublet and its potential and
interactions with the gauge fields, denoted as LH; (3) the kinetic term of the fermion fields and
their interactions with the gauge fields, denoted as LF; (4) the Yukawa interactions between the
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Table 3: The main quantum numbers of leptons and quarks associated with the electroweak interactions in the SM,
where qi and q
′
i (for i = 1, 2, 3) represent the flavor eigenstates of up- and down-type quarks, respectively; lα and
να (for α = e, µ, τ) denote the flavor eigenstates of charged leptons and neutrinos, respectively. They can therefore
be distinguished from the corresponding mass eigenstates (namely, u, c, t for up-type quarks; d, s, b for down-type
quarks; e, µ, τ for charged leptons; and ν1, ν2, ν3 for neutrinos) in an unambiguous way. In addition, Q = I3 + Y holds.
Fermion doublets or singlets Weak isospin I3 Hypercharge Y Electric charge Q
QiL ≡
(
qi
q′i
)
L
(for i = 1, 2, 3)
(
+1/2
−1/2
)
+1/6
(
+2/3
−1/3
)
`αL ≡
(
να
lα
)
L
(for α = e, µ, τ)
(
+1/2
−1/2
)
−1/2
(
0
−1
)
UiR ≡
(
qi
)
R
(for i = 1, 2, 3) 0 +2/3 +2/3
DiR ≡
(
q′i
)
R
(for i = 1, 2, 3) 0 −1/3 −1/3
EαR ≡
(
lα
)
R (for α = e, µ, τ) 0 −1 −1
fermion fields and the Higgs doublet, denoted as LY. To be explicit [172],
−LG =
1
4
(
W iµνW iµν + B
µνBµν
)
,
LH = (DµH)†(DµH) − µ2H†H − λ(H†H)2 ,
LF = QLi /DQL + `Li /D`L + URi/∂′UR + DRi/∂′DR + ERi/∂′ER ,
−LY = QLYuH˜UR + QLYdHDR + `LYlHER + h.c. , (3)
in which W iµν ≡ ∂µW iν − ∂νW iµ + gεi jkW jµWkν with W iµ (for i = 1, 2, 3), g and εi jk being the SU(2)L
gauge fields, the corresponding coupling constant and the three-dimensional Levi-Civita symbol,
respectively; Bµν ≡ ∂µBν − ∂νBµ with Bµ being the U(1)Y gauge field; H ≡ (φ+, φ0)T denotes the
Higgs doublet which has a hypercharge Y(H) = +1/2 and contains two scalar fields φ+ and φ0; H˜ is
defined as H˜ ≡ iσ2H∗ with σ2 being the second Pauli matrix; QL and `L stand respectively for the
SU(2)L doublets of left-handed quark and charged-lepton fields; UR, DR and ER stand respectively
for the SU(2)L singlets of right-handed up-type quark, down-type quark and charged-lepton fields;
Yu, Yd and Yl are the corresponding Yukawa coupling matrices. In Table 3 we summarize the main
quantum numbers of leptons and quarks associated with the electroweak interactions in the SM.
Note that a sum of all the three families in the flavor space is automatically implied in LF and LY.
Moreover, in LF we have defined /D ≡ Dµγµ and /∂′ ≡ ∂′µγµ with Dµ ≡ ∂µ − igτiW iµ − ig′YBµ and
∂′µ ≡ ∂µ − ig′YBµ being the gauge covariant derivatives, in which τi ≡ σi/2 (for i = 1, 2, 3) and
Y stand respectively for the generators of gauge groups SU(2)L and U(1)Y with g and g
′ being the
respective gauge coupling constants. Note also that µ2 < 0 and λ > 0 are required in LH so as to
obtain a nontrivial vacuum expectation value of the Higgs field (i.e., v =
√−µ2/λ) by minimizing
the corresponding scalar potential V(H) = µ2H†H + λ(H†H)2.
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By fixing the vacuum of this theory at 〈H〉 ≡ 〈0|H|0〉 = (0, v/√2)T , spontaneous gauge sym-
metry breaking (i.e., SU(2)L × U(1)Y → U(1)em) will happen for LEW = LG + LH + LF + LY.
The physical gauge boson fields turn out to be W±µ = (W
1
µ ∓ iW2µ)/
√
2, Zµ = cos θwW
3
µ − sin θwBµ
and Aµ = sin θwW
3
µ + cos θwBµ, where θw = arctan (g
′/g) is the weak mixing angle. As a result,
the tree-level masses of the Higgs boson H0, the charged weak bosons W± and the neutral weak
boson Z0 are given by MH =
√
2λv, MW = gv/2 and MZ =
√
g2 + g′2 v/2, respectively. Note
that the photon γ remains massless because the electromagnetic gauge symmetry U(1)em is un-
broken. Once an effective four-fermion interaction with the Fermi coupling constant GF (e.g., the
elastic scattering process e− + νe → e− + νe via the weak charged-current interaction mediated by
W−) is taken into account at low energies, one may easily establish the correspondence relation
GF/
√
2 = g2/(8M2W). Given MW ' 80.4 GeV and GF ' 1.166× 10−5 GeV−2 [19], for example, we
obtain v = (
√
2GF)
−1/2 ' 246 GeV and g ' 0.65. The latter value means that the intrinsic coupling
of weak interactions is actually not small, and the fact that weak interactions are really feeble at
low energies is mainly because their mediators W± and Z0 are considerably massive [173].
After spontaneous electroweak symmetry breaking, the term LF in Eq. (3) allows one to fix
the weak charged- and neutral-current interactions of both leptons and quarks. Namely,
Lcc =
g√
2
∑
i
qiL γ
µq′iLW
+
µ +
∑
α
lαL γ
µναLW
−
µ
 + h.c. , (4a)
Lnc =
g
2 cos θw
∑
i
{
qi γ
µ (ζuV − ζuAγ5) qi + q′i γµ (ζdV − ζdAγ5) q′i} Zµ
+
∑
α
{
lα γ
µ
(
ζ lV − ζ lAγ5
)
lα + ναL γ
µναL
}
Zµ
 , (4b)
in which the subscripts i and α run over (1, 2, 3) and (e, µ, τ), respectively; ζuV = 1/2 − 4 sin2 θw/3,
ζdV = −1/2 + 2 sin2 θw/3 and ζ lV = −1/2 + 2 sin2 θw with sin2 θw ' 0.231 at the energy scales
around MZ [19], and ζ
u
A = −ζdA = −ζ lA = 1/2. Since the three neutrinos are exactly left-handed and
massless in the SM, they are quite lonely. In other words, these Weyl particles only interact with
W± and Z0, as described in the above two equations.
2.1.2. Yukawa interactions and quark flavor mixing
Now we focus on the Yukawa-interaction term LY in Eq. (3). It leads us to the charged-lepton
and quark mass terms after spontaneous gauge symmetry breaking:
−Lmass =
∑
i
∑
j
[
qiL
(
Mu
)
i j q jR + q
′
iL
(
Md
)
i j q
′
jR
]
+
∑
α
∑
β
lαL
(
Ml
)
αβ lβR + h.c. , (5)
where the Latin and Greek subscripts run respectively over (1, 2, 3) and (e, µ, τ), and the three mass
matrices are given by Mu = Yuv/
√
2, Md = Ydv/
√
2 and Ml = Ylv/
√
2 with v ' 246 GeV being
the vacuum expectation value of the Higgs field. The structures of these mass matrices are not
predicted by the SM, and hence they should be treated as three arbitrary 3 × 3 matrices. At least
two things can be done in this regard.
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• The polar decomposition theorem in mathematics makes it always possible to transform Mu
into a (positive definite) Hermitian mass matrix Hu multiplied by a unitary matrix Ru on its
right-hand side, Mu = HuRu. Similarly, one has Md = HdRd and Ml = HlRl with Hd,l being
Hermitian (and positive definite) and Rd,l being unitary. Such transformations are equivalent
to choosing a new set of right-handed quark and charged-lepton fields (i.e., qR → RuqR,
q′R → Rdq′R and lR → RllR), but they do not alter the rest of the Lagrangian LEW in which
there are no flavor-changing right-handed currents [174].
• The three mass matrices in Eq. (5) can be diagonalized by the bi-unitary transformations
O†uMuO
′
u = Du ≡ Diag{mu,mc,mt} ,
O†dMdO
′
d = Dd ≡ Diag{md,ms,mb} ,
O†l MlO
′
l = Dl ≡ Diag{me,mµ,mτ} , (6)
which are equivalent to transforming the flavor eigenstates of quarks and charged leptons to
their mass eigenstates. Namely,q1q2q3

L
= Ou
uct

L
,
q
′
1
q′2
q′3

L
= Od
dsb

L
,
lelµ
lτ

L
= Ol
eµ
τ

L
, (7)
and three similar transformations hold for the right-handed fields. Note that all the kinetic
terms of the charged-fermion fields in Eq. (3) keep invariant under the above transforma-
tions, simply because O(′)u , O
(′)
d and O
(′)
l are all unitary. Substituting Eq. (7) into Eqs. (4a)
and (4b), we find that the neutral-current interactions described by Lnc keep flavor-diagonal,
but a family mismatch appears in the quark sector of Lcc. The latter leads us to the famous
CKM quark flavor mixing matrix V = O†uOd as shown in Eq. (1) in the basis of quark mass
eigenstates. A pseudo-mismatch may also appear in the lepton sector of Lcc, but it can al-
ways be absorbed by a redefinition of the left-handed fields of three massless neutrinos in
the SM. Only when the neutrinos have finite and nondegenerate masses, the PMNS lepton
flavor mixing matrix U = O†l Oν can really show up in the weak charged-current interactions
in the basis of lepton mass eigenstates.
Now that the CKM matrix V = O†uOd depends on both Mu and Md through Ou and Od, it will not
be calculable unless the flavor structures of these two mass matrices are known. Unfortunately, the
SM itself makes no prediction for the textures of Mu and Md, but it does predict V to be exactly
unitary — a very good news for the phenomenology of quark flavor mixing and CP violation.
Eq. (6) tells us that the texture of a fermion mass matrix is hard to be fully reconstructed from
the corresponding mass and flavor mixing parameters, since it always involves some unphysical
degrees of freedom associated with the right-handed fermion fields. In the quark sector, for in-
stance, Mu = OuDuO
′†
u and Md = OdDdO
′†
d inevitably involve the contributions from unphysical
O′u and O
′
d. For this reason it is sometimes more convenient to diagonalize Hermitian M f M
†
f
instead of arbitrary M f (for f = u, d, l, ν) from a phenomenological point of view [137]. That is,
O†f M f M
†
f O f = D
2
f ≡ Diag{λ1, λ2, λ3} , (8)
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where λi (for i = 1, 2, 3) denote the real and positive eigenvalues of M f M
†
f , and the unitary matrices
related with the right-handed fields do not appear anymore 7. The characteristic equation of M f M
†
f
(i.e., det[M f M
†
f − λI] = 0 with I being the 3 × 3 identity matrix) can be expressed as
λ3 − tr
[
M f M
†
f
]
λ2 +
(
tr
[
M f M
†
f
])2 − tr [M f M†f ]2
2
λ − det
[
M f M
†
f
]
= 0 , (9)
and its roots are just λ1, λ2 and λ3. The latter are related to the three matrix invariants as follows:
a ≡ det[M f M†f ] = λ1λ2λ3, b ≡ tr[M f M†f ] = λ1 + λ2 + λ3 and c ≡ tr[M f M†f ]2 = λ21 + λ22 + λ23. As a
result, we obtain
λ1 =
1
3
x0 −
1
3
√
x20 − 3y0
[
z0 +
√
3
(
1 − z20
)]
,
λ2 =
1
3
x0 −
1
3
√
x20 − 3y0
[
z0 −
√
3
(
1 − z20
)]
,
λ3 =
1
3
x0 +
2
3
z0
√
x20 − 3y0 , (10)
where x0 ≡ b, y0 ≡
(
b2 − c
)
/2 and
z0 ≡ cos
13 arccos 2x
3
0 − 9x0y0 + 27a
2
√(
x20 − 3y0
)3
 . (11)
These generic formulas are useful for studying some specific textures of fermion mass matrices,
and they can also find applications in calculating the effective neutrino masses both in matter [177]
and in the renormalization-group evolution from one energy scale to another [178].
2.2. Dirac and Majorana neutrino mass terms
2.2.1. Dirac neutrinos and lepton flavor violation
A simple extension of the SM is to introduce three right-handed neutrino fields NαR with van-
ishing weak isospin and hypercharge (i.e., I3 = Y = 0)
8, corresponding to the existing left-handed
neutrino fields ναL (for α = e, µ, τ). In terms of the left- and right-handed column vectors νL and
NR with ναL and NαR being their respective components, a new kinetic term of the form NRi/∂NR
should be added to LF in Eq. (3), and a new Yukawa interaction term of the form
−LDirac = `LYνH˜NR + h.c. (12)
7If the three neutrinos are massive and have the Majorana nature, the corresponding mass matrix Mν is symmetric
and thus can be diagonalized by a transformation O†νMνO∗ν = Dν ≡ Diag{m1,m2,m3} with Oν being unitary [175, 176].
8In this connection one might prefer to use ναR to denote the right-handed neutrino fields. While this notation is
fine for the case of pure Dirac neutrinos, it will be somewhat ambiguous (and even misleading) when discussing the
hybrid neutrino mass terms and the seesaw mechanism in section 2.2.3. That is why we choose to use the notation
NαR for the right-handed neutrino fields throughout this article.
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should be added to LY in Eq. (3). Then spontaneous electroweak symmetry breaking leads us to
the Dirac neutrino mass term
−L′Dirac = νLMDNR + h.c. , (13)
where MD = Yνv/
√
2. This Dirac mass matrix can be diagonalized by a bi-unitary transformation
O†νMDO
′
ν = Dν ≡ Diag{m1,m2,m3} with mi being the neutrino masses (for i = 1, 2, 3), which is
equivalent to transforming the flavor eigenstates of left- and right-handed neutrino fields to their
mass eigenstates in the following way:νeνµ
ντ

L
= Oν
ν1ν2
ν3

L
,
NeNµ
Nτ

R
= O′ν
ν1ν2
ν3

R
. (14)
Needless to say, each νi with mass mi is a four-component Dirac spinor which satisfies the Dirac
equation. Eq. (14) allows us to use the mass eigenstates of three Dirac neutrinos to rewrite their
kinetic terms νLi/∂νL + NRi/∂NR and the weak interactions Lcc and Lnc in Eqs. (4a) and (4b). It
is straightforward to check that Lnc is always flavor-diagonal, but a nontrivial family mismatch
occurs in the lepton sector of Lcc. Combining the transformations made in Eqs. (7) and (14), we
arrive at the PMNS lepton flavor mixing matrix U = O†l Oν as shown in Eq. (1) in the basis of
lepton mass eigenstates. So U , I measures the violation of lepton flavors.
In many cases it is more convenient to work in the basis where the flavor eigenstates of three
charged leptons are identical with their mass eigenstates (i.e., Ml = Dl is not only diagonal but
also real and positive, and thus Ol = I holds). This flavor basis is especially useful for the study
of neutrino oscillations, for the reason that each neutrino flavor is identified with the associated
charged lepton in either its production or detection. In this case the mass and flavor eigenstates of
three neutrinos are related with each other via the PMNS matrix U = Oν as follows:νeνµ
ντ

L
=

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

ν1ν2
ν3

L
. (15)
The unitarity of U is guaranteed if massive neutrinos have the Dirac nature. But the pure Dirac
neutrino mass term in Eq. (12), together with LY in Eq. (3), puts the mass generation of all the
elementary fermions in the SM on the same footing. This treatment is too simple to explain why
there exists a puzzling flavor “desert” in the fermion mass spectrum as illustrated by Fig. 2, if the
origin of neutrino masses is theoretically the same as that of charged fermions.
If a global phase transformation is made for charged-lepton and neutrino fields (i.e., lαL(x) →
eiΦlαL(x), lαR(x)→ eiΦlαR(x), ναL(x)→ eiΦναL(x) and NαR(x)→ eiΦNαR(x), where Φ is an arbitrary
spacetime- and family-independent phase parameter), it will be easy to find that the leptonic kinetic
terms and Eqs. (4a), (4b), (5) and (13) are all invariant up to non-perturbative anomalies [94, 95].
This invariance is just equivalent to lepton number conservation. That is why in the perturbative
regime one is allowed to define lepton number L = +1 for charged leptons and Dirac neutrinos
(i.e., e, µ, τ and νe, νµ, ντ), and lepton number L = −1 for their antiparticles. Hence normal
neutrino-neutrino and antineutrino-antineutrino oscillations are lepton-number-conserving.
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2.2.2. Majorana neutrinos and lepton number violation
In principle, a neutrino mass term can be constructed by using the left-handed fields ναL of
the SM and their charge-conjugate counterparts (ναL)
c ≡ CναLT (for α = e, µ, τ), in which the
charge-conjugation matrix C satisfies CγTµC−1 = −γµ, CγT5C−1 = γ5 and C−1 = C† = CT = −C
[172] 9. Such a Majorana neutrino mass term is possible because the neutrino fields (ναL)
c = (νcα)R
are actually right-handed [180]. To be explicit 10,
−L′Majorana =
1
2
νLMν(νL)
c + h.c. , (16)
in comparison with the Dirac mass term in Eq. (12). Note that Eq. (16) is not invariant under a
global phase transformation ναL(x) → eiΦναL(x) with Φ being an arbitrary spacetime- and family-
independent phase, and hence lepton number is not a good quantum number in this connection.
That is why Eq. (16) has been referred to as the Majorana neutrino mass term. Such a mass term is
apparently forbidden by the SU(2)L × U(1)Y gauge symmetry in the SM, but it can naturally stem
from the dimension-five Weinberg operator [160] in the seesaw mechanisms [181].
Note also that the Majorana neutrino mass matrix Mν must be symmetric. To prove this point,
one may take account of the fact that the mass term in Eq. (16) is a Lorentz scalar and hence its
transpose keeps unchanged. As a result, νLMν(νL)
c = [νLMν(νL)
c]T = −νLCT MTν νLT = νLMTν (νL)c
holds. We are therefore left with MTν = Mν. This symmetric mass matrix can be diagonalized by a
transformation O†νMνO
∗
ν = Dν with Oν being unitary. Consequently,νeνµ
ντ

L
= Oν
ν1ν2
ν3

L
,
ν
c
e
νcµ
νcτ

R
= O∗ν
ν
c
1
νc2
νc3

R
, (17)
from which one can easily verifyν1ν2
ν3
 = O†ν
νeνµ
ντ

L
+ OTν
ν
c
e
νcµ
νcτ

R
=
OTν
ν
c
e
νcµ
νcτ

R
+ O†ν
νeνµ
ντ

L

c
=
ν
c
1
νc2
νc3
 . (18)
Now that the Majorana condition νci = νi holds (for i = 1, 2, 3) [71], the three neutrinos must be the
Majorana fermions — they are their own antiparticles in the basis of the mass eigenstates. In the
basis where the charged-lepton mass matrix Ml is diagonal, real and positive, the PMNS matrix
U = Oν describes the effects of neutrino flavor mixing as shown in Eq. (15). So the Majorana
neutrinos lead us to both lepton number violation and lepton flavor violation.
The Majorana nature of massive neutrinos implies that they can mediate the rare neutrinoless
double-beta (0ν2β) decays of some nuclei, (A,Z)→ (A,Z+2)+2e−, where the atomic mass number
A and the atomic number Z are both even [72]. Due to the mysterious nuclear pairing force, such
9One may obtain these conditions for C in the basis of neutrino mass eigenstates by requiring (νi)c ≡ CνiT to
satisfy the same Dirac equation as νi (for i = 1, 2, 3) do [179].
10Because of electric charge conservation, it is impossible for charged leptons or quarks to have a similar Majorana
mass term. So the Majorana nature is unique to massive neutrinos among all the fundamental fermions.
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Figure 4: (a) A Feynman diagram of the lepton-number-violating 0ν2β decay (A,Z) → (A,Z + 2) + 2e−, which
is equivalent to the simultaneous decays of two neutrons into two protons and two electrons mediated by the light
Majorana neutrinos νi (for i = 1, 2, 3); (b) a schematic illustration of the energy spectra of 2ν2β and 0ν2β decays, in
which Q2β is the energy released (i.e., the Q-value).
an even-even nucleus (A,Z) is lighter than its nearest neighbor (A,Z+1) but heavier than its second
nearest neighbor (A,Z+2). So the single-beta (β) decay (A,Z)→ (A,Z+1)+e−+νe is kinematically
forbidden but the double-beta (2ν2β) decay (A,Z)→ (A,Z + 2) + 2e− + 2νe may take place [182],
and the latter is equivalent to two simultaneous β decays of two neutrons residing in the nucleus
(A,Z). Then the 0ν2β transition is likely to happen, as illustrated in Fig. 4, provided the neutrinos
in the final state are their own antiparticles and can therefore be interchanged. The decay rate of
this 0ν2β process is usually expressed as Γ0ν2β = G0ν2β|M0ν2β|2|〈m〉ee|2, where G0ν2β ∝ Q52β stands
for the two-body phase-space factor of O(10−25) yr−1 eV−2 [183], M0ν2β is the relevant nuclear
matrix element, and
〈m〉ee = m1U2e1 + m2U2e2 + m3U2e3 (19)
denotes the effective Majorana mass of the electron neutrino. In Eq. (19) the neutrino mass mi
comes from the helicity suppression factor mi/E for the exchange of a virtual Majorana neutrino
νi between two ordinary β decay modes, where E represents the corresponding energy transfer.
Given the parametrization of the 3 × 3 PMNS matrix U in Eq. (2), one may always arrange the
phase parameters of Pν such that |〈m〉ee| only contains two irreducible Majorana phases.
In practice an experimental search of the rare 0ν2β decay depends not only on the magnitude of
〈m〉ee but also on a proper choice of the isotopes. There are three important criteria for choosing the
even-even nuclei suitable for the 0ν2β measurement: (a) a high Q2β value to make the 0ν2β-decay
signal as far away from the 2ν2β-decay background as possible; (b) a high isotopic abundance
to allow the detector to have a sufficiently large mass; and (c) the compatibility with a suitable
detection technique and the detector’s mass scalability [184]. Historically, the first 2ν2β decay
mode observed in the laboratory was 82Se→ 82Kr + 2e− + 2νe [185]; but today one is paying more
attention to the 0ν2β decays 76Ge→ 76Se+2e−, 136Xe→ 136Ba+2e−, 130Te→ 130Xe+2e−, and so on
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Figure 5: The lepton-number-violating νe → νe conversion induced by a “black box” [190] which is responsible for
the quark-level dd → uue−e− transition and the 0ν2β decay.
[186]. In particular, the GERDA [187], EXO [188] and KamLAND-Zen [189] Collaborations have
set an upper bound on the effective Majorana neutrino mass |〈m〉ee| < 0.06 — 0.2 eV at the 90%
confidence level [93], where the uncertainty comes mainly from the uncertainties in calculating
the relevant nuclear matrix elements.
Note that a 0ν2β decay mode can always induce the lepton-number-violating νe → νe transition
as shown in Fig. 5, which corresponds to an effective electron-neutrino mass term at the four-
loop level, no matter whether the decay itself is mediated by the light Majorana neutrino νi (for
i = 1, 2, 3) or by other possible new particles or interactions in the “black box”. This observation,
known as the Schechter-Valle theorem [190], warrants the statement that a measurement of the
0ν2β decay will definitely verify the Majorana nature of massive neutrinos. In fact, it has been
shown that there is no continuous or discrete symmetry which can naturally protect a vanishing
Majorana neutrino mass and thus the nonexistence of 0ν2β transitions to all orders in a perturbation
theory [191, 192]. So the Majorana nature of massive neutrinos is expected to be a sufficient and
necessary condition for the existence of 0ν2β decays [186]. An explicit calculation of the short-
range-“black-box”-operator-induced Majorana neutrino mass in Fig. 5 yields a result of O(10−28)
eV [193, 194], which is too small to have any quantitative impact.
While an observable 0ν2β decay is most likely to be mediated by the three known light Majo-
rana neutrinos, it is also possible that such a lepton-number-violating process takes place via a kind
of new particle or interaction hidden in the “black box” in Fig. 5. Typical examples of this kind
include the hypothetical heavy (seesaw-motivated) Majorana neutrinos, light (anomaly-motivated)
sterile neutrinos, Higgs triplets, Majorons or new particles in some supersymmetric or left-right
symmetric theories [195, 196].
2.2.3. The canonical seesaw mechanism and others
Extending the SM by introducing three right-handed neutrino fields NαR (for α = e, µ, τ) and
their charge-conjugate counterparts (NαR)
c, whose weak isospin and hypercharge are both zero,
one may not only write out a Dirac mass term like that in Eq. (13) but also a Majorana mass term
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analogous to that in Eq. (16). Namely,
−L′hybrid = νLMDNR +
1
2
(NR)
cMRNR + h.c.
=
1
2
[
νL (NR)
c
] ( 0 MD
MTD MR
) [
(νL)
c
NR
]
+ h.c. , (20)
where MR is symmetric, and the relation (NR)
cMTD(νL)
c = νLMDNR has been used. Note that the
second term in Eq. (20) is allowed by the SU(2)L × U(1)Y gauge symmetry, but it violates the
lepton number conservation. The 6 × 6 mass matrix in Eq. (20) is apparently symmetric, and thus
it can be diagonalized by a 6 × 6 unitary matrix in the following way:(
O R
S Q
)† ( 0 MD
MTD MR
) (
O R
S Q
)∗
=
(
Dν 0
0 DN
)
, (21)
where Dν ≡ Diag{m1,m2,m3}, DN ≡ Diag{M1,M2,M3}, and the 3 × 3 submatrices O, R, S and Q
satisfy the unitarity conditions
OO† + RR† = S S † + QQ† = I ,
O†O + S †S = R†R + Q†Q = I ,
OS † + RQ† = O†R + S †Q = 0 . (22)
Then the six neutrino flavor eigenstates can be expressed in terms of the corresponding neutrino
mass eigenstates as follows:νeνµ
ντ

L
= O
ν1ν2
ν3

L
+ R
N
c
1
Nc2
Nc3

L
,
NeNµ
Nτ

R
= S ∗
ν
c
1
νc2
νc3

R
+ Q∗
N1N2N3

R
. (23)
It is straightforward to check that the Majorana conditions νci = νi and N
c
i = Ni (for i = 1, 2, 3)
hold, and thus the six neutrinos are all the Majorana particles.
In the basis where the flavor eigenstates of three charged leptons are identical with their mass
eigenstates, one may substitute the expression of ναL in Eq. (23) into the Lagrangian of the standard
weak charged-current interactions in Eq. (4a). As a result,
Lcc =
g√
2
(e µ τ)L γ
µ
U
ν1ν2
ν3

L
+ R
N1N2N3

L
 W−µ + h.c. , (24)
where U = O is just the PMNS flavor mixing matrix in the chosen basis. It becomes transparent
that U and R are responsible for the charged-current interactions of three known neutrinos νi and
three new neutrinos Ni (for i = 1, 2, 3), respectively. These two 3 × 3 matrices are correlated
with each other via UU† + RR† = I, and hence U is not exactly unitary unless R vanishes (i.e.,
unless νi and Ni are completely decoupled). Taking account of both Fig. 4 and Eq. (24), we find
that the 0ν2β decay (A,Z) → (A,Z + 2) + 2e− can now be mediated by the exchanges of both νi
24
and Ni between two β decay modes, whose coupling matrix elements are Uei and Rei respectively.
Which contribution is more important depends on the details of a realistic neutrino mass model of
this kind and the corresponding nuclear matrix elements [197, 198], and this issue will be briefly
discussed in section 5.2.3.
Note that the hybrid neutrino mass terms in Eq. (20) allow us to naturally explain why the
three known neutrinos have tiny masses. The essential point is that the mass scale of MR can be
far above that of MD which is characterized by the vacuum expectation value of the Higgs field due
to MD = Yνv/
√
2, simply because the right-handed neutrino fields are the SU(2)L ×U(1)Y singlets
and thus have nothing to do with electroweak symmetry breaking. In this case one may follow the
effective field theory approach to integrate out the heavy degrees of freedom and then obtain an
effective Majorana mass term for the three light neutrinos as described by Eq. (16) [172], in which
the neutrino mass matrix Mν is given by the well-known seesaw formula [111, 112, 113, 114, 115]
Mν ' −MDM−1R MTD (25)
in the leading-order approximation. Here let us derive this result directly from Eq. (21) by taking
into account mi  Mi or equivalently R ∼ S ∼ O(MD/MR), which are expected to be extremely
small in magnitude. Therefore, Eq. (21) leads us to
MD = ODνS
T + RDN Q
T ' RDN QT ,
MR = S DνS
T + QDN Q
T ' QDN QT , (26)
together with the exact seesaw relation between light and heavy neutrinos:
ODνO
T + RDNR
T = 0 . (27)
The effective light Majorana neutrino mass matrix turns out to be of the form given in Eq. (25):
Mν ≡ ODνOT = −RDNRT = −RDN QT
(
QDN Q
T
)−1
QDNR
T ' −MDM−1R MTD , (28)
where the approximations made in Eq. (26) have been used. Such a seesaw formula, which holds
up to the accuracy of O(M2D/M2R) [199, 200], is qualitatively attractive since it naturally attributes
the smallness of the mass scale of Mν to the largeness of the mass scale of MR as compared with
the fulcrum of this seesaw — the mass scale of MD. Inversely, Eq. (25) can be expressed as
MR ' −MTDM−1ν MD . (29)
That is why studying the origin of neutrino masses at low energies may open a striking window
to explore new physics at very high energy scales. For instance, the lepton-number-violating
and CP-violating decays of heavy Majorana neutrinos Ni might result in a net lepton-antilepton
asymmetry in the early Universe, and the latter could subsequently be converted to a net baryon-
antibaryon asymmetry via the sphaleron-induced (B + L)-violating process [154]. Such an elegant
baryogenesis-via-leptogenesis mechanism [158] is certainly a big bonus of the seesaw mechanism,
and it will be briefly introduced in section 2.3.2.
Besides the aforementioned seesaw scenario, which is usually referred to as the canonical or
Type-I seesaw mechanism, there are two other typical seesaw scenarios which also ascribe the tiny
masses of three known neutrinos to the existence of heavy degrees of freedom and lepton number
violation [181]. It is therefore meaningful to summarize all of them and make a comparison.
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• Type-I seesaw. The SM is extended by introducing three right-handed neutrino fields NαR
(for α = e, µ, τ) with a sufficiently high mass scale and allowing for lepton number violation
[111, 112, 113, 114, 115]. The SU(2)L × U(1)Y gauge-invariant Yukawa-interaction and
mass terms in the lepton sector are written as
−Llepton = `LYlHER + `LYνH˜NR +
1
2
(NR)
cMRNR + h.c. . (30)
Integrating out the heavy degrees of freedom [172], one is left with an effective dimension-
five Weinberg operator for the light neutrinos:
Ld=5
ΛSS
=
1
2
`LH˜YνM
−1
R Y
T
ν H˜
T (`L)
c + h.c. , (31)
in which ΛSS denotes the seesaw (cut-off) scale. After spontaneous electroweak symmetry
breaking, Eq. (31) leads us to the effective Majorana neutrino mass term in Eq. (16) and the
approximate seesaw relation in Eq. (25) with MD = Yνv/
√
2.
• Type-II seesaw. An SU(2)L Higgs triplet ∆ with a sufficiently high mass scale M∆ is added
into the SM and lepton number is violated by interactions of this triplet with both the lepton
doublet and the Higgs doublet [201, 202, 203, 204, 205, 206]:
−Llepton = `LYlHER +
1
2
`LY∆∆iσ2(`L)
c − λ∆M∆HT iσ2∆H + h.c. , (32)
where Y
∆
and λ
∆
stand for the Yukawa coupling matrix and the scalar coupling coefficient,
respectively. Integrating out the heavy degrees of freedom, we obtain
Ld=5
ΛSS
= − λ∆
M
∆
`LH˜Y∆H˜
T (`L)
c + h.c. , (33)
from which Eq. (16) and the seesaw formula Mν = λ∆Y∆v
2/M
∆
for the Majorana neutrino
mass matrix can be derived after spontaneous gauge symmetry breaking.
• Type-III seesaw. Three SU(2)L fermion triplets Σα (for α = e, µ, τ) with a sufficiently high
mass scale are added into the SM and lepton number is violated by the relevant Majorana
mass term [207, 208]:
− Llepton = `LYlHER + `L
√
2YΣH˜Σ
c +
1
2
Tr
(
ΣMΣΣ
c
)
+ h.c. , (34)
where Y
Σ
and M
Σ
stand respectively for the Yukawa coupling matrix and the heavy Majorana
mass matrix. Integrating out the heavy degrees of freedom, we are left with
Ld=5
ΛSS
=
1
2
`LH˜YΣM
−1
Σ Y
T
Σ H˜
T (`L)
c + h.c. , (35)
from which the effective light Majorana neutrino mass term in Eq. (16) and the correspond-
ing seesaw formula Mν ' −MDM−1Σ MTD with MD = YΣv/
√
2 can be figured out after sponta-
neous electroweak symmetry breaking.
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In all these three cases, the small mass scale of Mν is attributed to the heavy mass scale of those
new degrees of freedom. Note that only in the Type-II seesaw scenario the light neutrinos do not
mix with the heavy degrees of freedom, and thus the transformation used to diagonalize Mν is
exactly unitary. In the Type-I or Type-III seesaw scenario, however, the mixing between light and
heavy degrees of freedom will generally give rise to unitarity violation of the 3 × 3 PMNS matrix
U, as shown in Eq. (24). But fortunately current electroweak precision measurements and neutrino
oscillation data have constrained U to be unitary at the O(10−2) level [122, 123, 124].
In the literature there are some variations and extensions of the above seesaw scenarios, in-
cluding the so-called inverse seesaw [209, 210], multiple seesaw [211, 212] and cascade seesaw
[213] mechanisms which are intended to lower the mass scales of heavy degrees of freedom in
order to soften the seesaw-induced hierarchy problem [214, 215, 216] and enhance their experi-
mental testability. Of course, the energy scale of a given seesaw mechanism should not be too low;
otherwise, it would unavoidably cause the problem of unnaturalness in model building [181, 217].
At this point it is worth mentioning that there actually exists an interesting alternative to the
popular seesaw approach for generating tiny masses of the neutrinos at the tree level. As remarked
by Weinberg in 1972, “in theories with spontaneously broken gauge symmetries, various masses
or mass differences may vanish in zeroth order as a consequence of the representation content of
the fields appearing in the Lagrangian. These masses or mass differences can then be calculated
as finite higher-order effects” [218]. Such an approach allows one to go beyond the SM and
radiatively generate tiny (typically Majorana) neutrino masses at the loop level. The first example
of this kind is the well-known Zee model [219],
−Llepton = `LYlHER + `LYS S −iσ2`cL + Φ˜T FS +iσ2H˜ + h.c. , (36)
where S ± denote the charged SU(2)L scalar singlets, Φ stands for a new SU(2)L scalar doublet
with the same quantum number as the SM Higgs doublet H, YS is an antisymmetric matrix, and F
is a mass parameter. After spontaneous gauge symmetry breaking, one is left with Ml = Ylv/
√
2
and Mν = 0 at the tree level. Nonzero Majorana neutrino masses can be radiatively generated via
the one-loop correction, which is equivalent to a dimension-seven Weinberg-like operator. Taking
the Ml = Dl basis and assuming MS  MH ∼ MΦ ∼ F and 〈Φ〉 ∼ 〈H〉, one may make an estimate
(
Mν
)
αβ ∼
MH
16pi2
· m
2
α − m2β
M2S
(
YS
)
αβ , (37)
where the subscripts α and β run over e, µ and τ. The smallness of Mν is therefore attributed to
the smallness of YS and especially the largeness of MS . Although the original version of the Zee
model has been ruled out by current neutrino oscillation data, its extensions or variations at one
or more loops can survive and thus have stimulated the enthusiasm of many researchers in this
direction (see Ref. [220] for a recent and comprehensive review).
2.3. A diagnosis of the origin of CP violation
2.3.1. The Kobayashi-Maskawa mechanism
Let us consider a minimal extension of the SM into which three right-handed neutrino fields
are introduced. In this case one only needs to add two extra terms to the Lagrangian of electroweak
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Table 4: The properties of gauge fields and their combinations under C, P and CP transformations, where x → −x is
automatically implied for the relevant fields under P and CP.
Bµ W
1
µ W
2
µ W
3
µ X
±
µ Y
±
µ Bµν W
1
µν W
2
µν W
3
µν
C −Bµ −W1µ W2µ −W3µ −X∓µ −Y±µ −Bµν −W1µν W2µν −W3µν
P Bµ W1µ W2µ W3µ X±µ Y±µ Bµν W1µν W2µν W3µν
CP −Bµ −W1µ W2µ −W3µ −X∓µ −Y±µ −Bµν −W1µν W2µν −W3µν
Table 5: The properties of scalar fields and fermion-fermion currents under C, P and CP transformations, in which
x→ −x is automatically implied for the relevant fields under P and CP.
φ± φ0 ∂µφ± ∂µφ0 ψ1
(
1 ± γ5
)
ψ2 ψ1γµ
(
1 ± γ5
)
ψ2 ψ1γµ
(
1 ± γ5
)
∂µψ2
C φ∓ φ0∗ ∂µφ∓ ∂µφ0∗ ψ2
(
1 ± γ5
)
ψ1 −ψ2γµ
(
1 ∓ γ5
)
ψ1 ψ2γµ
(
1 ∓ γ5
)
∂µψ1
P φ± φ0 ∂µφ± ∂µφ0 ψ1
(
1 ∓ γ5
)
ψ2 ψ1γ
µ
(
1 ∓ γ5
)
ψ2 ψ1γ
µ
(
1 ∓ γ5
)
∂µψ2
CP φ∓ φ0∗ ∂µφ∓ ∂µφ0∗ ψ2
(
1 ∓ γ5
)
ψ1 −ψ2γµ
(
1 ± γ5
)
ψ1 ψ2γ
µ
(
1 ± γ5
)
∂µψ1
interactions in Eq. (3): one is the kinetic term of the right-handed neutrinos, and the other is the
Yukawa-interaction term of all the neutrinos. Namely,
LF → L′F = LF + NRi/∂NR , −LY → −L′Y = −LY + `LYνH˜NR . (38)
Our strategy of diagnosing the origin of weak CP violation is essentially the same as Kobayashi
and Maksawa did in 1973 [21]: the first step is to make proper definitions of CP transformations
for all the relevant gauge, Higgs and fermion fields, and the second step is to examine whether
LG, LH, L′F and L′Y are formally invariant under CP transformations. The term which does not
respect CP invariance is just the source of CP violation. Note that one may make the diagnosis of
CP violation either before or after spontaneous electroweak symmetry breaking, because the latter
has nothing to do with CP transformations in the SM and its minimal extensions. In the following
we do the job before the Higgs field acquires its vacuum expectation value.
(1) The properties of gauge fields Bµ and W
i
µ (for i = 1, 2, 3) under C, P and CP transformations
are listed in Table 4 [172, 221, 222], from which one may easily figure out how the combinations
X±µ ≡ gW±µ /
√
2 = g(W1µ ∓ iW2µ)/2 and Y±µ ≡ ±g′YBµ + gW3µ/2 transform under C, P and CP, and
how the gauge field tensors Bµν and W
i
µν transform under C, P and CP. Then it is straightforward
to verify that LG in Eq. (3) is formally CP-invariant.
(2) The properties of scalar fields φ± and φ0 under C, P and CP transformations are listed in
Table 5, implying that the Higgs doublet transforms under CP as follows:
H(t, x) =
(
φ+
φ0
)
CP−→ H∗(t,−x) =
(
φ−
φ0
∗
)
. (39)
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As a result, the H†H and (H†H)2 terms of LH in Eq. (3) are trivially CP-invariant. To see how the
(DµH)†(DµH) term of LH transforms under CP, let us explicitly write out
DµH =
(
∂µ − igτkWkµ − ig′YBµ
)
H =
(
∂µφ
+ − iX+µφ0 − iY+µ φ+
∂µφ
0 − iX−µφ+ + iY−µ φ0
)
, (40)
where X±µ and Y
±
µ have been defined above and their transformations under CP have been shown
in Table 4. With the help of Tables 4 and 5, it is very easy to show that the term
(DµH)†
(
DµH
)
= ∂µφ−∂µφ
+ − i∂µφ−X+µφ0 − i∂µφ−Y+µ φ+ + iX−µφ0∗∂µφ+ + X−µX+µ |φ0|2
+X−µφ0∗Y+µ φ
+ + iY+µφ−∂µφ
+ + Y+µX+µφ
−φ0 + Y+µY+µ |φ+|2 + ∂µφ0∗∂µφ0
−i∂µφ0∗X−µφ+ + i∂µφ0∗Y−µ φ0 + iX+µφ−∂µφ0 + X+µX−µ |φ+|2 − X+µφ−Y−µ φ0
−iY−µφ0∗∂µφ0 − Y−µX−µφ0∗φ+ + Y−µY−µ |φ0|2 (41)
is also CP-invariant. Therefore, LH in Eq. (3) proves to be formally invariant under CP.
(3) The properties of some typical spinor bilinears of fermion fields under C, P and CP trans-
formations are listed in Table 5 [172] 11. To examine how the six terms of L′F are sensitive to CP
transformations, let us express them in a more transparent way:
L′F =
[
`Li /D`L + ERi/∂
′ER + NRi/∂NR
]
+
[
QLi /DQL + URi/∂
′UR + DRi/∂
′DR
]
=
∑
α
[
(να lα)Lγ
µ
(
i∂µ + gτ
kWkµ −
1
2
g′Bµ
) (
να
lα
)
L
+ lαRγ
µ
(
i∂µ − g′Bµ
)
lαR + NαRiγ
µ∂µNαR
]
+
∑
i
[
(qi q
′
i)Lγ
µ
(
i∂µ + gτ
kWkµ +
1
6
g′Bµ
) (
qi
q′i
)
L
+ qiRγ
µ
(
i∂µ +
2
3
g′Bµ
)
qiR + q
′
iRγ
µ
(
i∂µ −
1
3
g′Bµ
)
q′iR
]
=
∑
α
[
lαγ
µPLX
−
µ να + ναγ
µPLX
+
µ lα + ναγ
µPL
(
i∂µ + Y
−
µ
)
να + lαγ
µPL
(
i∂µ − Y+µ
)
lα
+ Nαγ
µPRi∂µNα + lαγ
µPR
(
i∂µ − g′Bµ
)
lα
]
+
∑
i
[
q′iγ
µPLX
−
µ qi + qiγ
µPLX
+
µ q
′
i + qiγ
µPL
(
i∂µ + Y
+
µ
)
qi + q
′
iγ
µPL
(
i∂µ − Y−µ
)
q′i
+ qiγ
µPR
(
i∂µ +
2
3
g′Bµ
)
qi + q
′
iγ
µPR
(
i∂µ −
1
3
g′Bµ
)
q′i
]
, (42)
in which qi and q
′
i (for i = 1, 2, 3) stand respectively for the up- and down-type quark fields,
PL ≡ (1 − γ5)/2 and PR ≡ (1 + γ5)/2 serve as the chiral projection operators, while X±µ and Y±µ
11In the Dirac-Pauli representation a free Dirac spinor ψ(t, x) transforms under C, P and T as ψ(t, x)
C−→ CψT (t, x),
ψ(t, x)
P−→ Pψ(t,−x) and ψ(t, x) T−→ Tψ(−t, x) with C = iγ2γ0, P = γ0 and T = γ1γ3. The spinor bilinears of lepton
and quark fields can then be derived, and those associated with the electroweak interactions are given in Table 5.
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have been defined above. Taking account of the relevant CP transformations listed in Tables 4 and
5, we immediately find that L′F is formally CP-invariant.
(4) Now it becomes clear that only the Yukawa interactions are likely to be the origin of CP
violation. To see whether L′Y is sensitive to CP transformations of the scalar and fermion fields,
we write out its explicit expression as follows:
−L′Y = `LYlHER + `LYνH˜NR + QLYuH˜UR + QLYdHDR + h.c.
=
∑
α
∑
β
[
(Yl)αβ (να lα)L
(
φ+
φ0
)
lβR + (Yν)αβ (να lα)L
(
φ0
∗
−φ−
)
NβR + h.c.
]
+
∑
i
∑
j
[
(Yu)i j (qi q
′
i)L
(
φ0
∗
−φ−
)
q jR + (Yd)i j (qi q
′
i)L
(
φ+
φ0
)
q′jR + h.c.
]
=
∑
α
∑
β
[
(Yl)αβ
(
ναPRlβφ
+ + lαPRlβφ
0
)
+ (Yν)αβ
(
ναPRνβφ
0∗ − lαPRνβφ−
)
+ h.c.
]
+
∑
i
∑
j
[
(Yu)i j
(
qiPRq jφ
0∗ − q′i PRq jφ−
)
+ (Yd)i j
(
qiPRq
′
jφ
+ + q′i PRq
′
jφ
0
)
+ h.c.
]
, (43)
where the Latin subscripts i and j run over (1, 2, 3) for quark fields, and the Greek subscripts α
and β run over (e, µ, τ) for lepton fields. Given the CP transformations listed in Table 5, we find
−L′Y
CP−→
∑
α
∑
β
[
(Yl)
∗
αβ
(
ναPRlβφ
+ + lαPRlβφ
0
)
+ (Yν)
∗
αβ
(
ναPRνβφ
0∗ − lαPRνβφ−
)
+ h.c.
]
+
∑
i
∑
j
[
(Yu)
∗
i j
(
qiPRq jφ
0∗ − q′i PRq jφ−
)
+ (Yd)
∗
i j
(
qiPRq
′
jφ
+ + q′i PRq
′
jφ
0
)
+ h.c.
]
, (44)
in which x → −x is implied for the fields under consideration. A comparison between Eqs. (43)
and (44) indicates that L′Y is not formally invariant under CP unless the conditions
Y∗u = Yu , Y
∗
d = Yd , Y
∗
l = Yl , Y
∗
ν = Yν (45)
are satisfied. In other words, the Yukawa coupling matrices Yu, Yd, Yl and Yν must all be real to
assure L′Y to be CP-invariant. Since these coupling matrices are not constrained by the SM itself
or by its simple extensions, they should in general be complex and can therefore accommodate CP
violation. Although some trivial phases of Y f (for f = u, d, l, ν) can always be rotated away by
redefining the phases of the relevant right-handed fields, it is impossible to make both Yu and Yd
real if there are three families of quarks [21]. The same conclusion can be drawn for three families
of charged leptons and Dirac neutrinos.
Of course, one may simply diagonalize Yu, Yd, Yl and Yν to eliminate all the phase information
associated with the Yukawa interactions. In this case a kind of mismatch will appear in the weak
charged-current interactions, as described by the CKM quark flavor mixing matrix V and the
PMNS lepton flavor mixing matrix U in Eq. (1). The irreducible phases of U and V are just the
sources of weak CP violation. One can therefore conclude that weak CP violation arises naturally
from the very fact that the fields of three-family fermions interact with both gauge and scalar fields
in the SM or its straightforward extensions.
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Note that we have assumed massive neutrinos to be the Dirac particles in the above diagnosis
of CP violation. At low energies an effective Majorana neutrino mass term of the form shown in
Eq. (16) is more popular from a theoretical point of view, because it can naturally stem from the
seesaw mechanisms. To examine how this term transforms under CP, let us reexpress it as follows:
−L′Majorana =
1
2
∑
α
∑
β
[
(Mν)αβ ναPR(νβ)
c + (Mν)
∗
αβ (να)cPLνβ
]
, (46)
where the subscripts α and β run over (e, µ, τ), and the symmetry of Mν has been taken into account.
The C transformations of a neutrino field να and its charge-conjugate counterpart (να)
c are simply
να → (να)c and (να)c → να; and their P transformations are να → γ0να and (να)c → γ0(να)c in the
Dirac-Pauli representation [172], where x→ −x is implied. As a result,
−L′Majorana
CP−→ 1
2
∑
α
∑
β
[
(Mν)αβ (να)cPLνβ + (Mν)
∗
αβ ναPR(νβ)
c
]
. (47)
So CP invariance for this effective Majorana neutrino mass term requires M∗ν = Mν. As discussed
in section 2.2.2, the nontrivial phases of Mν may lead to CP violation in the weak charged-current
interactions and affect some lepton-number-violating processes (e.g., the 0ν2β decays).
2.3.2. Baryogenesis via thermal leptogenesis
In particle physics every kind of particle has a corresponding antiparticle, and the CPT theorem
dictates them to have the same mass and lifetime but the opposite charges. Given this particle-
antiparticle symmetry, the standard Big Bang cosmology predicts that the Universe should have
equal amounts of matter and antimatter. However, all the available data point to the fact that the
observable Universe is predominantly composed of baryons rather than antibaryons (i.e., n
B
= 0
holds today for the number density of antibaryons). The latest Planck measurements of the cosmic
microwave background (CMB) anisotropies yield the baryon density Ωbh
2 = 0.0224 ± 0.0001 at
the 68% confidence level [105]. It can be translated into the baryon-to-photon ratio
η ≡ nB
nγ
' 273 × 10−10 Ωbh2 ' (6.12 ± 0.03) × 10−10 , (48)
which exactly lies in the narrow range of 5.8 × 10−10 < η < 6.6 × 10−10 determined from recent
measurements of the primordial abundances of the light element isotopes based on the Big Bang
nucleosynthesis (BBN) theory [19]. Given the fact that the moment for the BBN to happen (t &
1 s) is so different from the time for the CMB to form (t ∼ 3.8 × 105 yr), such a good agreement
between the values of η extracted from these two epochs is especially amazing.
It is therefore puzzling how the Universe has evolved from nB = nB , 0 in the very beginning to
nB/nγ ∼ 6×10−10 and nB = 0 today. To illustrate why the standard cosmological model is unable to
explain this puzzle, let us consider nB = nB at temperatures T & 1 GeV. As the Universe expanded
and cooled to T . 1 GeV, the baryon-antibaryon pair annihilated into two photons and led us to
nB/nγ = nB/nγ ∼ 10−18 [223], a value far below the observed value of η in Eq. (48). The dynamical
origin of an acceptable baryon-antibaryon asymmetry in the observable Universe, which must be
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beyond the scope of the standard Big Bang cosmology, is referred to as baryogenesis. A successful
baryogenesis model is required to satisfy the three necessary “Sakharov conditions” [70] 12:
• Baryon number (B) violation. If B were preserved by all the fundamental interactions, the
Universe with an initial baryon-antibaryon symmetry would not be able to evolve to any
imbalance between matter (baryons) and antimatter (antibaryons). Although both lepton
number L and baryon number B are accidently conserved at the classical level of the SM,
they are equally violated at the non-perturbative level and hence only (B − L) is exactly
invariant when the axial anomaly and nontrivial vacuum structures of non-Abelian gauge
theories are taken into account [94, 95].
• C and CP violation. Since a baryon (B) is converted into its antiparticle (−B) under the
charge-conjugation transformation, C violation is needed in order to create a net imbalance
between baryons and antibaryons. In fact, the baryon number operator is odd under C but
even under P and T transformations 13, and thus CP violation is also a necessary condition
to assure that a net baryon number excess can be generated from a B-violating reaction
and its CP-conjugate process. Fortunately, both C and CP symmetries are violated in weak
interactions within the SM and its reasonable extensions.
• Departure from thermal equilibrium. Given a net baryon number excess in the very early
Universe, whether it can survive today or not depends on its evolution with temperature T .
If the whole system stayed in thermal equilibrium and was described by a density operator
ρ = exp(−H/T ) with H being the Hamiltonian which is invariant under CPT, then the
equilibrium average of the baryon number operator B would lead us to
〈B〉T = Tr
[B exp(−H/T )]
= Tr
[
(CPT )B (CPT )−1 (CPT ) exp(−H/T ) (CPT )−1
]
= Tr
[
(−B) exp(−H/T )] = −〈B〉T . (49)
So 〈B〉T = 0 would hold in thermal equilibrium, implying the disappearance of a net baryon
number excess [223, 225]. That is why a successful baryogenesis model necessitates the
departure of relevant baryon-number-violating interactions from thermal equilibrium. For-
tunately, this can be the case in practice when the interaction rates are smaller than the
Hubble expansion rate of the Universe [226].
12Note that Sakharov’s seminal paper was mainly focused on the first two conditions [70], and the third one was
actually emphasized by Lev Okun and Yakov Zeldovich in 1975 [224].
13The baryon number operator is a Lorentz scalar defined as B =
∫
d3x
∑
i
[
ψ†i (t, x) ψi(t, x)
]
, where the subscript
i runs over all the quark flavors (i.e., i = u, c, t and d, s, b). Note that each quark flavor has a baryon number 1/3 and a
color factor 3, and thus they are cancelled out in this definition. Given the C, P and T transformation properties of a free
Dirac spinor in section 2.3.1, it is straightforward to show ψ†i (t, x) ψi(t, x)
C−→ −ψ†i (t, x) ψi(t, x), ψ†i (t, x) ψi(t, x)
P−→
ψ†i (t,−x) ψi(t,−x) and ψ†i (t, x) ψi(t, x)
T−→ ψ†i (−t, x) ψi(−t, x). This explains why baryon number B = 〈B〉 is odd under
C, CP and CPT transformations.
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Figure 6: Feynman diagrams for the lepton-number-violating and CP-violating decays Ni → `α + H at the tree and
one-loop levels, where the Latin and Greek subscripts run over (1, 2, 3) and (e, µ, τ), respectively. Note that each heavy
Majorana neutrino Ni is its own antiparticle.
There are actually a number of baryogenesis mechanisms on the market, among which the typical
ones include electroweak baryogenesis [154, 155, 156, 157], GUT baryogenesis [225], the Affleck-
Dine mechanism [159, 227] and baryogenesis via leptogenesis [158]. Here we focus only on the
canonical leptogenesis mechanism based on the canonical seesaw mechanism for generating tiny
masses of three known neutrinos, and refer the reader to a few comprehensive reviews of other
leptogenesis scenarios and recent developments in Refs. [172, 228, 229].
In the most popular (canonical or Type-I) seesaw mechanism described in section 2.2.3 and
shown in Eqs. (30) and (31), one makes a minimal extension of the SM by including three right-
handed neutrino fields NαR (for α = e, µ, τ) and permitting lepton number violation. Without loss
of generality, it is always possible to choose a basis where the flavor eigenstates of these three
degrees of freedom are identical with their mass eigenstates (i.e., MR = DN ≡ Diag{M1,M2,M3}
is diagonal, real and positive). Since the masses of three heavy Majorana neutrinos Ni are expected
to be far above the electroweak symmetry breaking scale (i.e., Mi  v ' 246 GeV), the lepton-
number-violating decays of Ni into the lepton doublet `α and the Higgs doublet H can take place
via the Yukawa interactions at the tree level with the one-loop self-energy and vertex corrections
as shown in Fig. 6 [158, 230, 231, 232]. The interference between the tree-level and one-loop
diagrams result in a CP-violating asymmetry between the decay rates of Ni → `α + H and its
CP-conjugate process Ni → `α + H [172, 233]:
εiα ≡
Γ(Ni → `α + H) − Γ(Ni → `α + H)∑
α
[
Γ(Ni → `α + H) + Γ(Ni → `α + H)
]
=
1
8pi(Y†νYν)ii
∑
j,i
{
Im
[
(Y∗ν )αi(Yν)α j(Y
†
νYν)i j
]
F (x ji) + Im
[
(Y∗ν )αi(Yν)α j(Y
†
νYν)
∗
i j
]
G(x ji)
}
, (50)
where the asymmetry has been normalized to the total decay rate so as to make the relevant Boltz-
mann equations linear in flavor space [228], x ji ≡ M2j/M2i is defined, the loop functions F and G
read as F (x) = √x {1 + 1/(1 − x) + (1 + x) ln[x/(1 + x)]} and G(x) = 1/(1− x) for a given variable
x, and the Latin (or Greek) subscripts run over 1, 2 and 3 (or e, µ and τ). Provided all the interac-
tions in the era of leptogenesis are blind to lepton flavors, then one only needs to pay attention to
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the total flavor-independent CP-violating asymmetry
εi =
∑
α
εiα =
1
8pi(Y†νYν)ii
∑
j,i
Im
[
(Y†νYν)
2
i j
]
F (x ji) . (51)
Note that Eqs. (50) and (51) will be invalid if the masses of any two heavy Majorana neutrinos are
nearly degenerate. In this special case the one-loop self-energy corrections can resonantly enhance
the CP-violating asymmetry, leading to a result of the form [234, 235, 236, 237]:
ε′i =
Im
[
(Y†νYν)
2
i j
]
(Y†νYν)ii(Y
†
νYν) j j
· (M
2
i − M2j )MiΓ j
(M2i − M2j )2 + M2i Γ2j
, (52)
in which i , j, Γi and Γ j denote the decay widths of Ni and N j, and |Mi − M j| ∼ Γi ∼ Γ j holds.
Note again that this result is only applicable to the case of two nearly degenerate heavy Majorana
neutrinos. For instance, it is found possible to achieve a successful resonant leptogenesis scenario
in the minimal type-I seesaw model [238, 239] with M1 ∼ M2 for a quite wide range of energy
scales (see, e.g., Refs. [240, 241, 242, 243]).
The CP-violating asymmetry between Ni → `α + H and Ni → `α + H decays in the early
Universe provides a natural possibility of generating an intriguing lepton-antilepton asymmetry.
But to prevent the resultant CP-violating asymmetry from being washed out by the inverse decays
of Ni and various ∆L = 1 and ∆L = 2 scattering processes, the decays of Ni must be out of
thermal equilibrium. In other words, the decay rates Γ(Ni → `α + H) must be smaller than the
Hubble expansion rate of the Universe at temperature T ' Mi. Defining an asymmetry between
the lepton number density nL and the antilepton number density nL as YL ≡ (nL − nL)/s, where s
stands for the entropy density of the Universe, one would naively expect that this quantity depends
linearly on the CP-violating asymmetry εi (or εiα in the flavor-dependent case). Of course, an exact
description of the lepton-antilepton asymmetry resorts to solving a full set of Boltzmann equations
for the time evolution of relevant particle number densities [226, 228, 230, 232, 244, 245, 246].
Given the mass hierarchy M1  M2 < M3, for example, the lepton-number-violating interactions
of the lightest heavy Majorana neutrino N1 may be rapid enough to wash out the lepton-antilepton
number asymmetry originating from ε2 and ε3. In this case only the CP-violating asymmetry ε1
will survive and contribute to thermal leptogenesis.
Note that εi and εiα correspond to the “unflavored” and “flavored” leptogenesis scenarios,
respectively. As for the unflavored leptogenesis, the Yukawa interactions of charged leptons are
not taken into consideration, because the equilibrium temperature of heavy Majorana neutrinos
is expected to be high enough that such interactions cannot distinguish one lepton flavor from
another. In other words, all the relevant Yukawa interactions are blind to lepton flavors. When the
equilibrium temperature decreases and lies in one of the flavored ranges shown in Fig. 7, however,
the associated Yukawa interactions of charged leptons become faster than the (inverse) decays of
Ni or equivalently comparable to the expansion rate of the Universe [228, 233, 241, 244, 246,
247, 248, 249]. In this case the flavor effects must be taken into account, and that is why the
corresponding leptogenesis scenario is referred to as flavored leptogenesis which depends on the
CP-violating asymmetries εiα (for α = e, µ, τ).
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Figure 7: A schematic illustration of the equilibrium temperature intervals of heavy Majorana neutrinos associated
with the unflavored and flavored leptogenesis scenarios.
In the epoch of leptogenesis with temperature ranging from 102 GeV to 1012 GeV, the non-
perturbative (B − L)-conserving sphaleron interactions were in thermal equilibrium and thus very
efficient in converting a net lepton-antilepton asymmetry YL to a net baryon-antibaryon asymmetry
YB ≡ (nB − nB)/s. Such a conversion can be expressed as [226, 250]
nB
s
∣∣∣∣∣
equilibrium
= c
nB − nL
s
∣∣∣∣∣
equilibrium
= −c nL
s
∣∣∣∣∣
initial
,
n
B
s
∣∣∣∣∣
equilibrium
= c
n
B
− n
L
s
∣∣∣∣∣∣
equilibrium
= −c
n
L
s
∣∣∣∣∣
initial
, (53)
where c = (8N f + 4NH)/(22N f + 13NH) with NH and N f being the numbers of the Higgs doublets
and fermion families, respectively. Therefore, one has c = 28/79 in the SM with NH = 1 and
N f = 3. The relations in Eq. (53) immediately lead us to YB = −cYL, so the final baryon-antibaryon
asymmetry YB is determined by the initial lepton-antilepton asymmetry YL — an elegant picture
of baryogenesis via leptogenesis as illustrated by Fig. 8. Note that YL must be negative to yield a
positive YB, in order to account for the observed value of η given in Eq. (48) through the relation
η = sYB/nγ ' 7.04YB [172]. The evolution of YL and YB with temperature T can be calculated by
solving the relevant Boltzmann equations.
2.3.3. Strong CP violation in a nutshell
Different from the standard electroweak theory in which the gauge fields are coupled to the
chiral currents of fermion fields, the QCD sector of the SM is not so easy to break C, P and CP
symmetries because the gluon fields are coupled to the vector currents. But a topological θ-vacuum
term is actually allowed in the Lagrangian of QCD, and it is odd under P and T transformations
and thus CP-violating. Given the fact that CP violation has never been observed in any strong
interactions, why such a CP-violating θ-term should in principle exist in the SM turns out to be a
puzzling theoretical issue — the so-called strong CP problem.
35
Figure 8: A schematic illustration of the relationship between baryon number density nB and lepton number density
nL. The sphaleron processes change both lepton number L and baryon number B along the dotted lines with (B − L)
conservation. The red thick dashed line satisfies the condition nB = c(nB − nL) as described by Eq. (53), and it should
finally be reached if the sphaleron interactions are in thermal equilibrium. The black arrow represents a successful
example of leptogenesis, from initial nB = 0 but nL , 0 to final nB , 0 (and nL , 0).
Let us consider the Lagrangian of QCD for quark and gluon fields in the flavor basis, including
the topological θ-vacuum term, as follows:
LQCD =
∑
i
(
qii /Dqi + q
′
i i /Dq
′
i
)
−
∑
i
∑
j
[
qiL
(
Mu
)
i j q jR + q
′
iL
(
Md
)
i j q
′
jR + h.c.
]
−1
4
GaµνG
aµν + θ
g2s
32pi2
GaµνG˜
aµν , (54)
in which /D ≡ Dµγµ has been defined, Dµ = ∂µ − igsAaµλa/2 is the gauge covariant derivative of
QCD with gs being the strong coupling constant, A
a
µ being the gluon fields and λa being the Gell-
Mann matrices (for a = 1, 2, · · · , 8), Gaµν denote the SU(3)c gauge field strengths of gluons, G˜aµν =
εµναβGaαβ/2 with ε
µναβ being the four-dimensional Levi-Civita symbol, and the subscripts i and j
run over (1, 2, 3) for up- and down-type quarks as specified in Table 3. Note that the topological
θ-vacuum term is irrelevant to the classical equations of motion and perturbative expansions of
QCD, but it may produce non-perturbative effects associated with the existence of color instantons
[251] which describe the quantum-mechanical tunneling between inequivalent vacua of QCD and
help solve the U(1)A problem [94, 95, 162, 163, 164, 165, 166]. Therefore, the physics of QCD
does depend on the mysterious θ parameter in some aspects [252].
One may follow Eq. (6) to diagonalize the quark mass matrices in Eq. (54), and this treatment is
equivalent to transforming the flavor eigenstates of six quarks into their mass eigenstates, including
both left- and right-handed fields. The quark mass term turns out to be
−Lq−mass = (u c t)L Du
uct

R
+ (d s b)L Dd
dsb

R
+ h.c. , (55)
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where Du ≡ Diag{mu,mc,mt} and Dd ≡ Diag{md,ms,mb}. In this case weak CP violation hidden
in the second term of LQCD (i.e., the Yukawa-interaction term) has shifted to the charged-current
interactions as described by the Kobayashi-Maskawa mechanism in section 2.3.1. It is straight-
forward to show that the first and third terms of LQCD are also CP-invariant, but the fourth term
of LQCD is apparently odd under P and T due to its close association with the completely anti-
symmetric Levi-Civita symbol εµναβ [221]. Hence the topological θ-vacuum term in Eq. (54) is
C-invariant but CP-violating. In other words, it should be a source of CP violation in QCD.
Now let us make the chiral transformations ψi → exp(iαiγ5)ψi for the quark fields, where
the subscript i runs over all the six quark flavors (namely, i = u, c, t and d, s, b). Given the fact
that exp(iαiγ5) = cosαi + iγ5 sinαi can be proved by using the Taylor expansion, it is easy to
show ψiL → exp(−iαi)ψiL and ψiR → exp(+iαi)ψiR under the chiral transformations, which are
equivalent to mi → mi exp(2iαi). The latter means
arg(det Du) + arg(det Dd) −→ arg(det Du) + arg(det Dd) + 2
∑
i
αi , (56a)
arg(det Mu) + arg(det Md) −→ arg(det Mu) + arg(det Md) + 2
∑
i
αi , (56b)
where Eq. (6) has been taken into account in obtaining Eq. (56b). That is why the quark mass
term of LQCD explicitly breaks the chiral symmetry. Note that the topological θ-vacuum term in
Eq. (54) is also sensitive to the above chiral transformations through the well-known Adler-Bell-
Jackiw chiral anomaly relation [165, 166]
∂µ
(
ψiγ
µγ5ψi
)
= 2imiψiγ5ψi +
g2s
16pi
GaµνG˜
aµν , (57)
from which one can obtain [252, 253, 254]
θ −→ θ − 2
∑
i
αi . (58)
Eqs. (56b) and (58) tell us that the combination
θ ≡ θ + arg(det Mu) + arg(det Md) (59)
must be invariant under chiral transformations of the quark fields. Then the Lagrangian of QCD
in Eq. (54) can be rewritten, in the standard quark mass basis, as
L′QCD =
∑
i
(
ψii /D − mi
)
ψi −
1
4
GaµνG
aµν + θ
αs
8pi
GaµνG˜
aµν , (60)
where i runs over all the six quark mass eigenstates, and αs ≡ g2s/(4pi) is the QCD analog of the
fine-structure constant in quantum electrodynamics (QED).
The observable θ depends on the phase structures of quark mass matrices Mu and Md, as shown
in Eq. (59) [255]. Because of det Mu ∝ det Du ∝ mumcmt, the determinant of Mu vanishes in the
mu → 0 limit. In this case the phase of det Mu (or that of det Du) is arbitrary, and thus it can be
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Figure 9: The dominant hadron-level diagrams for the neutron electric dipole moment, in which the gray pinp coupling
vertices are CP-conserving and the black pinp coupling vertex is CP-violating. The latter is proportional to the effective
strong CP-violation parameter θ in QCD.
properly arranged to cancel out the strong-interaction vacuum angle θ such that θ → 0. The same
is true in the md → 0 limit. Hence QCD would be a CP-conserving theory if one of the six quarks
were massless. But current experimental data have definitely ruled out the possibility of mu = 0
or md = 0 [19]. Given its period 2pi (i.e., θ ranging from 0 to 2pi), the magnitude of θ is naturally
expected to be of O(1). But the experimental upper limit on the neutron electric dipole moment
dn < 2.9 × 10−26 e cm [167] has provided a stringent constraint |θ| < 2 × 10−10 in lattice QCD via
the linear dependence of θ on dn (i.e., dn ∼ −1.5 × 10−16 θ e cm [256, 257, 258, 259, 260]), as
illustrated in Fig. 9. Why is θ so tiny rather than O(1)? In other words, why is strong CP violation
not strong at all? The smallness of θ seems to be favored by ’t Hooft’s naturalness criterion [106] in
the sense that switching off this tiny parameter will eliminate strong CP violation and thus enhance
the symmetry of QCD. But remember that θ consists of both QCD and electroweak contributions
in general, and hence they have to cancel each other out in a perfect way so as to arrive at a
vanishing or vanishingly small value of θ. Such a fine-tuning issue is strongly unnatural and hence
constitutes the strong CP problem in particle physics.
There are quite a number of theoretical solutions to this long-standing problem [253, 254,
261], among which the most popular ones should be the Peccei-Quinn mechanism [168, 169]
and its variations which predict the existence of axions or axion-like particles [262, 263, 264,
265, 266, 267, 268]. Such hypothetical particles are of particular interest today in cosmology and
astrophysics because they could be a possible component of cold dark matter [121, 261]. Another
intriguing approach for solving the strong CP problem is to conjecture that the CP symmetry in
QCD is spontaneously but softly broken, leading to a nonzero but sufficiently small θ which is
even calculable in terms of the model parameters [269, 270, 271, 272, 273, 274].
In principle a comparison between the strengths of weak and strong CP violation in the SM
should make sense, but in practice it is very difficult to choose a proper measure for either of
them. The issue involves both the reference energy scales and the flavor parameters which directly
determine or indirectly affect the magnitude of CP violation. For illustration, let us consider [275]
CPweak ∼
1
Λ6EW
(
mu − mc
) (
mc − mt
) (
mt − mu
) (
md − ms
) (
ms − mb
) (
mb − md
)Jq ∼ 10−13 ,
CPstrong ∼
1
Λ6QCD
mumcmtmdmsmb sin θ ∼ 104 sin θ < 10−6 , (61)
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in which ΛEW ∼ 102 GeV, ΛQCD ∼ 0.2 GeV, Jq ' 3.2 × 10−5 is the Jarlskog invariant of weak
CP violation [19], and the sine function of θ has been adopted to take account of the periodicity
in its values 14. Eq. (61) implies that weak CP violation would vanish if the masses of any two
quarks of the same electric charge were degenerate, and strong CP violation would vanish if one
of the six quarks were massless or sin θ → 0 held. The remarkable suppression of weak CP
violation in the SM makes it impossible to explain the observed baryon-antibaryon asymmetry
of the Universe, and hence a new source of CP violation beyond the SM (e.g., CP violation in
the lepton sector, especially the one associated with the existence of heavy Majorana neutrinos as
discussed in section 2.3.2) is necessary and welcome in this connection.
3. Current knowledge about the flavor parameters
3.1. Running masses of charged leptons and quarks
3.1.1. On the concepts of fermion masses
Roughly speaking, a particle’s mass is its inertial energy when it exists at rest. That is why
a massless particle has no way to exist at rest and has to move at the speed of light. Given the
chirality or handedness of a massive fermion, it must exist in both left- and right-handed states.
The reason is simply that the field operators responsible for the nonzero mass of a fermion must be
bilinear products of the spinor fields which flip the handedness [177]. Within the SM the masses
of nine charged fermions are generated via their Yukawa interactions with the Higgs field after
the latter acquires its vacuum expectation value (i.e., after spontaneous electroweak symmetry
breaking), while the three neutrinos are exactly massless because the model unfairly dictates them
to be purely left-handed and forbids them to have anything to do with the Higgs field. So the origin
of neutrino masses must be beyond the scope of the SM.
The mass parameter of a fundamental fermion characterizes one of its most important prop-
erties and has profound meaning. The physical mass of a lepton (either a charged lepton or a
neutrino) is defined to be the pole of its propagator, and thus such a mass parameter can be directly
and unambiguously measured. In comparison, the up, down, strange, charm and bottom quarks
are always confined inside hadrons and hence they are not observed as free particles. But the top
quark has no time to form the top-flavored hadrons or (tt)-quarkonium bound states, because its
lifetime (' 4.7 × 10−25 s) is much shorter than the typical time scale of strong interactions (i.e.,
Λ−1QCD ' 3.3 × 10−24 s). That is why the pole mass of the top quark can be directly measured,
although its value is unavoidably ambiguous up to an amount proportional to ΛQCD ' 0.2 GeV
because of the non-perturbative QCD effect [278, 279].
Note that the mass parameters of both leptons and quarks appearing in the full Lagrangian
of the SM have different meanings. For example, the Lagrangian of QCD in Eq. (60) can make
finite predictions for physical quantities only after renormalization — a procedure invoking a
divergence-subtraction scheme and requiring the introduction of a scale parameter µ. In this way
14Note that running the heavy quark masses mc, mb and mt down to the QCD scale might not make sense [276].
If only the up- and down-quark masses are taken into account, one may propose CPstrong ∼ mumd sin θ/Λ2QCD as an
alternative measure of the strength of strong CP violation [277].
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the relevant quark masses are referred to as the running (or renormalized) masses which depend
on both µ and the renormalization scheme adopted to define the QCD perturbation theory, and
this dependence reflects the fact that a bare quark is actually surrounded by a cloud of gluons and
quark-antiquark pairs. Similarly, the running mass of a charged lepton includes the “clothing” in-
duced by QED effects. Taking advantage of the most commonly used MS scheme — the modified
minimal subtraction scheme [280, 281], one may determine the running mass of a given fermion
evolving with the energy scale µ and establish its relationship with the pole mass [19].
As discussed in section 2.3.3, the QCD Lagrangian has a chiral symmetry in the limit where all
the quark masses are vanishing. This symmetry is spontaneously broken by dynamical chiral sym-
metry breaking effects at the scale Λχ ' 1 GeV, and explicitly broken by finite quark masses. One
may use Λχ ' 1 GeV to distinguish between light and heavy quarks, whose running masses are
respectively below and above this scale. That is why up, down and strange quarks are categorized
into the light quarks, and their running masses are also referred to as the current quark masses.
The latter certainly have nothing to do with the so-called constituent quark masses defined in the
context of a particular non-relativistic quark or hadron model.
3.1.2. Running masses of three charged leptons
Now let us consider the pole masses of three charged leptons. Their values have been deter-
mined to an unprecedented degree of accuracy [19]:
Me = (0.5109989461 ± 0.0000000031) MeV ,
Mµ = (105.6583745 ± 0.0000024) MeV ,
Mτ = (1776.86 ± 0.12) MeV . (62)
Taking account of these values, one finds that the so-called Koide mass relation [282]
Kpole ≡
Me + Mµ + Mτ( √
Me +
√
Mµ +
√
Mτ
)2 = 23 (63)
is satisfied up to the accuracy of O(10−5). Whether such an amazing equality has a deeper meaning
remains to be seen. By calculating the one-loop self-energy corrections of QED, one may obtain
a relationship between the running masses mα(µ) in the MS scheme and the corresponding pole
masses Mα for three charged leptons [283]:
mα(µ) = Mα
[
1 − αem(µ)
pi
(
1 +
3
2
ln
µ
mα(µ)
)]
, (64)
where the subscript α runs over e, µ and τ, and αem(µ) is the fine-structure constant of QED whose
value depends on the energy scale µ. Given αem(0) ' 1/137 and αem(MW) ' 1/128 for example
[19], it is easy to imagine and evaluate how the running mass of each charged lepton varies with
the energy scales and deviates from the value of its pole mass. If the pole masses Mα in Eq. (63) are
replaced by the running masses mα(µ), then the Koide mass relation will become scale-dependent.
In this case the corresponding quantity K(µ) is expected to deviate from 2/3 to some extent. A
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Table 6: The running masses of charged leptons at some typical renormalization scales in the SM [91], including
µ = 1 TeV and ΛVS ' 4 × 1012 GeV (a cutoff scale which is presumably associated with the SM vacuum stability).
The uncertainties of mα(µ) are determined by those of Mα (for α = e, µ, τ) in Eq. (62) when µ . Mt, and they become
increasingly large for µ > Mt due to the pollution of uncertainties of the top-quark and Higgs-boson masses.
Scale µ me(µ) (MeV) mµ(µ) (MeV) mτ(µ) (MeV)
MW 0.4885557 ± 0.0000017 102.92094 ± 0.00021 1748.25 ± 0.12
MZ 0.4883266 ± 0.0000017 102.87267 ± 0.00021 1747.43 ± 0.12
MH 0.4877512 ± 0.0000018 102.75147 ± 0.00022 1745.38 ± 0.12
Mt 0.4871589 ± 0.0000018 102.62669 ± 0.00023 1743.26 ± 0.12
1 TeV 0.49170 ± 0.00014 103.584 ± 0.030 1759.66 ± 0.52
ΛVS 0.4820 ± 0.0016 101.55 ± 0.34 1725.4 ± 5.9
numerical exercise shows that the ratio of K(MZ) to Kpole is about 1 + 0.2% [284], where the
correction is roughly of order αem(µ)/pi as expected from Eq. (64).
The running masses of three charged leptons at a number of typical energy scales have been
calculated by using the renormalization-group equations (RGEs) [90, 91, 285], with both the input
of the observed Higgs mass [19] and the consideration of the matching relations for the decou-
pling of heavy particles from the SM and the decoupling of lighter fermions from the low-energy
effective theory [286, 287]. Here we quote some numerical results from Ref. [91] and list them in
Table 6. One can see that the strong mass hierarchy me  mµ  mτ exists at every reference scale,
and it strongly suggests the existence of a special flavor basis in which the 3 × 3 charged-lepton
mass matrix Ml exhibits a “rank-one” limit with me = mµ = 0 and mτ = Cl [288]:
M(H)l = Cl
0 0 00 0 00 0 1
 , (65)
where “H” means the “hierarchy” basis. In this case a realistic texture of Ml can be obtained by
introducing some proper perturbative corrections to M(H)l , such that e and µ leptons directly acquire
their finite masses. Note that M(H)l is actually equivalent to another “rank-one” mass matrix, the
so-called flavor “democracy” or Bardeen-Cooper-Schrieffer (BCS) pattern [137]
M(D)l =
Cl
3
1 1 11 1 11 1 1
 , (66)
because these two matrices are related with each other through a simple orthogonal transformation
OT∗ M
(D)
l O∗ = M
(H)
l , where
O∗ =
1√
6

√
3 1
√
2
−√3 1 √2
0 −2 √2
 . (67)
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Eq. (66) implies that the Yukawa interactions responsible for the mass generation of three charged
leptons have the same (or a universal) strength, but there is a clear mass gap between the first two
families (me = mµ = 0) and the third family (mτ = Cl) — an interesting phenomenon which has
also been observed in the BCS theory of superconductivity and in the nuclear pairing force [289].
Such a flavor democracy or S3L × S3R symmetry represents a new starting point of view for model
building; namely, the finite masses of e and µ may naturally arise from spontaneous or explicit
breaking of the S3L × S3R flavor symmetry [132, 133, 137].
3.1.3. Running masses of six quarks
There are several theoretical ways to determine the masses of three light quarks u, d and s,
including the lattice gauge theory, chiral perturbation theory and QCD sum rules [19]. Among
them, the lattice-QCD simulation provides the most reliable determination of the strange quark
mass ms and the average of up and down quark masses (mu+md)/2 [290, 291, 292]. A combination
of this approach and the chiral perturbation theory allows us to pin down the isospin-breaking
effects and thus determine the individual values of u and d masses [293, 294]. In the MS scheme
and at the renormalization scale µ = 2 GeV, the results mu = (2.32 ± 0.10) MeV, md = (4.71 ±
0.09) MeV and ms = (92.9 ± 0.7) MeV have been obtained [19].
The chiral perturbation theory is a powerful technique to extract the mass ratios of three light
quarks in a scale-independent way. With the help of the MS scheme, one may obtain [129]
mu
md
=
2m2
pi0
− m2pi+ + m2K+ − m2K0
m2
K0
− m2K+ + m2pi+
' 0.56 ,
ms
md
=
m2K0 + m
2
K+ − m2pi+
m2
K0
− m2K+ + m2pi+
' 20.2 , (68)
in the lowest-order approximation of the chiral perturbation theory. These results are essentially
consistent with those obtained from the lattice-QCD simulation. If the uncertainty associated with
the value of ms/md is taken into account, a more conservative estimate yields ms/md = 17 · · · 22.
This result is particularly interesting from a point of view of model building, because both the
Cabibbo quark mixing angle ϑC ≡ ϑ12 [20] and the ratio |Vtd|/|Vts| of the CKM matrix V [21] are
expected to be
√
md/ms ' 0.22 to a relatively good degree of accuracy in a class of textures of
quark mass matrices [129, 130, 131, 135, 136, 137].
At the renormalization scale µ = 2 GeV, the Particle Data Group has recommended the follow-
ing benchmark values for the current masses of u, d and s quarks [19, 293, 295, 296, 297, 298]:
mu (2 GeV) = 2.16
+0.49
−0.26 MeV ,
md (2 GeV) = 4.67
+0.48
−0.17 MeV ,
ms (2 GeV) = 93
+11
−5 MeV . (69)
To calculate the MS masses of these three light quarks at the renormalization scale µ = 1 GeV, one
just needs to multiply the results given in Eq. (69) by a common factor 1.35. The ratios mu/md and
md/ms are therefore independent of the energy scales.
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Since the masses of charm and bottom quarks are far above the QCD scale ΛQCD ' 0.2 GeV,
their values can be extracted from the study of masses and decays of hadrons containing one or two
heavy quarks, where both perturbative contributions and non-perturbative effects should be taken
into account. The useful theoretical techniques for calculating the spectroscopy of heavy hadrons
include the heavy quark effective theory, lattice gauge theory, QCD sum rules and non-relativistic
QCD. In the MS scheme the Particle Data Group has recommended the following benchmark
values for running masses of the charm and bottom quarks [19]:
mc
(
mc
)
= 1.27 ± 0.02 GeV ,
mb
(
mb
)
= 4.18+0.03−0.02 GeV . (70)
Similar to the pole mass of a charged lepton, the pole mass of a heavy quark can also be de-
fined as the position of the pole in its propagator in the perturbation theory of QCD. It should be
noted that the full quark propagators actually have no pole for c and b quarks because they are
confined in hadrons. That is the reason why the concept of “pole mass” becomes invalid in the
non-perturbative regime, and it is seldom used for the three light quarks [90, 91]. The relation
between the pole mass Mq of a heavy quark and its running mass mq (for q = c, b, t) has been cal-
culated to the level of three-loop [299, 300, 301, 302] and four-loop QCD corrections [303, 304],
but for the sake of simplicity we only quote the one-loop analytical result
Mq = mq(mq)
[
1 +
4αs(mq)
3pi
]
, (71)
where αs(µ) is the strong-interaction coupling constant analogous to the fine-structure constant
αem(µ) of QED. Note that the higher-order corrections in the expression of Mq should not be
neglected when doing a numerical calculation of the pole mass of a heavy quark, because a sum of
their contributions is comparable in size and has the same sign as the one-loop term shown above.
Given the running masses in Eq. (70), one finds the pole masses Mc = (1.67 ± 0.07) GeV and
Mb = (4.78 ± 0.06) GeV for charm and bottom quarks, respectively [19].
In view of the fact that the top quark is too short-lived to form any hadrons, its pole mass can
be directly measured from the kinematics of tt events. The following value is an average of the
LHC and Tevatron measurements of Mt as recommended by the Particle Data Group [19]:
Mt = (172.9 ± 0.4) GeV . (72)
On the other hand, the running mass of the top quark can be extracted from a measurement of the
cross-section of tt events with the help of some theoretical calculations. In this case the Particle
Data Group has advocated the benchmark value mt
(
mt
)
= 160.0+4.8−4.3 GeV [19], where the error bar
remains much larger than the uncertainty associated with ΛQCD. This result is in good agreement
with that in Eq. (72), of course, as they are related with each other through Eq. (71) with the
inclusion of higher-order QCD corrections [303, 304].
Table 7 provides a list of running quark masses at a few typical energy scales 15, where the
given values of quark masses in Eqs. (69), (70) and (72) have been adopted as the inputs. Given
15In the SM the so-called “mass” of a fermion at an energy scale above v ' 246 GeV is usually defined as the
product of its Yukawa coupling eigenvalue at this scale and v/
√
2, where the vacuum expectation value v is treated as
a constant and only the Yukawa coupling parameter evolves with the energy scale [305].
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Table 7: The running masses of quarks at some typical energy scales in the SM [91], including µ = 1 TeV and
ΛVS ' 4×1012 GeV (a cutoff scale which is presumably associated with the SM vacuum stability). Here the benchmark
values of quark masses given in Eqs. (69), (70) and (72) are input after their error bars are symmetrized.
Scale µ mu(µ) (MeV) md(µ) (MeV) ms(µ) (MeV) mc(µ) (GeV) mb(µ) (GeV) mt(µ) (GeV)
MW 1.25 ± 0.22 2.72 ± 0.19 54.1 ± 4.7 0.63 ± 0.02 2.89 ± 0.03 · · ·
MZ 1.24 ± 0.22 2.69 ± 0.19 53.5 ± 4.6 0.62 ± 0.02 2.86 ± 0.03 · · ·
MH 1.20 ± 0.21 2.62 ± 0.18 52.1 ± 4.5 0.61 ± 0.02 2.78 ± 0.03 · · ·
Mt 1.17 ± 0.20 2.55 ± 0.18 50.8 ± 4.4 0.59 ± 0.02 2.71 ± 0.03 · · ·
1 TeV 1.05 ± 0.18 2.29 ± 0.16 45.6 ± 4.0 0.53 ± 0.02 2.39 ± 0.02 148.5 ± 1.0
ΛVS 0.54 ± 0.10 1.20 ± 0.09 24.0 ± 2.1 0.27 ± 0.01 1.16 ± 0.02 83.4 ± 1.0
an arbitrary reference energy scale, the up- and down-type quarks exhibit strong mass hierarchies
(i.e., mu  mc  mt and md  ms  mb), respectively. This observation implies that it makes
sense to consider the rank-one “hierarchy” basis
M(H)u = Cu
0 0 00 0 00 0 1
 , M(H)d = Cd
0 0 00 0 00 0 1
 , (73)
and the corresponding “democracy” basis
M(D)u =
Cu
3
1 1 11 1 11 1 1
 , M(D)d = Cd3
1 1 11 1 11 1 1
 , (74)
where Cu = mt and Cd = mb. Why the charged leptons and quarks of the same electric charge have
strongly hierarchical mass spectra as illustrated by Fig. 2? Such a flavor hierarchy problem has
not been satisfactorily solved in particle physics.
3.2. The CKM quark flavor mixing parameters
3.2.1. Determination of the CKM matrix elements
The 3 × 3 CKM quark flavor mixing matrix V defined in Eq. (1) can be explicitly expressed as
V =
Vud Vus VubVcd Vcs VcbVtd Vts Vtb
 . (75)
Since V is exactly unitary in the SM, its nine matrix elements satisfy the following normalization
and orthogonality conditions:∑
α
(
V∗αiVα j
)
= δi j ,
∑
i
(
V∗αiVβi
)
= δαβ , (76)
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where the Greek and Latin subscripts run over the up-type quarks (u, c, t) and the down-type quarks
(d, s, b), respectively. The constraints in Eq. (76) are so strong that one may make use of four
independent parameters to fully describe the CKM matrix V . From an experimental point of view,
however, all the elements of V should better be independently measured so as to test its unitarity
as accurately as possible.
The nine CKM matrix elements |Vαi| (for α = u, c, t and i = d, s, b) have been directly measured
in numerous high-precision quark-flavor experiments with the help of proper theoretical inputs.
For the sake of simplicity, here we follow the Particle Data Group’s recommendations to list the
updated central values and error bars of |Vαi| and go over the main quark-flavor-changing channels
used to extract such numerical results [19].
• |Vud| = 0.97420 ± 0.00021. This element has been determined to the highest degree of
accuracy from the study of superallowed 0+ → 0+ nuclear β decays [306], and its uncertain-
ties mainly stem from the nuclear Coulomb distortions and radiative corrections. A precise
measurement of the decay mode pi+ → pi0 + e+ + νe allows one to determine |Vud| without
involving any uncertainties from the nuclear structures, and in this way an impressive result
|Vud| = 0.9728 ± 0.0030 has been achieved from the PIBETA experiment [307].
• |Vus| = 0.2243 ± 0.0005. This element is determined from measuring some semileptonic
K-meson decays, such as K+ → pi0 + e+ + νe and K− → pi0 + µ− + νµ, where the main
uncertainties are associated with the relevant form factors. Another way to determine |Vus| is
to measure leptonic decays of K± and pi± mesons, such as K+ → µ+ + νµ and pi− → µ− + νµ.
The point is that |Vus|/|Vud| can be extracted from the ratio of these two decay rates, in which
the ratio of the decay constants fK/ fpi can be reliably evaluated by means of lattice QCD.
• |Vcd| = 0.218 ± 0.004. This element can similarly be extracted from some semileptonic
and leptonic decays of D mesons, such as D0 → pi− + µ+ + νµ and D+ → µ+ + νµ, in
which the relevant form factors and decay constants are determined with the help of lattice
QCD. Although both |Vcd| and |Vus| will be reduced to sinϑC in the two-flavor quark-mixing
approximation, the experimental and theoretical uncertainties associated with the value of
|Vcd| are much larger than those associated with the value of |Vus|.
• |Vcs| = 0.997 ± 0.017. This element is geometrically located at the center of the 3 × 3 CKM
matrix V , and it can be determined by measuring leptonic Ds decays and semileptonic D
decays (e.g., D+s → µ+ + νµ, D+s → τ+ + ντ and D0 → K− + e+ + νe) with the help of lattice
QCD calculations in evaluating the relevant decay constants and form factors. In comparison
with |Vud|, the value of |Vcs| involves much larger uncertainties.
• |Vcb| = 0.0422 ± 0.0008. This element has been determined from precision measurements
of the inclusive and exclusive semileptonic decays of B mesons to D mesons, such as
B0d → D∗− + µ+ + νµ and B−u → D0 + e− + νe, where the relevant hadronic matrix elements
are evaluated by means of the heavy-quark effective theory. Historically, the smallness of
|Vcb| as compared with |Vus| and |Vcd| motivated Lincoln Wolfenstein to propose a novel
parametrization of V which properly reflects its hierarchical structure [128].
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• |Vub| = 0.00394 ± 0.00036. This element is the smallest one among the nine elements of the
CKM matrix V , and it can be extracted from measuring the charmless semileptonic B-meson
decays (e.g., B0d → pi−+µ++νµ). It is also possible to determine |Vub| from leptonic B decays,
such as B+u → τ+ + ντ. In this connection lattice QCD and light-cone QCD sum rules are
useful techniques to help evaluate the relevant form factors and decay constants. The recent
LHCb measurement of the ratio of the rates of Λb → p+ + µ− + νµ and Λb → Λ+c + µ− + νµ
decays allows one to directly extract |Vub/Vcb| = 0.083 ± 0.006 [308], a remarkable result in
good agreement with the separate measurements of |Vub| and |Vcb|. In addition, it is worth
pointing out that |Vub|/|Vcb| '
√
mu/mc has been predicted in a class of quark mass matrices
(see, e.g., Refs. [135, 309] and section 6). Although this simple relation is not in good
agreement with current experimental data, it remains quite instructive and suggestive for
further attempts of model building in this connection.
• |Vtd| = 0.0081 ± 0.0005. This element is unlikely to be precisely determined from the top-
quark decay modes, and hence it is usually extracted from the top-mediated box diagrams of
B0d-B¯
0
d mixing and from the loop-mediated rare decays of B and K mesons (e.g., B
+
u → ρ+ +γ
and K+ → pi+ + νµ + νµ). The relevant hadronic matrix elements can be evaluated with the
help of lattice QCD, but the theoretical uncertainties remain quite large.
• |Vts| = 0.0394 ± 0.0023. This element can similarly be extracted from the top-mediated
box diagrams of B0s-B¯
0
s mixing and from the loop-mediated rare decays of B and K mesons,
such as B0s → µ+ + µ−, B0d → K∗0 + γ and K+ → pi+ + νµ + νµ. It involves less theoretical
uncertainties to determine |Vtd/Vts| from the ratio of ∆md to ∆ms, where ∆mq denotes the
mass difference between the heavy and light mass eigenstates of B0q and B¯
0
q mesons (for
q = d and s). The numerical result |Vtd/Vts| = 0.210±0.008 [19] is consistent very well with
the value of
√
md/ms for a number of quark mass textures in the mt → ∞ limit [275].
• |Vtb| = 1.019 ± 0.025. This element is the largest one among the nine elements of the
CKM matrix V , and it can be directly determined from the cross section of the single top-
quark production if the unitarity of V is not assumed. But for the time being this approach
unavoidably involves large experimental and theoretical uncertainties. The value of |Vtb|
given above is an average of the CDF and D0 measurements at the Tevatron and the ATLAS
and CMS measurements at the LHC.
Note that the CKM matrix elements |Vαi| have been treated as constants below the energy scale
µ = MW , although they are scale-dependent and evolve appreciably through the RGEs [310, 311,
312, 313, 314, 315, 316] when µ is far above the electroweak scale. Given the above values of |Vαi|
extracted from those independent measurements, one may test the normalization conditions of V
to a great extent [19]. For example,
|Vud|2 + |Vus|2 + |Vub|2 = 0.9994 ± 0.0005 ,
|Vcd|2 + |Vcs|2 + |Vcb|2 = 1.043 ± 0.034 ,
|Vud|2 + |Vcd|2 + |Vtd|2 = 0.9967 ± 0.0018 ,
|Vus|2 + |Vcs|2 + |Vts|2 = 1.046 ± 0.034 . (77)
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Once the direct measurement of |Vtb| is further improved in the future precision experiments, the
unitarity of V will be tested to a much better degree of accuracy.
3.2.2. The Wolfenstein parameters and CP violation
Now that the off-diagonal elements of the CKM matrix V exhibit a clear hierarchy, one may
consider to expand them by using a small parameter. Here let us parametrize V in terms of the
popular Wolfenstein parameters [128]:
Vus = λ , Vcb = Aλ
2 , Vub = Aλ
3 (ρ − iη) , (78)
where λ ' sinϑC ' 0.2 serves as the series expansion parameter. In such a phase convention
the other six matrix elements of V can be exactly figured out with the help of Eq. (76) [317], but
in most cases it is more useful to take advantage of an approximate expression of V . Up to the
accuracy of O(λ6), we obtain [318, 319, 320]
V =

1 − 1
2
λ2 λ Aλ3 (ρ − iη)
−λ 1 − 1
2
λ2 Aλ2
Aλ3 (1 − ρ − iη) −Aλ2 1

+
1
2
λ4

−1
4
0 0
A2λ
[
1 − 2 (ρ + iη)] −1
4
(
1 + 4A2
)
0
Aλ (ρ + iη) A
[
1 − 2 (ρ + iη)] −A2
 + O(λ
6) . (79)
Then it is straightforward to find that 1 − Vtb ' Vud − Vcs ' A2λ4/2 holds, and so on. One may
therefore arrive at |Vtb| > |Vud| > |Vcs| as a parametrization-independent result. Moreover [320],
|Vus|2 − |Vcd|2 = |Vcb|2 − |Vts|2 = |Vtd|2 − |Vub|2 ' A2λ6 (1 − 2ρ) ,
|Vus|2 − |Vcb|2 = |Vcd|2 − |Vts|2 = |Vtb|2 − |Vud|2 ' λ2
(
1 − A2λ2
)
, (80)
as a consequence of Eq. (76), and thus we are left with the inequalities |Vus| > |Vcd|, |Vcb| > |Vts|
and |Vtd| > |Vub| if ρ < 0.5 is constrained. Such fine structures of the CKM matrix V will be tested
once its nine elements are determined to a sufficiently high degree of accuracy.
When CP violation is concerned in the precision measurements of various B-meson decays, it
proves to be very convenient to introduce two modified Wolfenstein parameters which are inde-
pendent of the phase convention of the CKM matrix V [318]:
ρ + iη = −V
∗
ubVud
V∗cbVcd
' (ρ + iη)
(
1 − 1
2
λ2
)
. (81)
In the complex plane the parameters (ρ, η) describe the vertex of the rescaled CKM unitarity
triangle corresponding to the orthogonality relation V∗ubVud + V
∗
cbVcd + V
∗
tbVtd = 0, as illustrated in
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Figure 10: The rescaled CKM unitarity triangle defined by the orthogonality relation V∗ubVud + V
∗
cbVcd + V
∗
tbVtd = 0 in
the complex plane, where the vertex parameters (ρ, η) are expressed in Eq. (81).
Fig. 10. The three inner angles of this triangle, defined as
α ≡ arg
(
− V
∗
tbVtd
V∗ubVud
)
' arctan
[
η
η2 − ρ (1 − ρ)
]
,
β ≡ arg
(
−V
∗
cbVcd
V∗tbVtd
)
' arctan
(
η
1 − ρ
)
,
γ ≡ arg
(
−V
∗
ubVud
V∗cbVcd
)
' arctan
(
η
ρ
)
, (82)
have been measured in a number of CP-violating B-meson decays. Among them, the angle β has
been most precisely determined from the BaBar [321], Belle [322] and LHCb [323] measurements
of CP violation in the B0 → B¯0 → J/ψ + KS decay mode and related processes, and its world-
average result is sin 2β = 0.691 ± 0.017 [324]. The angle α can be extracted from CP violation in
some charmless B-meson decays, such as B→ pi + pi, ρ + pi and ρ + ρ, and its world-average value
is α = 84.5+5.9
◦
−5.2◦ [19]. In addition, the result γ = 73.5
+4.2◦
−5.1◦ has been obtained from the interference
between two different tree-level amplitudes of some B-meson decays [19], such as B+u → D0 + K−
and B−u → D¯0 + K− with D0 and D¯0 decaying to the same final state.
A global analysis of currently available experimental data allows one to determine the Wolfen-
stein parameters as follows [19]:
λ = 0.22453 ± 0.00044 , A = 0.836 ± 0.015 , ρ = 0.122+0.018−0.017 , η = 0.355+0.012−0.011 , (83)
where the methodology developed by the CKMfitter Group [319] has been used. If one makes
use of the analysis techniques advocated by the UTfit Collaboration [325], the values of the four
Wolfenstein parameters will be slightly different from those listed in Eq. (83). Using the same
global fit to constrain the nine elements of V , one obtains the central values and error bars of |Vαi|
(for α = u, c, t and i = d, s, b) as listed in Table 8. It is obvious that these numerical results are
more accurate and satisfy the expectations about the relative magnitudes of |Vαi| as indicated by
Eq. (79), namely |Vub| < |Vtd|  |Vts| < |Vcb|  |Vcd| < |Vus|  |Vcs| < |Vud| < |Vtb|, simply because
the unitarity requirement of V has been taken into account in the global fit.
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Table 8: The central values and error bars of the CKM quark flavor mixing matrix elements |Vαi| (for α = u, c, t and
i = d, s, b) obtained from a global fit of the relevant experimental data and recommended by the Particle Data Group
[19], where the unitarity of V is already implied.
d s b
u 0.97446 ± 0.00010 0.22452 ± 0.00044 0.00365 ± 0.00012
c 0.22438 ± 0.00044 0.97359 ± 0.00011 0.04214 ± 0.00076
t 0.00896 ± 0.00024 0.04133 ± 0.00074 0.999105 ± 0.000032
3.3. Constraints on the neutrino masses
3.3.1. Some basics of neutrino oscillations
The flavor oscillation of massive neutrinos travelling in space, a spontaneous periodic change
from one neutrino flavor να to another νβ (for α, β = e, µ, τ), is a striking quantum phenomenon
sensitive to the tiny neutrino mass-squared differences. In a realistic oscillation experiment the
neutrino (or antineutrino) beam is produced at the source and measured at the detector via the
weak charged-current interactions described by Eq. (1), where each neutrino flavor eigenstate να
can be expressed as a superposition of the three neutrino mass eigenstates νi (for i = 1, 2, 3). The
latter travel as matter waves and may interfere with one another after they travel a distance and
develop different phases due to their different masses mi.
To be explicit, Eq. (1) tells us that a να is produced from the W
+ + α− → να interactions, and
a νβ is detected by means of the νβ → W+ + β− interactions. The να → νβ flavor oscillation may
take place after the νi beam with an average energy E  mi travels a proper distance L in vacuum.
If the plane-wave expansion approximation is made, the amplitude of the να → νβ oscillation can
simply be expressed as [326]
A(να → νβ) =
∑
i
[
A(W+ + α− → νi) · Propagation(νi) · A(νi → W+ + β−)
]
=
∑
i
[
U∗αi exp
(
−im
2
i L
2E
)
Uβi
]
, (84)
where A(W+ + α− → νi) = U∗αi and A(νi → W+ + β−) = Uβi describe the production of να at the
source and the detection of νβ at the detector, respectively. With the help of the unitarity of the
PMNS lepton flavor mixing matrix U, the probability of να → νβ oscillations turns out to be
P(να → νβ) ≡ |A(να → νβ)|2 = δαβ − 4
∑
i< j
Re (UαiUβ jU∗α jU∗βi) sin2 ∆m2jiL4E

+2
∑
i< j
Im (UαiUβ jU∗α jU∗βi) sin ∆m2jiL2E
 , (85)
where ∆m2ji ≡ m2j − m2i (for i, j = 1, 2, 3) are the neutrino mass-squared differences and satisfy
∆m231 − ∆m232 = ∆m221. The probability of να → νβ oscillations can easily be read off from Eq. (85)
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by making the replacement U → U∗. It is clear that only the neutrino mass-squared differences
∆m2ji are observable in a neutrino-neutrino or antineutrino-antineutrino oscillation experiment
16.
Of course, Eq. (85) will get modified when neutrino (or antineutrino) oscillations happen in a
dense-matter environment [83, 84], but the latter does not change the conclusion that the oscilla-
tions are in general only sensitive to six fundamental flavor parameters: two independent neutrino
mass-squared differences (say, ∆m221 and ∆m
2
31), three flavor mixing angles (θ12, θ13 and θ23) and
one CP-violating phase (δν). If the parametrization of U in Eq. (2) is substituted into Eq. (85), one
will see that the two Majorana phases (ρ and σ) are cancelled in P(να → νβ). That is why these
two phases can only be determined or constrained by detecting those lepton-number-violating
processes, such as the 0ν2β decays and neutrino-antineutrino oscillations.
When a neutrino beam propagates through a medium, the three neutrino flavors may interact
with the electrons in the atoms and the quarks in the nucleons via both elastic and inelastic scat-
tering reactions. The inelastic scattering and the elastic scattering off the forward direction will
cause attenuation of the neutrino beam, but their cross sections are so tiny that the resulting atten-
uation effects are negligibly small in most cases. The elastic coherent forward scattering of the
neutrinos with matter matters, because it will modify the vacuum behavior of neutrino oscillations.
This kind of modification, which depends on the neutrino flavors and is CP-asymmetric between
neutrinos and antineutrinos, is just the well-known MSW matter effect [83, 84]. In this case the
effective Hamiltonian responsible for the evolution of three neutrino flavors in a medium consists
of the vacuum term and a matter potential:
Hm ≡
1
2E
U˜
m˜
2
1 0 0
0 m˜22 0
0 0 m˜23
 U˜† = 12E U
m
2
1 0 0
0 m22 0
0 0 m23
 U† +
Vcc + Vnc 0 00 Vnc 00 0 Vnc
 , (86)
where m˜i (for i = 1, 2, 3) and U˜ stand respectively for the effective neutrino masses and flavor
mixing matrix in matter, and the weak charged-current (cc) contribution from forward νe-e scatter-
ing and the weak neutral-current (nc) contribution from forward να-e, να-p or να-n scattering (for
α = e, µ, τ) to the matter potential are given by [83, 334, 335, 336, 337]
Vcc = +
√
2 GFNe ,
Venc = −
1√
2
GFNe
(
1 − 4 sin2 θw
)
,
V pnc = +
1√
2
GFNp
(
1 − 4 sin2 θw
)
,
Vnnc = −
1√
2
GFNn , (87)
where Ne, Np and Nn denote the number densities of electrons, protons and neutrons in matter.
Given the fact of Ne = Np for a normal (electrically neutral) medium, we are actually left with
16Note that the absolute neutrino mass terms can in principle show up in the probabilities of neutrino-antineutrino
oscillations [73, 327, 328, 329, 330, 331, 332, 333] if massive neutrinos are the Majorana particles. But such lepton-
number-violating processes are formidably suppressed by the tiny factors m2i /E
2 in their probabilities, and thus there
is no way to measure them in any realistic experiments.
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Vnc = V
e
nc + V
p
nc + Vnnc = V
n
nc. Since this term is universal for the three neutrino flavors, it does not
modify the behaviors of neutrino oscillations and hence can be neglected in the standard case 17.
The explicit relations between the effective quantities in matter (m˜i and U˜) and their counterparts
in vacuum (mi and U) will be established in section 4.4. Here we just quote the simpler but more
instructive results in the two-flavor framework with a single neutrino mass-squared difference ∆m2
and a single flavor mixing angle θ [83]:
∆m˜2 = ∆m2
√(
cos 2θ − rm
)2
+ sin2 2θ ,
tan 2˜θ =
sin 2θ
cos 2θ − rm
, (88)
where rm = 2
√
2 GFNeE/∆m
2 is a dimensionless parameter measuring the strength of the matter
potential, and the adiabatic approximation has been made [338]. Then the probabilities of two-
flavor neutrino oscillations in matter can be expressed in the same way as those in vacuum:
P˜(να → να) = 1 − sin2 2˜θ sin2
∆m˜2L
4E
,
P˜(να → νβ) = sin2 2˜θ sin2
∆m˜2L
4E
, (89)
with α , β. Eq. (88) tells us that there are two extremes for matter effects on neutrino oscillations:
• If rm → cos 2θ for proper values of E and Ne, then one has θ˜ → pi/4 and ∆m˜2 → ∆m2 sin 2θ
no matter how small the genuine flavor mixing angle θ in the first quadrant is. This matter-
induced enhancement is known as the MSW resonance.
• If rm → ∞ due to Ne → ∞ in dense matter, then θ˜ → pi/2 and ∆m˜2 → 2
√
2 GFNeE → ∞
no matter what the initial values of ∆m2 and θ are. In this case quantum coherence gets lost,
and hence there will be no neutrino oscillations.
Note that all the matter potential terms in Eq. (87) take the opposite signs when an antineutrino
beam propagating in a medium is concerned. This means rm → −rm in Eqs. (88) and (89) for
two-flavor antineutrino oscillations in matter. That is why matter effects are CP-asymmetric for
neutrino and antineutrino oscillations, and they might even result in a fake signal of CP or CPT
violation in a realistic long-baseline oscillation experiment [339, 340].
3.3.2. Neutrino mass-squared differences
As listed in Table 2, a number of successful neutrino (antineutrino) oscillation experiments
have been done, and they are sensitive to ∆m221 and ∆m
2
31 in different ways. For example, solar
8B-type νe → νe oscillations with the MSW matter effects and medium-baseline reactor νe → νe
17However, this term should be taken into account when the three active neutrinos are slightly mixed with some
new degrees of freedom (e.g., heavy or light sterile neutrinos) no matter whether the latter can directly take part in
neutrino oscillations or not [122, 181].
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Table 9: The neutrino mass-squared differences from a global analysis of current neutrino oscillation data, where the
notations δm2 ≡ ∆m221 and ∆m2 ≡ m23 − (m21 + m22)/2 = (∆m231 + ∆m232)/2 are used in Ref. [92], or ∆m23i ≡ ∆m231 > 0
for the normal mass ordering and ∆m23i ≡ ∆m232 < 0 for the inverted mass ordering are defined in Ref. [93].
Normal mass ordering (m1 < m2 < m3) Inverted mass ordering (m3 < m1 < m2)
Capozzi et al [92] Best fit 1σ range 3σ range Best fit 1σ range 3σ range
δm2/10−5 eV2 7.34 7.20→ 7.51 6.92→ 7.91 7.34 7.20→ 7.51 6.92→ 7.91∣∣∣∆m2∣∣∣ /10−3 eV2 2.455 2.423→ 2.490 2.355→ 2.557 2.441 2.406→ 2.474 2.338→ 2.540
Esteban et al [93] Best fit 1σ range 3σ range Best fit 1σ range 3σ range
∆m221/10
−5 eV2 7.39 7.19→ 7.60 6.79→ 8.01 7.39 7.19→ 7.60 6.79→ 8.01∣∣∣∆m23i∣∣∣ /10−3 eV2 2.525 2.494→ 2.558 2.431→ 2.622 2.512 2.481→ 2.546 2.413→ 2.606
oscillations are mainly sensitive to ∆m221; while atmospheric νµ → νµ and νµ → νµ oscillations,
short-baseline reactor νe → νe oscillations and long-baseline accelerator νµ → νe, νµ → νµ and
νµ → ντ oscillations are primarily sensitive to ∆m231 and ∆m232 [341]. Given the convention of|Ue1| > |Ue2| or equivalently cos θ12 > sin θ12 [342] 18, a global analysis of currently available
neutrino (antineutrino) oscillation data has led us to Table 9 [92, 93], from which one can observe
two possibilities for the neutrino mass spectrum:
• Normal ordering m1 < m2 < m3, corresponding to ∆m221 > 0 and ∆m231 ' ∆m232 > 0;
• Inverted ordering m3 < m1 < m2, corresponding to ∆m221 > 0 and ∆m231 ' ∆m232 < 0,
as schematically illustrated in Fig. 11. But the analyses made in Refs. [92, 93] have indicated that
the normal neutrino mass ordering is favored over the inverted one at the 3σ level, and whether
such a preliminary result is true or not will be clarified by more precise atmospheric, reactor and
accelerator neutrino (or antineutrino) oscillation experiments in the near future.
The unique reactor antineutrino oscillation experiment capable of probing the neutrino mass
ordering will be the JUNO experiment with a 20-kiloton liquid-scintillator detector located in the
Jiangmen city of Guangdong province in southern China, about 55 km away from the Yangjiang
(17.4 GWth) and Taishan (18.4 GWth) reactor facilities which serve as the sources of electron
antineutrinos [343]. It is aimed to measure the fine structure caused by ∆m231 and ∆m
2
32 in the
energy spectrum of reactor νe → νe oscillations driven by ∆m221 [344, 345, 346, 347, 348, 349]. To
see this point in a more transparent way, let us start from the master formula given in Eq. (85) and
18This convention is equivalent to restricting θ12 to the first octant (i.e., 0 ≤ θ12 ≤ pi/4), as all the three flavor mixing
angles are required to lie in the first quadrant for the standard parametrization of U in Eq. (2). In this case Eq. (88)
tells us that a significant matter-induced enhancement can take place for solar νe → νe oscillations if rm > 0 holds, by
which the corresponding neutrino mass-squared difference ∆m221 must be positive.
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Figure 11: A schematic illustration of the normal or inverted neutrino mass ordering, where the smaller and larger
mass-squared differences (i.e., δm2 ≡ m22 − m21 ' 7.3 × 10−5 eV2 and |∆m2| ≡ |m23 − (m21 + m22)/2| ' 2.4 × 10−3 eV2
[92] ) are responsible for the dominant oscillations of solar and atmospheric neutrinos, respectively.
express the oscillation probability P(νe → νe) as follows [350]:
P(νe → νe) = 1 − 4
[
|Ue1|2|Ue2|2 sin2
∆m221L
4E
+ |Ue1|2|Ue3|2 sin2
∆m231L
4E
+ |Ue2|2|Ue3|2 sin2
∆m232L
4E
]
= 1 − sin2 2θ12 cos4 θ13 sin2
∆m221L
4E
− 1
2
sin2 2θ13
(
sin2
∆m231L
4E
+ sin2
∆m232L
4E
)
−1
2
cos 2θ12 sin
2 2θ13 sin
∆m221L
4E
sin
(
∆m231 + ∆m
2
32
)
L
4E
, (90)
in which the standard parametrization of U has been taken. The last oscillatory term in the above
equation describes the fine interference effect [341, 345, 351, 352, 353, 354], simply because it
is proportional to sin[(∆m231 + ∆m
2
32)L/(4E)] and thus sensitive to the common (unknown) sign of
∆m231 and ∆m
2
32. It is this term that may cause a fine structure in the primary energy spectrum of
P(νe → νe) driven by ∆m221L/(4E) ∼ pi/2, so the energy resolution of the JUNO detector must be
good enough to measure it. Right now both the JUNO experiment’s detector building and civil
construction are underway, and its data taking is expected to commence in 2021 if everything goes
well. After about six years of operation, this experiment will be able to pin down the neutrino
mass ordering at the 4σ confidence level.
On the other hand, the survival probabilities of atmospheric νµ → νµ and νµ → νµ oscillations
depend respectively on ∆m23i−2
√
2 GFNeE and ∆m
2
3i +2
√
2 GFNeE (for i = 1, 2), where Ne denotes
the number density of electrons in terrestrial matter and E is the average neutrino beam energy.
Therefore, a resonant flavor conversion may happen at a specific pattern of neutrino energies and
Earth-crossing paths. This matter-induced resonant conversion takes place only for neutrinos in the
normal mass ordering — similar to the solar neutrino case, or only for antineutrinos in the inverted
mass ordering. The proposed Hyper-Kamiokande detector [355], a 260-kiloton underground water
Cherenkov detector, should be capable of discriminating the cross sections and kinematics of νµ
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and νµ interactions with nuclei. So it is capable of identifying different detected event rates which
reflect different neutrino mass hierarchies [341]. Note that the Hyper-Kamiokande detector is
also the far detector, 295 km away from the J-PARK accelerator in Tokai, for a long-baseline
experiment to measure νµ → νe and νµ → νe oscillations. In this case it has a good chance to
pin down the neutrino mass ordering with the help of terrestrial matter effects. In comparison,
the DUNE experiment [356] is another flagship of the next-generation long-baseline accelerator
neutrino oscillation experiment which can also probe the neutrino mass ordering via matter effects
in νµ → νe and νµ → νe oscillations. Taking advantage of its 40-kiloton liquid-argon far detector
at the Sanford Underground Research Facility, which is 1300 km away from the νµ and νµ sources
at the Fermilab, a seven-year operation of the DUNE experiment may hopefully reach the 5σ
sensitivity to the true neutrino mass ordering for any possible values of δν [357].
3.3.3. The absolute neutrino mass scale
Information about the absolute mass scale of three known neutrinos can in principle be achieved
from the investigations of their peculiar roles in nuclear physics (e.g., the β decays, 0ν2β decays,
and captures of cosmic relic neutrinos on β-decaying nuclei), in Big Bang cosmology (e.g., the
CMB anisotropies, baryon acoustic oscillations (BAOs), and amplitudes of the density fluctua-
tions on small scales from the clustering of galaxies and the Lyman-α forest), in astrophysics
and astronomy (e.g., the core-collapse supernovae and ultrahigh-energy cosmic rays) [358]. Here
let us briefly summarize some currently available constraints on the neutrino masses from such
non-oscillation measurements or observations.
(1) The effective electron-neutrino mass 〈m〉e in the tritium β decay 3H → 3He + e− + νe with
the Q-value Q = 18.6 keV and the half-life T1/2 ' 12.3 yr. The energy spectrum of the emitted
electrons in this decay mode is described by
dN
dE
∝ (Q − E)
3∑
i=1
|Uei|2
√
(Q − E)2 − m2i ' (Q − E)2
[
1 − 〈m〉
2
e
2 (Q − E)2
]
(91)
in the approximation Q−E  mi [359, 360, 361], where the effective electron-neutrino mass term
〈m〉e is simply defined as
〈m〉e =
√
m21|Ue1|2 + m22|Ue2|2 + m23|Ue3|2
=
√(
m21 cos
2 θ12 + m
2
2 sin
2 θ12
)
cos2 θ13 + m
2
3 sin
2 θ13 , (92)
which depends on the flavor mixing angles θ12 and θ13 in the standard parametrization of the 3 × 3
PMNS matrix U. The latest experimental upper bound of 〈m〉e is set by the KATRIN Collabora-
tion: 〈m〉e < 1.1 eV at the 90% confidence level [362]. The final goal of this “direct measurement”
experiment is to probe 〈m〉e with the sensitivity of about 0.2 eV [359].
(2) The effective electron-neutrino mass 〈m〉ee in the lepton-number-violating 0ν2β decays,
such as 76Ge → 76Se + 2e− and 136Xe → 136Ba + 2e−. The rate of a decay mode of this kind is
proportional to |〈m〉ee|2, where the expression of 〈m〉ee has been given in Eq. (19) in the standard
three-neutrino scheme. One may arrange the phase parameters of the PMNS matrix U in such a
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way that Ue2 is real and thus 〈m〉ee can be reexpressed as
〈m〉ee = m1|Ue1|2 exp(iφe1) + m2|Ue2|2 + m3|Ue3|2 exp(iφe3) , (93)
where the phase parameters φe1 and φe3 may vary in the [0, 2pi) range. In the complex plane the
above expression corresponds to a quadrangle as schematically illustrated by Fig. 12, where the
vector of 〈m〉ee connects two phase-related circles and looks like the “coupling rod” of a locomotive
[363]. In the limit m1 → 0 (normal mass ordering) or m3 → 0 (inverted mass ordering), one of the
sides vanishes and thus the quadrangle is reduced to a triangle [364]. Depending on the theoretical
uncertainties of relevant nuclear matrix elements, an upper limit |〈m〉ee| < (0.06 · · · 0.2) eV has
been achieved from the GERDA [365], EXO [188] and KamLAND-Zen [189] experiments at the
90% confidence level. Note that the knowledge of |〈m〉ee| itself is not enough to precisely fix the
absolute neutrino mass scale, because both φe1 and φe3 are completely unknown.
(3) The sum of three neutrino masses constrained by cosmology. The standard model of Big
Bang cosmology, usually referred to as the ΛCDM model with Λ denoting the cosmological con-
stant (or dark energy) and CDM standing for cold dark matter [19], tells us that the primordial
neutrinos and antineutrinos were out of equilibrium and decoupled from the thermal bath soon
after the rate of weak interactions was smaller than the Hubble expansion rate. This decoupling
happened when the temperature of the Universe was about 1 MeV (i.e., when the Universe was
only about one second old). Since then the Universe became transparent to relic neutrinos and
antineutrinos, and the latter turned to form the cosmic neutrino background (CνB). Given the CνB
temperature Tν ' 1.945 K today, the average three-momentum of each relic neutrino is found to
be 〈pν〉 ' 3.15Tν ' 5.5 × 10−4 eV. So the relic neutrinos νi and antineutrinos νi (for i = 1, 2, 3)
must be non-relativistic today if their masses mi are larger than 〈pν〉, and they contribute to the
total energy density of the Universe in the following form [172, 366] 19:
Ων ≡
ρν
ρc
=
8piGN
3H2
3∑
i=1
mi
(
nνi + nνi
)
' 1
93.14 h2 eV
3∑
i=1
mi , (94)
where ρc and ρν stand respectively for the critical density of the Universe and the density of relic
neutrinos and antineutrinos, GN denotes the Newtonian constant of gravitation, H is the Hubble
expansion rate, h represents the scale factor for H, and nνi = nνi ' 56 cm−3 is the average number
density of relic νi and νi (for i = 1, 2, 3). The final full-mission Planck measurements of the CMB
anisotropies [105], combined with the BAO measurements [369, 370, 371], strongly support the
assumption of three neutrino families and set a stringent upper bound Σν ≡ m1 +m2 +m3 < 0.12 eV
at the 95% confidence level. Taking account of h ' 0.68, we are therefore left with the upper bound
Ων < 2.8×10−3, which is far smaller than Ωb ' 5% (baryon density), ΩCDM ' 26% (CDM density)
and Ω
Λ
' 69% (Λ density) of today’s Universe [19].
19If one of the neutrinos has a mass well below the value of 〈pν〉, it must be keeping relativistic from the very
early Universe till today. In this case its contribution to the sum of all the neutrino masses is negligibly small, and
thus Eq. (94) remains acceptable. Here only the masses of three active neutrinos and three active antineutrinos are
taken into account, because the Planck measurements have constrained the effective number of relativistic degrees
of freedom to be Neff = 2.96
+0.34
−0.33 at the 95% confidence level [105], in good agreement with the result Neff ' 3.046
predicted by the standard cosmological model [367, 368].
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Figure 12: The coupling-rod diagrams for the effective 0ν2β mass term 〈m〉ee ≡ −→CB in the complex plane, where−→
OA ≡ m2|Ue2|2,
−→
AB ≡ m1|Ue1|2 exp(iφe1) and
−−→
CO ≡ m3|Ue3|2 exp(iφe3). If the neutrino mass ordering is normal, all the
three configurations of 〈m〉ee are possible; but if it is inverted, then only configuration (c) is allowed [363].
With the help of a global fit of current neutrino oscillation data at the 3σ level [92, 93], one
may plot the correlation between |〈m〉ee| and Σν or that between 〈m〉e and Σν by allowing the two
unknown Majorana phases to vary in the [0, 2pi) range. Fig. 13 shows the numerical result for the
normal (red) or inverted (blue) neutrino mass ordering. Some discussions are in order.
• Given the very robust Planck constraint Σν < 0.12 eV at the 95% confidence level [105],
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Figure 13: An illustration of the correlation between |〈m〉ee| and Σν (left panel) and that between 〈m〉e and Σν (right
panel) by using the 3σ inputs of relevant neutrino mass-squared differences and flavor mixing parameters [92, 93].
Here the red (blue) region corresponds to the normal (inverted) neutrino mass ordering.
the possibility of an inverted neutrino mass spectrum is only marginally allowed. In fact,
a preliminary and mild hint of the normal mass ordering has been observed from a global
analysis of some available cosmological data [372, 373, 374, 375, 376, 377] 20. The next-
generation precision observations of the CMB (e.g., the CMB-S4 [379], Pixie [380] and
CORE [381] projects) and large-scale structures (e.g., the DES [382], Euclid [383], LSST
[384] and SKA [385] projects) in cosmology are expected to convincingly tell whether the
inverted neutrino mass ordering is really not true, after all uncertainties from the relevant
cosmological parameters are well understood and evaluated (see, e.g., a recent analysis of
this kind in Ref. [386]).
• Note that a question mark has recently been put against the approximation in Eq. (94),
which was made from the exact cosmic energy density of massive neutrinos in a ΛCDM
model [387]. The argument is that a determination of the sum of neutrino masses and their
ordering should be pursued by using the exact models respecting current neutrino oscillation
data instead of taking some cosmological approximations like Eq. (94), because the latter
might lead to an incorrect and nonphysical bound. The new analysis based on the exact
models yields a consistent upper bound Σν . 0.26 eV at the 95% confidence level [387].
This constraint is quite different from the one obtained by the Planck Collaboration [105]
and some other groups, and hence further studies are needed to resolve such discrepancies
and develop a reliable approach in this regard.
20Taking account of three particular possibilities of the neutrino mass spectrum case by case, an updated analysis
of the Planck data based on the ΛCDM model has provided us with an upper bound Σν < 0.121 eV for the nearly
degenerate neutrino mass ordering, Σν < 0.146 eV for the normal mass ordering, or Σν < 0.172 eV for the inverted
mass ordering at the 95% confidence level [378]. In this analysis the normal neutrino mass ordering is also found to
be mildly preferred to the inverted one.
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• In the case of a normal neutrino mass spectrum, there is a small parameter space in which
the effective 0ν2β-decay mass term 〈m〉ee suffers from a significant cancellation and hence
its magnitude becomes strongly suppressed — around or far below 1 meV [388, 389, 390].
A careful analysis shows that such a “disaster”, which means the loss of observability of the
0ν2β decays in any realistic experiments, will not happen unless the smallest neutrino mass
m1 is about a few meV and the Majorana phase φe1 is around pi [391, 392, 393, 394] (see
section 7.2.1 and Fig. 34 for some further discussions). If the next-generation 0ν2β-decay
experiments are able to probe |〈m〉ee| with a sensitivity of about 10 meV [183], then a null
result will point to the normal neutrino mass ordering.
In comparison, the most promising β-decay experiment is the KATRIN experiment which aims
to reach the sensitivity 〈m〉e ∼ 0.2 eV [359]. A combination of the future measurements of 〈m〉e,
|〈m〉ee| and Σν will be greatly helpful to pin down the absolute neutrino mass scale and test the
self-consistency of the standard three-flavor scheme.
Note that the supernova neutrinos can also be used to probe or constrain the absolute neutrino
mass scale with the help of a measurement of their delayed flight time compared to the massless
photon, as first pointed out by Georgiy Zatsepin in 1968 [395]. An analysis of the neutrino burst
from Supernova 1987A in the Large Magellanic Cloud has yielded an upper bound mν < 5.7 eV
at the 95% confidence level [396], where the masses of three neutrinos are assumed to be nearly
degenerate (i.e., mν ≡ m1 ' m2 ' m3). Given a future neutrino burst from a typical galactic
core-collapse supernova at a distance of about 10 kpc from the Earth, for example, the delay of a
neutrino’s flight time is expected to be
∆t ' 5.14 ms
(mν
eV
)2 (10 MeV
Eν
)2 D
10 kpc
, (95)
in which Eν is the neutrino energy and D denotes the distance between the supernova and the
detector. Some recent studies have shown that it is possible to achieve mν < 0.8 eV at the 95%
confidence level for the Super-Kamiokande water Cherenkov detector [397] and for the JUNO
liquid scintillator detector [343, 398]. Several methods for properly timing the neutrino and (or)
antineutrino signals coming from a galactic supernova have recently been explored via the Monte
Carlo simulations for the next-generation neutrino and (or) antineutrino detectors, including JUNO
[399, 400], Hyper-Kamiokande [355] and IceCube Gen2 [401, 402, 403].
Another possibility is to utilize some fine atomic transitions as a powerful tool to determine
the mass scale of three neutrinos and even their nature (i.e., Dirac or Majorana) [404, 405, 406].
The basic idea is to measure |e〉 →
∣∣∣g〉 + γ + νi + ν j (for i, j = 1, 2, 3), as illustrated in Fig. 14,
where |e〉 denotes the excited level in an atomic or molecular system such as Yb, and
∣∣∣g〉 is the
ground one. Such a transition can take place via an intermediate state, and useful information
about the neutrino properties is encoded in the spectrum of the accompanying photon γ — a case
like the spectrum of the emitted electrons in a nuclear β-decay experiment. Before and after the
above transition with the radiative emission of a neutrino-antineutrino pair, the total energy of this
system is conserved: Eeg = ω + Ei + E j, where Eeg represents the energy difference between |e〉
and
∣∣∣g〉, ω stands for the energy of the emitted photon, and Ei (or E j) denotes the energy of the
neutrino νi (or ν j) with the mass mi (or m j). There may exist six thresholds in the fine structure of
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Figure 14: An illustration of the radiative emission of a neutrino-antineutrino pair at an atomic system, where the
effective weak vertex includes the contributions from virtual W− and Z0 bosons (i.e., e− → νi + W∗− → νi + ν j + e−
involving the PMNS matrix elements UeiU
∗
e j (for i, j = 1, 2, 3) and e
− → e− + Z∗0 → e− + νi + νi (for i = 1, 2, 3),
respectively, in the standard three-flavor scheme).
the outgoing photon energy spectrum due to the finite neutrino masses [407, 408, 409], located at
the frequencies
ωi j =
Eeg
2
−
(
mi + m j
)2
2Eeg
. (96)
Since Eeg ∼ O(1) eV, ωi j are therefore sensitive to the values of neutrino masses. An external laser
with the frequency ω can be used to trigger the transition under consideration, and a coherence
enhancement of its transition rate is possible with the help of super-radiance phenomenon in quan-
tum optics [410]. So far some impressive progress has been made in trying to carry out a feasible
and efficient measurement of the atomic transition |e〉 →
∣∣∣g〉 + γ + νi + ν j [411, 412].
3.4. The PMNS lepton flavor mixing parameters
3.4.1. Flavor mixing angles and CP-violating phases
Different from the quark sector, in which all the CKM quark flavor mixing parameters can
be determined from the relevant flavor-changing weak-interaction processes, the lepton sector has
not provided us with enough space to look into the flavor conversions which depend on the PMNS
matrix elements. Flavor oscillations of massive neutrinos are currently the only way for us to
measure the three lepton flavor mixing angles (θ12, θ13 and θ23) and the Dirac CP-violating phase
(δν) in the standard parametrization of the PMNS matrix U, as given in Eq. (2).
(1) Determination of θ12. This angle dominates the flavor-changing strength in solar νe → νe
oscillations. For the purpose of illustration, let us take a look at the recent Borexino results shown
in Fig. 15, where the data points of the survival probability P(νe → νe) are 0.57 ± 0.09 for the
pp neutrinos with E = 0.267 MeV (red), 0.53 ± 0.05 for the 7Be neutrinos with E = 0.862 MeV
(blue), 0.43 ± 0.11 for the pep neutrinos with E = 1.44 MeV (cyan), and 0.37 ± 0.08 for the 8B
neutrinos with E = 8.1 MeV (green) [413] in the assumption of the high-metallicity SSM [417].
Such results can easily be understood in the approximation of two-flavor neutrino oscillations, as
illustrated in the following two examples.
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Figure 15: The survival probability of solar electron neutrinos measured in the Borexino experiment [413], where
the pink band denotes the ±1σ prediction of νe → νe oscillations in matter with the oscillation parameters quoted
from Ref. [414], and the gray band corresponds to νe → νe oscillations in vacuum with the oscillation parameters
reported in Refs. [415, 416]. The data points represent the Borexino results for pp (red), 7Be (blue), pep (cyan) and
8B (green for the high-energy region, and gray for the separate sub-ranges of this region) in the assumption of the
high-metallicity SSM [417], and their error bars include the experimental and theoretical uncertainties.
• Solar pp neutrinos mainly oscillate in vacuum as their energies are so small that ∆m221/(2E)
is apparently dominant over the matter potential Vcc =
√
2 GFNe ' 7.5 × 10−6 eV2 MeV−1
[418] for Ne ' 6 × 1025 cm−3 at the core of the Sun [419], if ∆m221 ' 7.3 × 10−5 eV2 is
taken as a benchmark value in accordance with Table 9. Such a solar neutrino mass-squared
difference corresponds to an oscillation length Losc ≡ 4piE/∆m221 ' 9 km, which is too short
as compared to the positional uncertainties associated with the production of solar neutrinos
in the core area of the Sun [420]. In this case the probability of solar pp neutrino oscillations
can safely approximate to
P˜(νe → νe) ' P(νe → νe) ' cos4 θ13
(
1 − 1
2
sin2 2θ12
)
+ sin4 θ13 , (97)
which is distance-averaged over the oscillation factor and depends only on the flavor mixing
angles θ12 and θ13. Taking account of P(νe → νe) ' 0.57 that has been measured in the
Borexino experiment and neglecting the small contribution from θ13, we are therefore left
with θ12 ' 34◦. The observed survival probability of solar 7Be neutrinos can be explained in
a similar way.
• The oscillation behavior of solar 8B neutrinos with E & 6 MeV should be dominated by
matter effects because ∆m221/(2E) is strongly suppressed as compared with the matter poten-
tial Vcc ' 7.5 × 10−6 eV2 MeV−1 at the core of the Sun. In this case the distance-averaged
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probability of solar 8B neutrino oscillations reads [421]
P˜(νe → νe) '
1
2
cos4 θ13
(
1 + cos 2θ12 cos 2˜θ12
)
' cos4 θ13 sin2 θ12 , (98)
where the effective (matter-corrected) flavor mixing angle θ˜12 is related to θ12 via Eq. (88),
from which θ˜12 ' pi/2 can be obtained as a result of rm → ∞ thanks to the dominance of
Vcc over ∆m
2
21/(2E). In view of P˜(νe → νe) ' 0.37 that has been measured in the Borexino
experiment, one arrives at θ12 ' 37◦ from Eq. (98) by neglecting the small contribution from
θ13. This approximate result is essentially consistent with the one extracted from Eq. (97),
but it involves much larger uncertainties.
In fact, the Super-Kamiokande [11, 422] and SNO [10, 12, 423] experiments have measured the
flux of solar 8B neutrinos to a much better degree of accuracy. Their results lead us to θ12 ' 33◦.
Another reliable way to determine θ12 is the measurement of νe → νe oscillations in the Kam-
LAND experiment [14, 424] — a long-baseline (∼ 180 km) reactor antineutrino oscillation exper-
iment by using the liquid scintillator antineutrino detector located in Kamioka. Such an average
baseline length means that this experiment is mainly sensitive to the oscillation term driven by
∆m221 ' 7.3 × 10−5 eV2, as one can see from Eq. (90). It is therefore straightforward to measure
θ12 in a way which is essentially free from terrestrial matter effects, if θ13 is small enough. But
the KamLAND measurement tan2 θ12 = 0.56
+0.10
−0.07(stat)
+0.10
−0.06(syst) [424] leads us to a slightly larger
value of θ12 (i.e., θ12 ' 37◦), in comparison with the result of θ12 extracted from solar neutrino
oscillations. This small discrepancy will be clarified in the upcoming JUNO medium-baseline
reactor antineutrino oscillation experiment [343].
(2) Determination of θ13. This smallest neutrino mixing angle can be most accurately measured
in a short-baseline reactor antineutrino oscillation experiment, such as the Daya Bay [15], RENO
[425] and Double Chooz [426] experiments. Given L ∼ 2 km and E ∼ 4 MeV for this kind of
experiment, Eq. (90) indicates that P(νe → νe) is dominated by the oscillation terms driven by
∆m231 and ∆m
2
32 because their magnitudes are around 2.5×10−3 eV2 as extracted from atmospheric
and accelerator-based neutrino oscillation experiments. Namely,
P(νe → νe) ' 1 − sin2 2θ13 sin2
∆m231L
4E
, (99)
in which ∆m232 ' ∆m231 has been taken. So far the Daya Bay experiment has reported the most
accurate result: sin2 2θ13 = 0.0856 ± 0.0029 [415, 427], leading us to θ13 ' 8.51◦. The smallness
of θ13 makes the two-flavor interpretations of solar and atmospheric neutrino oscillation data rea-
sonably good, and this turns out to plunk for the light-hearted argument that there seems to exist
an intelligent design of the neutrino oscillation parameters [428].
(3) Determination of θ23. This largest neutrino mixing angle was first determined by the Super-
Kamiokande Collaboration in their atmospheric neutrino oscillation experiment [13]. Now that
the atmospheric νµ and νµ events are not monochromatic and the energy resolution of the Super-
Kamiokande detector is not perfect either, it is necessary to average the νµ → νµ (or νµ → νµ)
oscillation probability around a reasonable energy range. On the other hand, the production and
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detection regions of atmospheric neutrinos are certainly not point-like, and thus one has to aver-
age P(νµ → νµ) or P(νµ → νµ) around a reasonable path-length range [429]. In the two-flavor
approximation the averaged probability turns out to be
P(νµ → νµ) = P(νµ → νµ) ' 1 −
1
2
sin2 2θ23 , (100)
where small terrestrial matter effects have been neglected. The original Super-Kamiokande mea-
surement done in 1998 led us to sin2 2θ23 > 0.82 at the 90% confidence level [13], implying an
unexpectedly large value of θ23 as compared with its counterpart in the quark sector. A recent
analysis of the available Super-Kamiokande data in the three-flavor scheme with matter effects
points to sin2 θ23 = 0.588
+0.031
−0.064 for a normal neutrino mass spectrum, or sin
2 θ23 = 0.575
+0.036
−0.073 for
an inverted mass spectrum [430]. These results indicate a slight preference for θ23 to lie in the
second (upper) octant (i.e., θ23 > pi/4), although it is statistically not significant enough.
The fact that θ23 is very close to pi/4 has also been observed in a number of long-baseline
accelerator neutrino oscillation experiments, such as K2K with L ' 250 km [16, 431], MINOS
with L ' 735 km [432, 433], T2K with L ' 295 km [17, 18] and NOνA with L ' 810 km
[434, 435]. This striking result has motivated a lot of model-building attempts based on discrete
or continuous flavor symmetries [143, 144, 145, 146].
(4) Determination of δν. This phase parameter of U is responsible for the strength of CP
violation in neutrino oscillations, and it can be measured in a long-baseline νµ → νe oscillation
experiment if terrestrial matter effects are well understood. To a quite good degree of accuracy,
the probability of νµ → νe oscillations can be approximately expressed as [436]
P(νµ → νe) ' sin2 2θ13 sin2 θ23
sin2
[(
rm − 1
)
φ31
]
(
rm − 1
)2
+α sin 2θ12 sin 2θ13 cos θ13 sin 2θ23 cos
(
φ31 + δν
) sin (rmφ31) sin [(rm − 1) φ31]
rm
(
rm − 1
)
+α2 sin2 2θ12 cos
2 θ23
sin2
(
rmφ31
)
r2m
, (101)
where rm ≡ 2
√
2GFNeE/∆m
2
31 and φ31 ≡ ∆m231L/(4E) are defined, and α ≡ ∆m221/∆m231 is a small
expansion parameter. The probability of νµ → νe oscillations can be simply read off from Eq. (101)
with the replacements δν → −δν and rm → −rm. It is obvious that the sign of ∆m231 affects the
behaviors of neutrino and antineutrino oscillations via the signs of rm, α and φ31, making it possible
to probe the neutrino mass ordering with the help of terrestrial matter effects. What is more
important is to probe the CP-violating phase δν by measuring νµ → νe and νµ → νe oscillations
and distinguishing the genuine CP-violating effect from the matter-induced contamination. In the
leading-order approximation with a baseline length L . 300 km, Eq. (101) leads us to
ACP ≡
P(νµ → νe) − P(νµ → νe)
P(νµ → νe) + P(νµ → νe)
' −sin 2θ12 sin δν
sin θ13 tan θ23
sin φ21 + matter contamination , (102)
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where φ21 ≡ ∆m221L/(4E) is defined, and the matter contamination only shows up as the next-to-
leading-order effect in a realistic experiment of this kind, such as the present T2K experiment and
the future DUNE and Hyper-Kamiokande experiments.
The first combined analysis of νµ → νe and νµ → νe oscillations based on the T2K data has
excluded the CP conservation hypothesis (i.e., δν = 0 or pi) at the 90% confidence level, and yielded
δν ∈ [−3.13,−0.39] for the normal neutrino mass ordering at the same confidence level [437]. In
comparison, a joint fit to the NOνA data for νµ → νµ and νµ → νe oscillations shows a slight
preference for the normal neutrino mass ordering and gives the best-fit point δν = 1.21pi [438],
essentially consistent with the T2K result. The preliminary indication of δν ∼ 3pi/2 (or equivalently
−pi/2) extracted from the T2K and NOνA measurements, together with the observation of θ23 '
pi/4, has stimulated a lot of interest in model building by means of some discrete flavor symmetries
— especially the so-called νµ-ντ reflection symmetry [439, 440].
For the time being there is no experimental information about the two Majorana phases of the
PMNS lepton flavor mixing matrix U, simply because these two phase parameters are irrelevant
to normal neutrino-neutrino and antineutrino-antineutrino oscillations. If massive neutrinos are
really the Majorana particles, such CP-violating phases will play important roles in those lepton-
number-violating processes, such as the 0ν2β decays and neutrino-antineutrino oscillations.
3.4.2. The global-fit results and their implications
A global analysis of the available experimental data accumulated from solar, atmospheric,
reactor and accelerator neutrino (or antineutrino) oscillation experiments in a “hierarchical” three-
flavor scheme started from the beginning of the 1990s [441], where “hierarchical” means that θ13
is small enough and thus solar and atmospheric neutrino oscillations can approximate to the two-
flavor oscillations dominated respectively by θ12 and θ23. It provides a very helpful tool to extract
the fundamental parameters of neutrino oscillations by combining different experimental results
or constraints, which are associated with different neutrino (or antineutrino) sources, different
beam energies, different baseline lengths, different environmental media and different detection
techniques, on a sound footing. Sometimes this kind of analysis is even possible to indirectly
predict the allowed range of an unknown quantity before it is directly measured, and the successful
examples in this connection include the top-quark mass, the Higgs-boson mass [442] and the size
of the smallest neutrino mixing angle θ13 [443, 444].
A state-of-the-art global analysis of current neutrino oscillation data has recently been done
in Refs. [92] and [93] in the three-flavor scheme. The relevant outputs for the neutrino mass-
squared differences and flavor mixing parameters are expressed in terms of the standard deviations
Nσ from a local or global χ2 minimum (i.e., Nσ =
√
∆χ2), as listed in Tables 9 and 10. Some
comments on the implications of Table 10 are in order.
• Both θ12 and θ13 have been determined to a good degree of accuracy. The fact that θ13 is not
highly suppressed is certainly a good news to the next-generation reactor and accelerator
experiments aiming to probe the neutrino mass ordering and (or) leptonic CP violation, as
one can see in Eqs. (90) and (101). On the other hand, the best-fit value of θ12 is quite close
to a special number arctan(1/
√
2) ' 35.3◦. The latter has stimulated a lot of model-building
exercises based on some discrete flavor symmetry groups [143, 144, 145, 146].
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Table 10: The three flavor mixing angles and one CP-violating phase extracted from a global analysis of current
neutrino oscillation data, corresponding to the neutrino mass-squared differences listed in Table 9. Here the results
quoted from Ref. [92] and Ref. [93] are presented in the same form for an easier comparison.
Normal mass ordering (m1 < m2 < m3) Inverted mass ordering (m3 < m1 < m2)
Capozzi et al [92] Best fit 1σ range 3σ range Best fit 1σ range 3σ range
sin2 θ12/10
−1 3.04 2.91→ 3.18 2.65→ 3.46 3.03 2.90→ 3.17 2.64→ 3.45
sin2 θ13/10
−2 2.14 2.07→ 2.23 1.90→ 2.39 2.18 2.11→ 2.26 1.95→ 2.43
sin2 θ23/10
−1 5.51 4.81→ 5.70 4.30→ 6.02 5.57 5.33→ 5.74 4.44→ 6.03
δν/pi 1.32 1.14→ 1.55 0.83→ 1.99 1.52 1.37→ 1.66 1.07→ 1.92
Esteban et al [93] Best fit 1σ range 3σ range Best fit 1σ range 3σ range
sin2 θ12/10
−1 3.10 2.98→ 3.23 2.75→ 3.50 3.10 2.98→ 3.23 2.75→ 3.50
sin2 θ13/10
−2 2.24 2.17→ 2.31 2.04→ 2.44 2.26 2.20→ 2.33 2.07→ 2.46
sin2 θ23/10
−1 5.82 5.63→ 5.97 4.28→ 6.24 5.82 5.64→ 5.97 4.33→ 6.23
δν/pi 1.21 1.05→ 1.43 0.75→ 2.03 1.56 1.40→ 1.69 1.09→ 1.95
• Among the three flavor mixing angles, θ23 involves the largest uncertainties for the time
being. But it is interesting to see that the best-fit value of θ23 is slightly larger than pi/4,
implying that this flavor mixing angle is likely to lie in the second (or upper) octant. The
fact that θ23 is very close to pi/4 is one of the most striking features of lepton flavor mixing,
and it strongly suggests that there should exist a kind of discrete flavor symmetry behind the
observed pattern of the PMNS matrix U.
• Another intriguing observation is that the CP-violating phase δν deviates from 0 and pi at a
confidence level near 2σ, and its best-fit value is located in the third quadrant. This pre-
liminary result is rather encouraging, because it implies that the effect of CP violation in
neutrino oscillations may be quite significant. Moreover, δν seems to be close to (or not far
away from) the special phase 3pi/2, which is also suggestive of a kind of flavor symmetry
that underlies the observed pattern of lepton flavor mixing [440].
In short, a global analysis of the present neutrino oscillation data has provided us with quite a lot
of information about the neutrino mass-squared differences and flavor mixing parameters. One is
expecting to learn much more from the ongoing and upcoming precision oscillation experiments,
in particular to pin down the sign of ∆m231 (or ∆m
2
32), the octant of θ23 and the value of δν at a
sufficiently high (e.g., & 5σ) confidence level.
In Table 11 we list the 3σ ranges of |Uαi| (for α = e, µ, τ and i = 1, 2, 3) for the nine elements
of the 3 × 3 PMNS matrix U, as indicated by the global fit done in Ref. [93]. Some immediate
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Table 11: The 3σ ranges of the nine PMNS matrix elements Uαi (for α = e, µ, τ and i = 1, 2, 3) in magnitude, which
are obtained from a global fit of current neutrino oscillation data by assuming the unitarity of U [93].
1 2 3
e 0.797→ 0.842 0.518→ 0.585 0.143→ 0.156
µ 0.235→ 0.484 0.458→ 0.671 0.647→ 0.781
τ 0.304→ 0.531 0.497→ 0.699 0.607→ 0.747
observations and discussions are in order.
• The smallest and largest elements of U in magnitude are |Ue3| and |Ue1|, respectively. In
comparison, Table 8 shows that the smallest and largest elements of the CKM quark flavor
mixing matrix V in magnitude are |Vub| and |Vtb|, respectively. Since V and U are associated
respectively with W+ and W− in the weak charged-current interactions as one can see in
Eq. (1), one should be cautious when making a direct comparison or a naive correlation
between the structures of V and U.
• But it is obvious that the lepton flavor mixing pattern is quite different from the quark flavor
mixing pattern. In particular, V can be treated as the identity matrix plus small corrections of
O(λ) or smaller, while U does not exhibit a strong structural hierarchy. Instead, U exhibits
an approximate µ-τ permutation symmetry |Uµi| ' |Uτi| (for i = 1, 2, 3). If |Uµi| = |Uτi| is
required to hold exactly, then one will be left with either θ23 = pi/4 and θ13 = 0 or θ23 = pi/4
and δν = ±pi/2 in the standard parametrization of U [445, 446].
• That is why the PMNS matrix U has been speculated to have such a peculiar structure that its
leading term is a constant matrix U0 containing at least two large but special flavor mixing
angles, and it receives some small corrections described by ∆U which may depend on the
CP-violating parameters and mass ratios of charged leptons and (or) neutrinos [138, 139].
It is very common to specify U0 by invoking a kind of flavor symmetry in the lepton sector
[143, 144, 145, 146]. In this case spontaneous or explicit breaking of such a flavor symmetry
contributes to ∆U, and thus U = U0 + ∆U can fit the experimental data.
Of course, it remains unknown whether the conjecture of U = U0 + ∆U is really true or not. One
may also explain the large flavor mixing angles of U by directly relating them to the mass ratios
of charged leptons and neutrinos, for example, in the Fritzsch-like zero textures of Ml and Mν
[447, 448]. Although the approach based on flavor symmetries has been explored to a great extent
in the past twenty years to achieve U ' U0, it is hard to believe that the true pattern of U has
nothing to do with me/mµ, mµ/mτ, m1/m2 and m2/m3 in general [449].
3.4.3. Some constant lepton flavor mixing patterns
Without going into details of any model building, let us focus on the possibility of U = U0+∆U
and summarize a number of interesting patterns of U0 which have more or less had an impact on
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our understanding of lepton flavor mixing and CP violation. Now that all the currently available
information on U is from various neutrino oscillation experiments, here we simply choose the
flavor basis shown in Eq. (15) to discuss the constant pattern U0 which links the flavor eigenstates
of three neutrinos to their mass eigenstates.
(1) The “trimaximal” flavor mixing pattern [450], which assures each neutrino flavor eigenstate
να (for α = e, µ, τ) to receive equal and maximally allowed contributions in magnitude from the
three neutrino mass eigenstates νi (for i = 1, 2, 3):
Uω =
1√
3
1 1 11 ω ω∗1 ω∗ ω
 , (103)
where ω ≡ exp(i2pi/3) is the complex cube root of unity (i.e., ω3 = 1). It predicts θ12 = θ23 = 45◦,
θ13 = arctan(1/
√
2) ' 35.3◦ and δν = ±90◦ in the standard parametrization of U given in Eq. (2)
after a proper phase redefinition. Note that Uω is also unique in accommodating maximal CP
violation in the lepton or quark sector [450, 451, 452] because it defines six congruent regular
triangles in the complex plane and each of them has the maximal area equal to 1/(12
√
3).
(2) The “democratic” flavor mixing pattern [138, 139], originating from the transpose of the
orthogonal matrix O∗ in Eq. (67) which has been used to diagonalize the flavor “democracy”
texture of a fermion mass matrix 21:
U0 =
1√
6

√
3 −√3 0
1 1 −2√
2
√
2
√
2
 . (104)
It predicts θ12 = 45
◦, θ13 = 0
◦ and θ23 = arctan(
√
2) ' 54.7◦ in the standard parametrization
of U after a proper phase redefinition. An intuitive geometrical illustration of the special values
of θ12 and θ23 is shown in Fig. 16. Note that the relationship between (νe, νµ, ντ) and (ν1, ν2, ν3)
in Eq. (104) involves the same mixing pattern as the well-known relationship between the light
pseudoscalar mesons (pi0, η, η′) and the quark-antiquark pairs (uu, dd, ss) in the quark model: pi0 =(
uu − dd
)
/
√
2, η =
(
uu + dd − 2ss
)
/
√
6 and η′ =
(
uu + dd + ss
)
/
√
3. Whether such a similarity
is suggestive of something deeper remains an open question.
(3) The “bimaximal” flavor mixing pattern [453, 454], which can be obtained from a product
of two rotation matrices in the (2,3) and (1,2) planes with the same rotation angles θ23 = θ12 = 45
◦:
U0 =
1
2

√
2
√
2 0
−1 1 √2
1 −1 √2
 . (105)
Therefore, this simple ansatz predicts θ12 = θ23 = 45
◦ and θ13 = 0
◦ in the standard parametrization.
21Note that this special flavor mixing pattern will become stable after small corrections to it (i.e., the term ∆U) are
introduced by slightly breaking the flavor democracy of the corresponding fermion mass matrix [138, 139]. Its most
salient feature should be θ23 > 45
◦.
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Figure 16: An intuitive geometrical illustration of θ12 = ∠ABC = 45◦ and θ23 = ∠ADB = arctan(
√
2) ' 54.7◦ in
the “democratic” flavor mixing pattern, or θ12 = ∠BAD = arctan(1/
√
2) ' 35.3◦ and θ23 = ∠ABC = 45◦ in the
“tribimaximal” flavor mixing pattern by using the right triangles 4ABC and 4ABD within a cube.
(4) The “tribimaximal” flavor mixing pattern [140, 141, 142], which has much in common
with the aforementioned “democratic” flavor mixing pattern and thus can be viewed as a twisted
form of Eq. (104) with the same entries 22:
U0 =
1√
6

−2 √2 0
1
√
2 −√3
1
√
2
√
3
 . (106)
It predicts θ12 = arctan(1/
√
2) ' 35.3◦, θ13 = 0◦ and θ23 = 45◦ in the standard parametrization
after a proper phase redefinition, where the special value of θ12 can also find a simple geometrical
interpretation in Fig. 16. One may see that the values of θ12 and θ23 predicted by Eq. (106) are
very close to their best-fit results listed in Table 10. That is why this ansatz has attracted the most
attention and praise in building neutrino mass models based on some discrete flavor symmetry
groups, such as A4 [455, 456, 457, 458] and S 4 [459, 460, 461, 462]. Its strange name comes from
the fact that it can actually be obtained from the trimaximal flavor mixing pattern in Eq. (103)
multiplied by a bimaximal (1,3)-rotation matrix on the right-hand side.
(5) The “hexagonal” flavor mixing pattern [463, 464, 465], which contains a special rotation
angle θ12 = 30
◦ equal to half of the external angle of the hexagon:
U0 =
1
4

2
√
3 2 0
−√2 √6 2√2√
2 −√6 2√2
 . (107)
This simple ansatz predicts θ12 = 30
◦, θ13 = 0
◦ and θ23 = 45
◦ in the standard parametrization of U,
and its phenomenological consequences on neutrino oscillations are quite similar to those of the
tribimaximal flavor mixing pattern.
22Note that a very similar flavor mixing ansatz, which is equivalent to an interchange between the first and second
columns of U0 in Eq. (106), was first conjectured by Wolfenstein in 1978 [451].
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In the literature some more constant flavor mixing patterns, such as the “golden-ratio” pattern
with θ12 = arctan[2/(1 +
√
5] ' 31.7◦, θ13 = 0◦ and θ23 = 45◦ [466, 467] and the “tetra-maximal”
mixing pattern with θ12 = arctan(2 −
√
2) ' 30.4◦, θ13 = arcsin[(2 −
√
2)/4] ' 8.4◦, θ23 = 45◦
and δν = ±90◦ [468], have also been proposed. They are somewhat more complicated than those
discussed above, although their entries remain to be simple functions of the integers 1, 2, 3, 5 and
their square roots. After the measurement of an unsuppressed value of θ13 in the Daya Bay reactor
antineutrino oscillation experiment [15], a systematic survey of the constant flavor mixing patterns
with nonzero θ13 has been done in Ref. [469].
Of course, a simple constant flavor mixing pattern does not mean that it is really close to
the truth or can easily be derived from a simple flavor symmetry model. For instance, a natural
derivation of the “democratic” flavor mixing pattern as the leading term of a viable PMNS matrix
U for massive Dirac neutrinos needs to introduce the flavor symmetry S 4 × Z2 × Z′2 in a warped
extra-dimensional model with a complicated custodial symmetry [470]. To simultaneously accom-
modate nonzero θ13 and large δν, a combination of proper flavor symmetry groups with generalized
CP transformation has become quite popular in recent model-building exercises (see section 7.4.3
for some more discussions).
4. Descriptions of flavor mixing and CP violation
4.1. Rephasing invariants and commutators
4.1.1. The Jarlskog invariants of CP violation
In the standard three-family scheme the phenomena of flavor mixing and CP violation are
described by the 3 × 3 PMNS matrix U in the lepton sector and the 3 × 3 CKM matrix V in
the quark sector, respectively, as shown by Eq. (1). Both of them involve some arbitrary phases
because there always exists some freedom in redefining the phases of relevant lepton and quark
fields. The moduli of Uαi (for α = e, µ, τ and i = 1, 2, 3) or Vαi (for α = u, c, t and i = d, s, b) are
certainly rephasing-invariant, and thus they are physical observables.
There is a unique rephasing invariant of the PMNS matrix U or the CKM matrix V , the so-
called Jarlskog invariant of CP violation [471, 472]:
Jν
∑
γ
εαβγ
∑
k
εi jk = Im
(
UαiUβ jU
∗
α jU
∗
βi
)
,
Jq
∑
γ
εαβγ
∑
k
εi jk = Im
(
VαiVβ jV
∗
α jV
∗
βi
)
, (108)
where the Latin and Greek subscripts for leptons or quarks are self-explanatory, and εαβγ (or εi jk)
denotes the three-dimensional Levi-Civita symbol. Given the standard parametrization of U or V
in Eq. (2), it is straightforward to obtain
Jν =
1
8
sin 2θ12 sin 2θ13 sin 2θ23 cos θ13 sin δν ,
Jq =
1
8
sin 2ϑ12 sin 2ϑ13 sin 2ϑ23 cosϑ13 sin δq . (109)
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Figure 17: An illustration of different neutrino or antineutrino oscillations under CP, T and CPT transformations.
In view of the best-fit values of the CKM parameters given in Eq. (83) and the PMNS parameters
listed in Table 10, we are left withJq ' A2λ6η ' 3.2×10−5 in the quark sector andJν ' −2.8×10−2
in the lepton sector. These two rephasing invariants measure the strength of CP violation in quark
decays and that in neutrino oscillations, respectively. To see this point in a more transparent way,
let us compare Eq. (108) with Eqs. (82) and (85). Then we find
tanα = − Jq
Re
(
VtbVudV
∗
tdV
∗
ub
) ,
tan β = − Jq
Re
(
VcbVtdV
∗
cdV
∗
tb
) ,
tan γ = − Jq
Re
(
VubVcdV
∗
udV
∗
cb
) , (110)
for three inner angles of the CKM unitarity triangle shown in Fig. 10; and
P(να → νβ) = δαβ − 4
∑
i< j
Re (UαiUβ jU∗α jU∗βi) sin2 ∆m2jiL4E
 + 8Jν ∑
γ
εαβγ
∏
i< j
sin
∆m2jiL
4E
, (111)
for flavor oscillations of massive neutrinos. That is why Jq is solely responsible for all the weak
CP-violating effects in the SM, and Jν is the only measure of leptonic CP violation in neutrino
oscillations. Under CP, T and CPT transformations, as illustrated by Fig. 17, one may obtain the
corresponding oscillation probabilities P(να → νβ), P(νβ → να) and P(νβ → να) from Eq. (111)
with the simple replacements (U,Jν) → (U∗,−Jν), (U,Jν) → (U∗,−Jν) and (U,Jν) → (U,Jν),
respectively. Of course, matter effects can contaminate the genuine signals of CP and T violation
and even give rise to a fake signal of CPT violation in a medium [339, 473, 474].
The unitarity of the CKM matrix V allows us to express Jq in terms of the moduli of its four
independent matrix elements [137, 314, 475, 476]. Namely,
J2q = |Vαi|2|Vβ j|2|Vα j|2|Vβi|2 −
(
1 + |Vαi|2|Vβ j|2 + |Vα j|2|Vβi|2 − |Vαi|2 − |Vβ j|2 − |Vα j|2 − |Vβi|2
)2
4
(112)
with α , β and i , j running respectively over (u, c, t) and (d, s, b). Similarly,Jν can be expressed
in terms of the moduli of four independent matrix elements of the PMNS matrix U. Eq. (112)
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has two immediate implications: on the one hand, the elements of V or U must be measured to a
sufficiently good degree of accuracy to guarantee the positivity of J2q or J2ν ; on the other hand,
the strength of CP violation can in principle be determined or constrained from the CP-conserving
moduli of the CKM or PMNS matrix elements.
In general, there are totally (n − 1) (n − 2) /2 independent Dirac phases of CP violation and
[(n − 1) (n − 2) /2]2 distinct Jarlskog invariants for an n×n unitary flavor mixing matrix, and it is a
unique feature of the 3×3 CKM or PMNS matrix that there exists a single CP-violating phase and
a universal Jarlskog invariant of CP violation [477]. Given n = 4, for example, the flavor mixing
matrix will have nine distinct Jarlskog invariants which depend on three independent Dirac phases
of CP violation in different ways [478].
If the nature of massive neutrinos is of the Majorana type, one may define the following
Jarlskog-like invariants for the 3 × 3 unitary PMNS matrix U [333]:
Vi jαβ ≡ Im
(
UαiUβiU
∗
α jU
∗
β j
)
, (113)
where the Greek and Latin subscripts run over (e, µ, τ) and (1, 2, 3), respectively. By this definition
we find that Vi jαβ = Vi jβα = −V jiαβ = −V jiβα holds, and thus Viiαβ = 0 and Vi jαα , 0 (for i , j) hold.
Then it is easy to verify that only nine Vi jαβ are independent. Given the standard parametrization
of U in Eq. (2), one may easily figure out
V12ee = cos2 θ12 sin2 θ12 cos4 θ13 sin 2 (ρ − σ) ,
V13ee = cos2 θ12 cos2 θ13 sin2 θ13 sin 2
(
δν + ρ
)
,
V23ee = sin2 θ12 cos2 θ13 sin2 θ13 sin 2
(
δν + σ
)
, (114)
and the expressions of otherVi jαβ [333]. Such CP-violating quantities are sensitive to the Majorana
phases and will show up in the probabilities of lepton-number-violating να → νβ oscillations.
4.1.2. Commutators of fermion mass matrices
It is well known that any two observables in matrix Quantum Mechanics are represented by two
Hermitian operators, and their commutator provides an elegant description of their compatibility
— whether the two observables can be simultaneously measured or not. One may borrow the
commutator language to describe quark flavor mixing and CP violation, because the latter just arise
from a nontrivial mismatch between the up- and down-type quark mass matrices (or equivalently,
a mismatch between the mass and flavor eigenstates of two quark sectors). To be specific, let us
define the commutator of quark mass matrices Mu and Md as follows [471]:
Cq ≡ i
[
MuM
†
u ,MdM
†
d
]
= iOu
(
D2uVD
2
dV
† − VD2dV†D2u
)
O†u , (115)
where Eq. (6) has been used to diagonalize Mu and Md, and V = O
†
uOd is the CKM quark flavor
mixing matrix. In fact, Cq is a Hermitian and traceless matrix of the form
Cq = iOu

0
(
m2u − m2c
)
Zuc
(
m2u − m2t
)
Zut(
m2c − m2u
)
Zcu 0
(
m2c − m2t
)
Zct(
m2t − m2u
)
Ztu
(
m2t − m2c
)
Ztc 0
 O†u (116)
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with Zαβ = m
2
dVαdV
∗
βd + m
2
sVαsV
∗
βs + m
2
bVαbV
∗
βb = Z
∗
βα (for α , β running over u, c, t). This result
implies that Cq = 0 would hold if V were the identity matrix I (namely, if there were no flavor
mixing). On the other hand, the determinant of Cq is
detCq = −2Jq
(
m2u − m2c
) (
m2c − m2t
) (
m2t − m2u
) (
m2d − m2s
) (
m2s − m2b
) (
m2b − m2d
)
, (117)
proportional to the Jarlskog invariant Jq. That is why detCq is equivalent to Jq in signifying the
existence of CP violation in the quark sector.
Note that CP would be a good symmetry if the masses of any two quarks of the same electric
charge were degenerate. In this case it is always possible to remove the nontrivial phase of V and
even arrange one of the elements of V to vanish [479, 480], and thus one is left with Jq = 0.
Namely, detCq does not contain any more information about CP violation than Jq. The realistic
condition for CP violation is the existence of at least one nontrivial phase difference between the
quark mass matrices Mu and Md, which in turn leads to Jq , 0 for the CKM matrix V .
The similar commutator language can be applied to the lepton sector. Given the charged-lepton
mass matrix Ml in Eq. (6) and the Majorana neutrino mass matrix Mν in Eq. (16), we have
Cν ≡ i
[
MlM
†
l ,MνM
†
ν
]
= iOl
(
D2l UD
2
νU
† − UD2νU†D2l
)
O†l , (118)
where U = O†l Oν is the PMNS lepton flavor mixing matrix. Analogous to Eq. (117), the determi-
nant of this leptonic commutator turns out to be
detCν = −2Jν
(
m2e − m2µ
) (
m2µ − m2τ
) (
m2τ − m2e
) (
m21 − m22
) (
m22 − m23
) (
m23 − m21
)
, (119)
which is proportional to the leptonic Jarlskog invariant Jν. Given the nonzero but smallness of
three neutrino mass-squared differences, we find | detCν|  | detCq| in spite of |Jν|  |Jq|.
When studying neutrino oscillations in matter, it is natural to attribute lepton flavor mixing and
CP violation to the neutrino sector by choosing Ml = Dl (i.e., Ol = I). In this case MνM
†
ν = UD2νU
†
holds, and its effective counterpart in matter is M˜νM˜
†
ν = U˜D˜2νU˜
† with D˜ν ≡ Diag{m˜1, m˜2, m˜3}.
Taking account of the effective HamiltonianHm in Eq. (86), one finds [481, 482][
D2l ,Hm
]
=
1
2E
[
D2l , M˜νM˜
†
ν
]
=
1
2E
[
D2l ,MνM
†
ν
]
, (120)
simply because the matter potential in Eq. (86) commutes with D2l . A combination of this result
with Eqs. (118) and (119) leads us to the equality det C˜ν = detCν, which in turn leads us to the
so-called Naumov relation [483]
J˜ν∆m˜221∆m˜231∆m˜232 = Jν∆m221∆m231∆m232 , (121)
where ∆m2ji (for i, j = 1, 2, 3) have been defined below Eq. (85), ∆m˜
2
ji ≡ m˜2j − m˜2i are the analogs
of ∆m2ji in matter, and J˜ν is the analog of Jν in matter — the effective rephasing invariant of
CP violation defined by the elements of U˜. The evolution of J˜ν/Jν with the matter parameter
A ≡ 2EVcc is illustrated in Fig. 18, where the best-fit values of ∆m221, ∆m231, θ12 and θ13 [92, 93]
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Figure 18: An illustration of the ratio J˜ν/Jν as a function of the neutrino (ν with A) or antineutrino (ν with −A) beam
energy E for the normal mass ordering (NMO, left panel) or inverted mass ordering (IMO, right panel), where the
best-fit values of ∆m221, ∆m
2
31, θ12 and θ13 [92, 93] have been input.
have been input 23. The maxima and minima of the ratio J˜ν/Jν can be well understood after a
proper analytical approximation is made for J˜ν [484, 485].
If the canonical seesaw mechanism is taken into account, one may construct a commutator
in terms of M†DMD and M
†
RMR to measure CP violation in the lepton-number-violating decays
of heavy Majorana neutrinos [486]. Such a commutator language has some similarities with the
weak-basis invariants of leptogenesis defined in Ref. [487]. On the other hand, a commutator in
terms of MlM
†
l and MDM
†
D can serve as a basis-independent measure of CP violation associated
with the lepton-flavor-violating decays of charged leptons.
4.2. Unitarity triangles of leptons and quarks
4.2.1. The CKM unitarity triangles of quarks
The SM requires that the CKM quark flavor mixing matrix V be unitary. This requirement
means that the elements of V must satisfy Eq. (76), among which the six orthogonality relations
define six triangles in the complex plane — the CKM unitarity triangles:
4u : V∗cdVtd + V∗csVts + V∗cbVtb = 0 ,
4c : V∗tdVud + V∗tsVus + V∗tbVub = 0 ,
4t : V∗udVcd + V∗usVcs + V∗ubVcb = 0 ;
4d : V∗usVub + V∗csVcb + V∗tsVtb = 0 ,
4s : V∗ubVud + V∗cbVcd + V∗tbVtd = 0 ,
4b : V∗udVus + V∗cdVcs + V∗tdVts = 0 , (122)
where each triangle is named after the flavor index that does not appear in its three sides. Fig. 19 is
a schematic illustration of these triangles by roughly taking account of current experimental data
23The explicit expressions of ∆m˜2ji in terms of A, ∆m
2
ji and the elements of U can be found in section 4.4.1.
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Φub
Φus Φud
V ∗cdVtd
V ∗csVts
V ∗cbVtb
(△u)
×10−3
×10−2
Φcd
Φcb
Φcs
V ∗tdVud
V ∗tsVus
V ∗tbVub
(△c)
×10−2
×10−2
Φtb
Φts
Φtd
V ∗udVcd
V ∗usVcs
V ∗ubVcb
(△t)
×10−4
×10−1
Φtd
Φcd
Φud
V ∗usVub
V ∗csVcb
V ∗tsVtb
(△d)
×10−3
×10−2
(△s)
×10−2
×10−2
Φus
Φcs
Φts
V ∗ubVud
V ∗cbVcd
V ∗tbVtd
(△b)
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∗
udVus
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V ∗tdVts
Figure 19: A schematic illustration of the six CKM unitarity triangles in the complex plane, where each triangle is
named after the flavor index that does not show up in its three sides.
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on the CKM matrix V [19]. Although the shapes of the six CKM unitarity triangles are different,
they have the same area equal to Jq/2 ' 1.6× 10−5. So all of them would collapse into lines if CP
were invariant in the quark sector.
An immediate observation is that the six unitarity triangles share nine inner angles defined by
Φαi ≡ arg
−V∗β jVγ jV∗βkVγk
 = arg −V∗β jVβkV∗γ jVγk
 , (123)
where the Greek subscripts (α, β, γ) run co-cyclically over (u, c, t), and the Latin subscripts (i, j, k)
run co-cyclically over (d, s, b). Then one may write out the so-called CKM phase matrix [488, 489]
Φ =
Φud Φus ΦubΦcd Φcs Φcb
Φtd Φts Φtb
 . (124)
It is clear that each row or column of the matrix Φ corresponds to three inner angles of a unitarity
triangle, and hence Φαd + Φαs + Φαb = Φui + Φci + Φti = pi holds (for α = u, c, t and i = d, s, b).
With the help of the Wolfenstein parametrization in Eq. (79), it is easy to calculate all the nine
angles Φαi in terms of the Wolfenstein parameters. For instance, the three smallest angles are
Φtb ' arctan
(
A2λ4η
)
' 0.04◦, Φud ' arctan
(
λ2η
)
' 1◦ and Φus ' arctan
[
η/ (1 − ρ)] ' 22◦. These
three angles roughly measure the strengths of CP-violating effects in some weak decays of D, K
and B mesons [490, 491]. Current LHCb and Belle II experiments are focusing on more precision
measurements of the twin b-flavored 4s and 4c, both their sides and their inner angles. In fact,
4s has been rescaled in Fig. 10, where α = Φcs, β = Φus and γ = Φts. A similar analysis of the
rescaled 4s has recently been done in Ref. [492].
4.2.2. The PMNS unitarity triangles of leptons
In the lepton sector the PMNS unitarity triangles [137, 493] can also serve as an intuitive
language to geometrically describe lepton flavor mixing and CP violation. A prerequisite in this
regard is certainly the assumption that the 3 × 3 PMNS matrix U is exactly unitary. Since massive
neutrinos are very likely to be the Majorana particles, it makes sense to classify the six PMNS
unitarity triangles into the following two categories [494].
• The three Dirac triangles defined by the orthogonality relations
4e : Uµ1U∗τ1 + Uµ2U∗τ2 + Uµ3U∗τ3 = 0 ,
4µ : Uτ1U∗e1 + Uτ2U∗e2 + Uτ3U∗e3 = 0 ,
4τ : Ue1U∗µ1 + Ue2U∗µ2 + Ue3U∗µ3 = 0 , (125)
which have nothing to do with the Majorana phases of U.
• The three Majorana triangles defined by the orthogonality relations
41 : Ue2U∗e3 + Uµ2U∗µ3 + Uτ2U∗τ3 = 0 ,
42 : Ue3U∗e1 + Uµ3U∗µ1 + Uτ3U∗τ1 = 0 ,
43 : Ue1U∗e2 + Uµ1U∗µ2 + Uτ1U∗τ2 = 0 , (126)
whose orientations are fixed by the Majorana phases of U.
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In Figs. 20 and 21 we illustrate the shapes of these six triangles in the complex plane by using the
best-fit values of the PMNS parameters [92, 93]. Their areas are all equal to |Jν|/2 ' 1.4 × 10−2,
implying the existence of appreciable effects of CP violation in neutrino oscillations.
Similar to Eq. (123), the inner angles of the PMNS unitarity triangles can be defined as
φαi ≡ arg
−Uβ jU∗γ jUβkU∗γk
 = arg −Uβ jU∗βkUγ jU∗γk
 , (127)
where the Greek and Latin subscripts keep their cyclic running over (e, µ, τ) and (1, 2, 3), respec-
tively. The corresponding phase matrix turns out to be
φ =

φe1 φe2 φe3
φµ1 φµ2 φµ3
φτ1 φτ2 φτ3
 , (128)
whose elements satisfy the simple sum rules φα1 +φα2 +φα3 = φei +φµi +φτi = pi (for α = e, µ, τ and
i = 1, 2, 3) [496]. Note that all the nine φαi are rephasing-invariant, and hence they are independent
of the two Majorana phases of U. One way to reflect the Majorana nature of the PMNS matrix
U is to define the Majorana phases as ψαi ≡ arg
(
Uα jU
∗
αk
)
[497], where the Latin subscripts run
cyclically over (1, 2, 3). These phases are apparently independent of the phases of three charged-
lepton fields, and they form a new phase matrix of the form
ψ =

ψe1 ψe2 ψe3
ψµ1 ψµ2 ψµ3
ψτ1 ψτ2 ψτ3
 . (129)
The nine elements in the three rows of ψ satisfy the sum rules ψα1 +ψα2 +ψα3 = 0 (for α = e, µ, τ)
[494, 496], but those in the three columns do not have a definite correlation. This observation
means that the number of independent parameters in ψ is six instead of four. A comparison be-
tween Eqs. (128) and (129) leads us to φαi = ψβi − ψγi ± pi with the Greek subscripts running
cyclically over (e, µ, τ), and the sign “±” should be properly taken to guarantee φαi ∈ [0, pi).
4.3. Euler-like parametrizations of U and V
4.3.1. Nine distinct Euler-like parametrizations
A 3×3 flavor mixing matrix X can be expressed as a product of three unitary matrices R12, R13
and R23, which correspond to the Euler-like rotations in the complex (1, 2), (1, 3) and (2, 3) planes:
R12(θ12, α12, β12, γ12) =

c12e
iα12 s12e
−iβ12 0
−s12eiβ12 c12e−iα12 0
0 0 eiγ12
 ,
R13(θ13, α13, β13, γ13) =

c13e
iα13 0 s13e
−iβ13
0 eiγ13 0
−s13eiβ13 0 c13e−iα13
 ,
R23(θ23, α23, β23, γ23) =

eiγ23 0 0
0 c23e
iα23 s23e
−iβ23
0 −s23eiβ23 c23e−iα23
 , (130)
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Figure 20: An illustration of three Dirac unitarity triangles of the PMNS matrix U in the complex plane, plotted by
inputting the best-fit values of θ12, θ13, θ23 and δ [495] in the normal mass ordering (NMO, left panel) or inverted mass
ordering (IMO, right panel) case.
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Figure 21: An illustration of three Majorana unitarity triangles of the PMNS matrix U in the complex plane, plotted
by assuming the Majorana phases (ρ, σ) = (0, pi/4) and inputting the best-fit values of θ12, θ13, θ23 and δ [495] in the
NMO or IMO case. The dashed (red) triangles correspond to the (ρ, σ) = (0, 0) case for comparison.
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where ci j ≡ cos θi j and si j ≡ sin θi j (for i j = 12, 13, 23). To cover the whole three-flavor space and
provide a full description of the 3× 3 flavor mixing matrix X, we find that there are twelve distinct
ways to arrange the products of R12, R13 and R23 [498]. To be explicit,
• six combinations of the form
X = Ri j(θi j, αi j, βi j, γi j) ⊗ Rmn(θmn, αmn, βmn, γmn) ⊗ Ri j(θ′i j, α′i j, β′i j, γ′i j) (131)
with mn , i j, where the complex rotation matrix Ri j shows up twice;
• the other six combinations of the form
X = Ri j(θi j, αi j, βi j, γi j) ⊗ Rmn(θmn, αmn, βmn, γmn) ⊗ Rkl(θ′kl, α′kl, β′kl, γ′kl) (132)
with mn , kl , i j, where the rotations are in three different complex planes.
Since the combinations Ri j⊗Rmn⊗Ri j and Ri j⊗Rkl⊗Ri j (for mn , kl) are correlated with each other
if the relevant phase parameters are switched off, they are topologically indistinguishable. We are
therefore left with nine structurally distinct parametrizations for the flavor mixing matrix X: three
of them from Eq. (131) and six from Eq. (132). These parametrizations are listed in Table 12 by
taking account of only a single irreducible CP-violating phase.
To illustrate why only a single CP-violating phase of X is irreducible in rephasing the fermion
fields, let us consider the following example:
X = R23(θ23, α23, β23, γ23) ⊗ R13(θ13, α13, β13, γ13) ⊗ R12(θ12, α12, β12, γ12)
= Pϕ

c12c13 s12c13 s13e
−iδ
−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23
 Pφ (133)
with Pϕ ≡ Diag{eiϕx , eiϕy , eiϕz} and Pφ ≡ Diag{eiφx , eiφy , eiφz}, where δ = β13 − γ12 − γ23 and
ϕx =
(
α12 − α23
) − (β12 + β23) + (γ23 − γ13) ,
ϕy = −
(
α13 + β23
)
,
ϕz = −
(
α13 + α23
)
;
φx =
(
α13 + α23
)
+
(
β12 + β23
)
+ γ13 ,
φy =
(
α13 + α23 − α12
)
+ β23 + γ13 ,
φz = γ12 . (134)
When quark flavor mixing is concerned, X = V is the CKM matrix. In this case one may remove
both Pϕ and Pφ by redefining the phases of six quark fields, and thus only the CP-violating phase
δ = δq survives in this standard parametrization. The same is true of the PMNS lepton flavor mix-
ing matrix U if massive neutrinos are the Dirac particles. If massive neutrinos have the Majorana
nature, however, only a common phase of the three neutrino fields can be redefined to remove
one phase parameter in Pφ. In this case Eq. (134) will be reduced to Eq. (2), in which U totally
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Table 12: Nine topologically distinct Euler-like parametrizations of a 3 × 3 unitary flavor mixing matrix in terms of
three rotation angles and one CP-violating phase (i.e., αi j = βi j = 0 and γi j ≡ δ in Eq. (130) for i j = 12, 13 or 23).
The phase (or sign) convention of each parametrization is adjustable.
Product of three rotation matrices Explicit parametrization pattern
(1) R12(θ12) ⊗ R23(θ23, δ) ⊗ RT12(θ′12) =

s12s
′
12c23 + c12c
′
12e
−iδ s12c
′
12c23 − c12s′12e−iδ s12s23
c12s
′
12c23 − s12c′12e−iδ c12c′12c23 + s12s′12e−iδ c12s23
−s′12s23 −c′12s23 c23

(2) R23(θ23) ⊗ R12(θ12, δ) ⊗ RT23(θ′23) =

c12 s12c
′
23 −s12s′23
−s12c23 c12c23c′23 + s23s′23e−iδ −c12c23s′23 + s23c′23e−iδ
s12s23 −c12s23c′23 + c23s′23e−iδ c12s23s′23 + c23c′23e−iδ

(3) R23(θ23) ⊗ R13(θ13, δ) ⊗ R12(θ12) =

c12c13 s12c13 s13
−c12s13s23 − s12c23e−iδ −s12s13s23 + c12c23e−iδ c13s23
−c12s13c23 + s12s23e−iδ −s12s13c23 − c12s23e−iδ c13c23

(4) R12(θ12) ⊗ R13(θ13, δ) ⊗ RT23(θ23) =

c12c13 c12s13s23 + s12c23e
−iδ c12s13c23 − s12s23e−iδ
−s12c13 −s12s13s23 + c12c23e−iδ −s12s13c23 − c12s23e−iδ
−s13 c13s23 c13c23

(5) R31(θ13) ⊗ R12(θ12, δ) ⊗ RT13(θ′13) =

c12c13c
′
13 + s13s
′
13e
−iδ s12c13 −c12c13s′13 + s13c′13e−iδ
−s12c′13 c12 s12s′13
−c12s13c′13 + c13s′13e−iδ −s12s13 c12s13s′13 + c13c′13e−iδ

(6) R12(θ12) ⊗ R23(θ23, δ) ⊗ R13(θ13) =

−s12s13s23 + c12c13e−iδ s12c23 s12c13s23 + c12s13e−iδ
−c12s13s23 − s12c13e−iδ c12c23 c12c13s23 − s12s13e−iδ
−s13c23 −s23 c13c23

(7) R23(θ23) ⊗ R12(θ12, δ) ⊗ RT13(θ13) =

c12c13 s12 −c12s13
−s12c13c23 + s13s23e−iδ c12c23 s12s13c23 + c13s23e−iδ
s12c13s23 + s13c23e
−iδ −c12s23 −s12s13s23 + c13c23e−iδ

(8) R13(θ13) ⊗ R12(θ12, δ) ⊗ R23(θ23) =

c12c13 s12c13c23 − s13s23e−iδ s12c13s23 + s13c23e−iδ
−s12 c12c23 c12s23
−c12s13 −s12s13c23 − c13s23e−iδ −s12s13s23 + c13c23e−iδ

(9) R13(θ13) ⊗ R23(θ23, δ) ⊗ RT12(θ12) =

−s12s13s23 + c12c13e−iδ −c12s13s23 − s12c13e−iδ s13c23
s12c23 c12c23 s23
−s12c13s23 − c12s13e−iδ −c12c13s23 + s12s13e−iδ c13c23

contains three nontrivial CP-violating phases (i.e., δ = δν, ρ and σ) together with three flavor
mixing angles (θ12, θ13 and θ23). Note that only δν is sensitive to leptonic CP violation in normal
neutrino-neutrino and antineutrino-antineutrino oscillations, and hence it is absolutely necessary
to include such a phase parameter in Table 12.
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Besides the Euler-like parametrizations, one may certainly parametrize the CKM matrix V or
the PMNS matrix U in some different ways. In the quark sector, the Wolfenstein parametrization
of V is most popular because it can naturally reflect the hierarchical structure of quark flavor
mixing. In the lepton sector, combining a constant flavor mixing pattern with the Wolfenstein-like
perturbations is a realistic and popular way to parametrize the 3 × 3 PMNS matrix U [464, 499,
500, 501, 502, 503]. But the standard Euler-like parametrization of U in Eq. (2) is most favored in
neutrino oscillation phenomenology, as will be discussed below.
4.3.2. Which parametrization is favored?
Although all the parametrizations of the CKM matrix V or the PMNS matrix U are “scientifi-
cally indistinguishable”, “they are not psychologically identical” in the description of flavor issues
[504]. That is why it makes sense to ask which parametrization is favored in phenomenology or
model building, based on the criterion that a favorite choice should be able to make the under-
lying physics more transparent or establish some direct and simpler relations between the model
parameters and experimental observables [505]. Among nine Euler-like parametrizations of the
3× 3 fermion flavor mixing matrix listed in Table 12, a few of them are expected to be particularly
favored in describing lepton or quark flavor problems, including neutrino oscillations.
Pattern (1), which can be easily reduced to the famous Euler rotation matrix by switching off
the phase parameter, was first proposed for quark flavor mixing in terms of the following notation
and phase convention [505]:
V =
Vud Vus VubVcd Vcs VcbVtd Vts Vtb
 =
susdc + cucde
−iϕ sucdc − cusde−iϕ sus
cusdc − sucde−iϕ cucdc + susde−iϕ cus−sds −cds c
 , (135)
where cu ≡ cosϑu, sd ≡ sinϑd, c ≡ cosϑ and s ≡ sinϑ. Given the best-fit values of the moduli of|Vαi| (for α = u, c, t and i = d, s, b) listed in Table 8, we obtain ϑ ' 2.4◦, ϑu ' 5.0◦, ϑd ' 12.3◦ and
ϕ ' 90◦. It is worth emphasizing that this parametrization is of particular interest for describing
both the heavy-quark flavor mixing effects and the Fritzsch-like textures of quark mass matrices
[134, 505, 506, 507, 508, 509]. For example,
tanϑu =
∣∣∣∣∣∣VubVcb
∣∣∣∣∣∣ '
√
mu
mc
,
tanϑd =
∣∣∣∣∣∣VtdVts
∣∣∣∣∣∣ '
√
md
ms
, (136)
which can also be understood in a model-independent way in the heavy-quark mass limits (i.e.,
mt → ∞ and mb → ∞, as will be discussed in section 6.1.1) [275]. A careful analysis tells
us that the so-called Cabibbo triangle defined by Vus = sucdc − cusde−iϕ in the complex plane
is approximately congruent with the rescaled CKM unitarity triangle 4s that has been shown in
Fig. 10 [505, 510], and thus ϕ ' α ' 90◦ holds to a very good degree of accuracy. In other words,
both triangles are essentially the right triangles [511, 512]. Since ϕ actually measures the phase
difference between the up- and down-type quark sectors, its special value might be suggestive of
something deeper about CP violation.
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Pattern (1) is also advantageous to the description of lepton flavor mixing and CP violation:
U =

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3
 =
slsνc + clcνe
−iφ slcνc − clsνe−iφ sls
clsνc − slcνe−iφ clcνc + slsνe−iφ cls−sνs −cνs c
 Pν , (137)
where cl ≡ cos θl, sν ≡ sin θν, c ≡ cos θ and s ≡ sin θ are defined in the lepton sector, and the
phase matrix Pν = Diag{eiρ, eiσ, 1} contains two extra Majorana phases. Given the best-fit values
θ12 ' 33.5◦, θ13 ' 8.4◦, θ23 ' 47.9◦ and δν ' 237.6◦ in the standard parametrization of U listed in
Table 10 for the normal neutrino mass ordering [92], we obtain θ ' 48.5◦, θl ' 11.3◦, θν ' 37.8◦
and φ ' 306.6◦. Since the elements Uτi (for i = 1, 2, 3) in Eq. (137) are rather simple functions
of θν and θ, they will make the expressions of the one-loop RGEs of θl, θν, θ and φ impressively
simplified — much simpler than those obtained by using the standard parametrization of U [513],
as one will clearly see in section 4.5.3.
Pattern (2) is equivalent to the original Kobayashi-Maskawa parametrization of quark flavor
mixing and CP violation [21], but it seems to be more appropriate for describing lepton flavor
mixing and neutrino oscillations in matter. In fact, the structure of this parametrization and those
of patterns (3) and (7) listed in Table 12 have a common feature: the rotation matrix on the left-
hand side of the PMNS matrix U is R23(θ23), which can commute with the diagonal matter potential
matrix given in Eq. (86). This commutative property allows one to derive an exact relation between
the effective parameters (˜θ23, δ˜ν) in matter and their genuine counterparts (θ23, δν) in vacuum [436,
440, 514] — the so-called Toshev relation [515], provided the matter-corrected PMNS matrix U˜
takes the same parametrization as U:
sin δ˜ν sin 2˜θ23 = sin δν sin 2θ23 . (138)
If θ23 = pi/4 and δν = ±pi/2 hold in vacuum, Eq. (138) implies that θ˜23 = pi/4 and δ˜ν = ±pi/2
must simultaneously hold in matter [439, 440, 516]. In other words, matter effects respect the
µ-τ reflection symmetry of three massive neutrinos, which naturally leads us to |Uµi| = |Uτi| and
|U˜µi| = |U˜τi| (for i = 1, 2, 3). This simple flavor symmetry dictates θ23 = pi/4 and δν = ±pi/2 to hold
in patterns (2), (3) and (7) of the Euler-like parametrizations of U.
Pattern (3) is just the standard parametrization of the CKM matrix V or the PMNS matrix U
advocated by the Particle Data Group [19], but its phase convention is different from the one taken
in Eq. (2) for U. This parametrization becomes most popular today in neutrino phenomenology,
simply because its first row and third column are so simple that the three flavor mixing angles
can be directly related to the dominant effects of solar (θ12), atmospheric (θ23), accelerator (θ23)
and reactor (θ12 or θ13) neutrino (antineutrino) oscillations. On the other hand, the smallest PMNS
matrix element Ue3 is determined by the smallest neutrino mixing angle θ13, and the smallest CKM
matrix element Vub is analogously determined by the smallest quark mixing angle ϑ13. Another
merit of this parametrization for lepton flavor mixing and CP violation is that it allows the interest-
ing Toshev relation in Eq. (138) to hold, and therefore it is also useful for describing long-baseline
neutrino oscillations in terrestrial matter.
Pattern (3) is also a convenient choice for describing the effective electron-neutrino mass term
of the β decays (i.e., 〈m〉e) in Eq. (92) and that of the 0ν2β decays (i.e., 〈m〉ee) in Eq. (93), as they
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only depend on the PMNS matrix elements Uei (for i = 1, 2, 3) which are simple functions of θ12
and θ13. In addition, one may adjust the phase convention of U to make |〈m〉ee| rely only on two
Majorana phases. In comparison, parametrization (1) in Eq. (137) would make the expressions of
〈m〉e and 〈m〉ee rather complicated, and hence it seems less useful in this connection.
Pattern (5) has a special structure in the sense that its “central element” has the simplest form:
Vcs = cosϑ12 or Uµ2 = cos θ12. A unique feature of this parametrization is that its three fla-
vor mixing angles are comparably large and the CP-violating phase is strongly suppressed [517].
For example, ϑ12 ' 13.2◦, ϑ13 ' 10.4◦, ϑ′13 ' 10.6◦ and δq ' 1.1◦ in the quark sector; while
θ12 ' 53.6◦, θ13 ' 47.3◦, θ′13 ' 65.8◦ and δν ' 22.6◦ in the lepton sector, where the best-fit values
of quark and lepton flavor mixing parameters in the standard parametrization of V or U have been
input [19, 92]. In other words, the three flavor mixing angles in this parametrization are essen-
tially democratic, and the CP-violating phase turns out to be minimal as compared with the other
eight Euler-like parametrizations. Nevertheless, such a parametrization of the CKM matrix V or
the PMNS matrix U might not be very convenient in model building or neutrino phenomenology,
simply because neither the observed pattern of V nor that of U exhibits a transparently “central-
ized” structure around Vcs or Uµ2.
In short, whether a specific parametrization of V or U is favored depends on the specific prob-
lems to be dealt with. None of the parametrizations proposed in the literature can be convenient
for all the flavor problems of leptons or quarks. Nevertheless, the standard parametrization of U
in Eq. (2) and the Wolfenstein parametrization of V in Eq. (81) have popularly been used in both
the experimental and theoretical aspects of flavor physics.
4.4. The effective PMNS matrix in matter
4.4.1. Sum rules and asymptotic behaviors
When a neutrino beam travels in a medium, its flavor components may undergo coherent for-
ward scattering with matter via weak charged-current and neutral-current interactions. This kind
of MSW matter effects [83, 84] will in general modify the behaviors of neutrino oscillations, as
briefly discussed in section 3.3.1. The effective Hamiltonian describing the propagation of a neu-
trino beam in matter has been given in Eq. (86) with definitions of the effective neutrino masses m˜i
(for i = 1, 2, 3) and the effective PMNS matrix U˜. It is therefore possible to write out the matter-
corrected probabilities of neutrino oscillations in the same form as those in vacuum, and the only
thing left is to establish some direct analytical relations between the relevant effective quantities
and their counterparts in vacuum.
Since the probabilities of neutrino oscillations depend on the neutrino mass-squared differences
instead of the absolute neutrino masses, it proves to be more convenient to rewrite the effective
Hamiltonian in Eq. (86) as follows:
H ′m =
1
2E
U
0 0 00 ∆m221 00 0 ∆m231
 U† + A
1 0 00 0 00 0 0


=
1
2E
U˜
0 0 00 ∆m˜221 00 0 ∆m˜231
 U˜† + B
1 0 00 1 00 0 1

 , (139)
82
where ∆m2ji and ∆m˜
2
ji (for i, j = 1, 2, 3) have been defined below Eqs. (85) and (121), respectively;
A = 2EVcc and B = m˜
2
1 − m21 − 2EVnc describe the matter effects. The trace of H ′m leads us to
3B = ∆m221 + ∆m
2
31 + A − ∆m˜221 − ∆m˜231. Given the analytical expressions of m˜2i (for i = 1, 2, 3) in
Refs. [334, 518, 519], it is straightforward to obtain
∆m˜221 =
2
3
√
x2 − 3y
√
3
(
1 − z2) ,
∆m˜231 =
1
3
√
x2 − 3y
[
3z +
√
3
(
1 − z2)] ,
B =
1
3
x − 1
3
√
x2 − 3y
[
z +
√
3
(
1 − z2)] (140)
for the normal neutrino mass ordering (i.e., m1 < m2 < m3 or ∆m
2
31 > 0); or
∆m˜221 =
1
3
√
x2 − 3y
[
3z −
√
3
(
1 − z2)] ,
∆m˜231 = −
2
3
√
x2 − 3y
√
3
(
1 − z2) ,
B =
1
3
x − 1
3
√
x2 − 3y
[
z −
√
3
(
1 − z2)] (141)
for the inverted mass ordering (i.e., m3 < m1 < m2 or ∆m
2
31 < 0), where x, y and z are given by
x = ∆m221 + ∆m
2
31 + A ,
y = ∆m221∆m
2
31 + A
[
∆m221
(
1 − |Ue2|2
)
+ ∆m231
(
1 − |Ue3|2
)]
,
z = cos
13 arccos 2x
3 − 9xy + 27A∆m221∆m231|Ue1|2
2
√(
x2 − 3y)3
 . (142)
Note that Eqs. (139)—(142) are only valid for neutrino mixing and flavor oscillations in matter.
When an antineutrino beam is concerned, the corresponding results can be directly read off from
the above formulas by making the replacements U → U∗, A→ −A and Vnc → −Vnc.
The expressions of H ′m and H ′2m , together with the unitarity of U˜, allow us to obtain a full set
of linear equations for the three variables U˜αiU˜
∗
βi (for i = 1, 2, 3) as follows [520]:
3∑
i=1
∆m˜2i1U˜αiU˜
∗
βi =
3∑
i=1
∆m2i1UαiU
∗
βi + Aδeαδeβ − Bδαβ ,
3∑
i=1
∆m˜2i1(∆m˜
2
i1 + 2B)U˜αiU˜
∗
βi =
3∑
i=1
∆m2i1
[
∆m2i1 + A(δeα + δeβ)
]
UαiU
∗
βi + A
2δeαδeβ − B2δαβ ,
3∑
i=1
U˜αiU˜
∗
βi =
3∑
i=1
UαiU
∗
βi = δαβ . (143)
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The solutions turn out to be
U˜α1U˜
∗
β1 =
ζ − 2ξB − ξ∆m˜221 − ξ∆m˜231 + ∆m˜221∆m˜231δαβ
∆m˜221∆m˜
2
31
,
U˜α2U˜
∗
β2 =
ξ∆m˜231 + 2ξB − ζ
∆m˜221∆m˜
2
32
,
U˜α3U˜
∗
β3 =
ζ − 2ξB − ξ∆m˜221
∆m˜231∆m˜
2
32
, (144)
where
ξ = ∆m221Uα2U
∗
β2 + ∆m
2
31Uα3U
∗
β3 + Aδeαδeβ − Bδαβ ,
ζ = ∆m221
[
∆m221 + A(δeα + δeβ)
]
Uα2U
∗
β2 + ∆m
2
31
[
∆m231 + A(δeα + δeβ)
]
Uα3U
∗
β3
+A2δeαδeβ − B2δαβ . (145)
As a result, one may easily obtain the exact formulas of nine |U˜αi|2 (for α = e, µ, τ and i = 1, 2, 3)
from Eq. (144) by taking α = β as well as the exact expressions for the sides of three effective
Dirac unitarity triangles in matter, defined as
4˜e : U˜µ1U˜∗τ1 + U˜µ2U˜∗τ2 + U˜µ3U˜∗τ3 = 0 ,
4˜µ : U˜τ1U˜∗e1 + U˜τ2U˜∗e2 + U˜τ3U˜∗e3 = 0 ,
4˜τ : U˜e1U˜∗µ1 + U˜e2U˜∗µ2 + U˜e3U˜∗µ3 = 0 , (146)
from Eq. (144) by taking α , β. In comparison with the genuine Dirac unitarity triangles 4α (for
α = e, µ, τ) defined in Eq. (125), the shapes of 4˜α will be deformed. This kind of geometric shape
deformation is also reflected in Fig. 18, where the effective Jarlskog invariant J˜ν measures the
areas of 4˜α and its relationship with Jν is described by the Naumov formula in Eq. (121).
To illustrate, let us consider the maximum value of J˜ν/Jν shown in Fig. 18, which means the
maximal matter-enhanced effect of CP violation. An elegant analytical approximation [484] leads
us to J˜ν/Jν ' 1/ sin 2θ12 ' 1.09 at A ' ∆m221 cos 2θ12 ' 2.87 × 10−5 eV2 with the best-fit input
θ12 ' 33.48◦. In this special case we obtain
4˜e :

U˜µ1U˜
∗
τ1 '
1
sin 2θ12
Uµ1U
∗
τ1 −
1 − tan θ12
2
Uµ3U
∗
τ3 ' 1.09 Uµ1U∗τ1 − 0.17 Uµ3U∗τ3 ,
U˜µ2U˜
∗
τ2 '
1
sin 2θ12
Uµ2U
∗
τ2 −
1 − cot θ12
2
Uµ3U
∗
τ3 ' 1.09 Uµ2U∗τ2 + 0.26 Uµ3U∗τ3 ,
U˜µ3U˜
∗
τ3 ' Uµ3U∗τ3 ;
(147)
and
4˜µ :

U˜τ1U˜
∗
e1 '
1
sin 2θ12
Uτ1U
∗
e1 −
1 − cot θ12
2
Uτ3U
∗
e3 ' 1.09 Uτ1U∗e1 + 0.26 Uτ3U∗e3 ,
U˜τ2U˜
∗
e2 '
1
sin 2θ12
Uτ2U
∗
e2 −
1 − tan θ12
2
Uτ3U
∗
e3 ' 1.09 Uτ2U∗e2 − 0.17 Uτ3U∗e3 ,
U˜τ3U˜
∗
e3 ' Uτ3U∗e3 ;
(148)
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as well as
4˜τ :

U˜e1U˜
∗
µ1 '
1
sin 2θ12
Ue1U
∗
µ1 −
1 − cot θ12
2
Ue3U
∗
µ3 ' 1.09 Ue1U∗µ1 + 0.26 Ue3U∗µ3 ,
U˜e2U˜
∗
µ2 '
1
sin 2θ12
Ue2U
∗
µ2 −
1 − tan θ12
2
Ue3U
∗
µ3 ' 1.09 Ue2U∗µ2 − 0.17 Ue3U∗µ3 ,
U˜e3U˜
∗
µ3 ' Ue3U∗µ3 ,
(149)
from which the enhancement of the effective Jarlskog invariant J˜ and the deformation of each
effective Dirac unitarity triangle can be seen in a transparent way.
Another interesting extreme case is the A → ∞ limit, in which the asymptotic behaviors of
nine elements of U˜ can well be understood. Let us consider four possibilities in the following.
• A neutrino beam with normal mass ordering. In the A→ ∞ limit we simplify Eq. (140) and
then obtain ∆m˜221 ' ∆m231
(
1 − |Ue3|2
)
− ∆m221|Ue1|2 and ∆m˜231 ' ∆m˜232 ' A to a good degree
of accuracy, and the pattern of U˜ turns out to be
U˜
∣∣∣
A→∞ '

0 0 1√
1 − |Uµ3|2 |Uµ3| 0
−|Uµ3|
√
1 − |Uµ3|2 0
 . (150)
• A neutrino beam with inverted mass ordering. In this case we arrive at ∆m˜221 ' A, ∆m˜231 '
∆m231
(
1 − |Ue3|2
)
− ∆m221|Ue1|2 and ∆m˜232 ' −A from Eq. (141) when A approaches infinity.
The corresponding pattern of U˜ is
U˜
∣∣∣
A→∞ '

0 1 0√
1 − |Uµ3|2 0 |Uµ3|
−|Uµ3| 0
√
1 − |Uµ3|2
 . (151)
• An antineutrino beam with normal mass ordering. In this case one should make the re-
placements U → U∗ and A → −A for the exact formulas obtained above before doing
the analytical approximations. In the A → ∞ limit we arrive at ∆m˜221 ' ∆m˜231 ' A and
∆m˜232 ' ∆m231
(
1 − |Ue3|2
)
− ∆m221|Ue1|2. The pattern of U˜ becomes
U˜
∣∣∣
A→∞ '

1 0 0
0
√
1 − |Uµ3|2 |Uµ3|
0 −|Uµ3|
√
1 − |Uµ3|2
 . (152)
• An antineutrino beam with inverted mass ordering. Here the replacements U → U∗ and
A → −A should be made for the exact formulas obtained above before doing the analytical
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Figure 22: The evolution of |U˜αi|2 (for α = e, µ, τ and i = 1, 2, 3) with the matter parameter A in the normal neutrino
mass ordering case, where the best-fit values of six neutrino oscillation parameters have been input [92, 93].
approximations. We obtain ∆m˜221 ' −∆m231
(
1 − |Ue3|2
)
+ ∆m221|Ue1|2 and ∆m˜231 ' ∆m˜232 ' −A
when the A→ ∞ limit is taken. The pattern of U˜ turns out to be
U˜
∣∣∣
A→∞ '

0 0 1
|Uµ3|
√
1 − |Uµ3|2 0
−
√
1 − |Uµ3|2 |Uµ3| 0
 . (153)
These analytical results can be used to explain the numerical results for the asymptotic behaviors
of |U˜αi|2 (for α = e, µ, τ and i = 1, 2, 3) shown in Figs. 22 and 23 [520], where the best-fit values of
six neutrino oscillation parameters have been input [92, 93]. They tell us that only one degree of
freedom is left for the effective PMNS matrix U˜ in very dense matter, which can be expressed in
terms of the fundamental PMNS matrix element |Uµ3|. It becomes clear that J˜ν → 0 in the A→ ∞
limit, as one may see either numerically from Fig. 18 or analytically from Eq. (121).
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Figure 23: The evolution of |U˜αi|2 (for α = e, µ, τ and i = 1, 2, 3) with the matter parameter A in the inverted neutrino
mass ordering case, where the best-fit values of six neutrino oscillation parameters have been input [92, 93].
In practice, one has to adopt a proper medium density profile to numerically calculate matter
effects on neutrino oscillations when dealing with a neutrino (or antineutrino) beam travelling in a
density-varying medium (e.g., inside the Sun). Moreover, the one-loop quantum correction to the
matter potential in Eq. (88) or Eq. (141) should be taken into account if the medium is very dense
(e.g., around the core of a neutron star or a supernova) [521].
4.4.2. Differential equations of U˜
A recent development in the study of matter effects on neutrino mixing and CP violation is
that the general idea of RGEs [522, 523] can be borrowed to understand how the effective neu-
trino mass-squared differences and flavor mixing parameters in a medium evolve with a scale-like
variable — the matter parameter A. Such an approach implies that the genuine flavor quantities in
vacuum can in principle be extrapolated from their matter-corrected counterparts to be measured
in some realistic neutrino oscillation experiments [524]. Since the RGE method has been serving
as a powerful tool in quantum field theories [6, 7], solid-state physics [525, 526] and some other
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fields of modern physics to systematically describe the changes of a physical system as viewed
at different distances or energy scales, the fact that it finds its application in neutrino mixing and
flavor oscillations in matter is certainly interesting.
Given the effective HamiltonianHm in Eq. (86), one may neglect the flavor-universal term Vnc
and differentiating both sides of this equation with respect to the matter parameter A = 2EVcc.
Then it is straightforward to obtain
dD˜2ν
dA
+
U˜†dU˜dA , D˜2ν
 = U˜†
1 0 00 0 00 0 0
 U˜ , (154)
where D˜ ≡ Diag{m˜1, m˜2, m˜3} is defined, the symbol [∗ , ∗] denotes the commutator of two matrices,
and the unitarity of U˜ has been used. Taking the diagonal and off-diagonal elements for the two
sides of Eq. (154) separately, we are left with
dm˜2i
dA
= |U˜ei|2 ,
∑
α
U˜∗αi
dU˜α j
dA
=
U˜∗eiU˜e j
∆m˜2ji
, (155)
where j , i, i = 1, 2, 3 and α = e, µ, τ. With the help of the normalization and orthogonality
conditions of U˜, one finds
dU˜βi
dA
=
∑
α
dU˜αi
dA
U˜∗αiU˜βi +
∑
j,i
U˜eiU˜
∗
e j
∆m˜2i j
U˜β j . (156)
As a consequence, the derivatives of nine |U˜αi|2 with respect to A can be derived from Eq. (156):
d|U˜αi|2
dA
=
dU˜∗αi
dA
U˜αi + U˜
∗
αi
dU˜αi
dA
= 2
∑
j,i
Re(U˜eiU˜α jU˜
∗
e jU˜
∗
αi)
∆m˜2i j
. (157)
To be explicit, we make use of Eqs. (154) and (156) to write out a set of RGE-like equations which
are closed for the variables ∆m˜2ji (for ji = 21, 31, 32) and |U˜ei|2 (for i = 1, 2, 3) [524, 527]:
d∆m˜2ji
dA
= |U˜e j|2 − |U˜ei|2 , (158)
and
d|U˜e1|2
dA
= −2|U˜e1|2
 |U˜e2|2
∆m˜221
+
|U˜e3|2
∆m˜231
 ,
d|U˜e2|2
dA
= −2|U˜e2|2
 |U˜e3|2
∆m˜232
− |U˜e1|
2
∆m˜221
 ,
d|U˜e3|2
dA
= +2|U˜e3|2
 |U˜e1|2
∆m˜231
+
|U˜e2|2
∆m˜232
 , (159)
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in which only four equations are independent. Solving Eqs. (158) and (159) will allow us to
rediscover the results for |U˜ei|2 obtained from Eq. (144) by taking α = β = e. The differential
equations for |U˜µi|2 and |U˜τi|2 (for i = 1, 2, 3) can similarly be written out from Eq. (157), and the
evolution of all of them with A has been illustrated in Figs. 22 and 23.
Eq. (156) also allows us to derive a differential equation for J˜ν, the effective Jarlskog invariant
of CP violation in matter. The result is
dJ˜ν
dA
= −J˜ν
 |U˜e2|2 − |U˜e1|2
∆m˜221
+
|U˜e3|2 − |U˜e1|2
∆m˜231
+
|U˜e3|2 − |U˜e2|2
∆m˜232
 . (160)
A combination of Eqs. (158)—(160) leads us to
d
dA
ln
[
J˜ν∆m˜221∆m˜231∆m˜232
]
= 0 , (161)
implying the validity of the Naumov relation shown in Eq. (121) [483].
Taking the standard parametrization of U˜, one may use Eqs. (155) and (156) to derive the
differential equations of its three mixing angles and the Dirac CP-violating phase [524]. Namely,
d˜θ12
dA
=
1
2
sin 2˜θ12
cos2 θ˜13
∆m˜221
− sin
2 θ˜13∆m˜
2
21
∆m˜231∆m˜
2
32
 ,
d˜θ13
dA
=
1
2
sin 2˜θ13
cos2 θ˜12
∆m˜231
+
sin2 θ˜12
∆m˜232
 ,
d˜θ23
dA
=
1
2
sin 2˜θ12
sin θ˜13 cos δ˜ν∆m˜
2
21
∆m˜231∆m˜
2
32
,
d˜δν
dA
= − sin 2˜θ12 sin θ˜13 sin δ˜ν
cot 2˜θ23∆m˜
2
21
∆m˜231∆m˜
2
32
, (162)
from which it is easy to verify the relation
d
dA
(
sin 2˜θ23 sin δ˜ν
)
=
(
2 cos 2˜θ23 sin δ˜ν
) d˜θ23
dA
+
(
sin 2˜θ23 cos δ˜ν
) d˜δν
dA
= 0 . (163)
This certainly means the validity of the Toshev relation sin 2˜θ23 sin δ˜ν = sin 2θ23 sin δν for neutrino
mixing and CP violation in the standard parametrization [515].
4.5. Effects of renormalization-group evolution
4.5.1. RGEs for the Yukawa coupling matrices
In quantum field theories renormalization is a necessary mathematical procedure to obtain
finite results when one goes beyond the Born approximation (i.e., the tree-level calculations)
[522, 523, 528]. The key idea of such a renormalization procedure is that the theory keeps its
form invariance or self similarity under a change of the renormalization point, and in this case
the Lagrangian parameters have to depend on the point of renormalization or the energy scale.
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This kind of scale dependence of the relevant Lagrangian parameters, such as the gauge coupling
constants and fermion flavor parameters, is described by their respective RGEs.
Starting from the electroweak scale (ΛEW ∼ 102 GeV) where the SM works extremely well,
one may describe how the Yukawa coupling matrices of charged leptons and quarks evolve to the
GUT scale (ΛGUT ∼ 1016 GeV) via the RGEs [310, 313]. Between ΛEW and ΛGUT there might
exist one or more new physics scales, such as the heavy degrees of freedom in a given seesaw
mechanism which are assumed to show up and play a crucial role in generating tiny masses for the
three known neutrinos 24. One may define the seesaw scale ΛSS to characterize the lowest mass
scale of the heavy particles in this connection, such as the mass of the lightest heavy Majorana
neutrino in the canonical (Type-I) seesaw scenario. Below ΛGUT but above ΛSS the threshold
effects associated with the masses of heavier seesaw particles need to be carefully dealt with in the
RGEs by integrating out the corresponding heavy degrees of freedom step by step [529, 530, 531,
532, 533, 534, 535, 536]. Below ΛSS and above ΛEW the unique dimension-five Weinberg operator
[160, 537] is responsible for the masses of three light Majorana neutrinos, and thus the RGE of the
effective Majorana neutrino coupling matrix between ΛEW and ΛSS can be derived after integrating
out all the heavy particles [538, 539, 540, 541]. If massive neutrinos are the Dirac particles, their
Yukawa coupling matrix will evolve with the energy scale in a different way [542].
Besides the SM, the minimal supersymmetric standard model (MSSM) [543] is also a very
popular benchmark model to illustrate how the Yukawa coupling matrices evolve from ΛEW to
ΛGUT or vice versa
25. In the MSSM case two Higgs doublets H1 (with hypercharge +1/2) and
H2 (with hypercharge −1/2) are introduced to replace the SM Higgs doublet H and its charge-
conjugate counterpart H˜, respectively, in Eqs. (3), (12), (30) and so on. The vacuum expectation
values of H1 and H2 are usually parametrized as v1 = v cos β and v2 = v sin β, and thus v
2
1 + v
2
2 = v
2
with v ' 246 GeV holds and tan β = v2/v1 is a free dimensionless parameter of the MSSM.
No matter which seesaw mechanism works at ΛSS to generate tiny neutrino masses of νi (for
i = 1, 2, 3) in correspondence with να (for α = e, µ, τ), as discussed in section 2.2.3, one may use
κ to universally denote the effective Majorana neutrino coupling matrix appearing in the unique
dimension-five Weinberg operator as follows:
Ld=5
ΛSS
∝
 καβ
[
`αLH˜H˜
T (`βL)
c
]
+ h.c. , (SM) ;
καβ
[
`αLH2H
T
2 (`βL)
c
]
+ h.c. , (MSSM) ,
(164)
where the subscripts α and β run over the flavor indices e, µ and τ. We are therefore left with the
effective neutrino mass matrix Mν = κv
2/2 in the SM or Mν = κ(v sin β)
2/2 in the MSSM after
spontaneous electroweak symmetry breaking.
If massive neutrinos are the Dirac particles, their mass matrix is given by Mν = Yνv/
√
2 in the
SM or Mν = Yνv sin β/
√
2 in the MSSM. As for the mass matrices of charged fermions, we have
24Most of the underlying flavor symmetries are also expected to show up at a superhigh energy scale, as will be
discussed in section 6.4.2 and section 7.4.2. Of course, we still have no idea whether such a new energy scale is close
to the GUT scale ΛGUT or the seesaw scale ΛSS, or none of them.
25For the sake of simplicity, here we do not take into account the scale of supersymmetry breaking and the effect of
supersymmetric threshold corrections on the RGE running behaviors of charged fermions [285].
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Ml = Ylv/
√
2, Mu = Yuv/
√
2 and Md = Ydv/
√
2 in the SM as already given below Eq. (5), or
Ml = Ylv cos β/
√
2, Mu = Yuv sin β/
√
2 and Md = Ydv cos β/
√
2 in the MSSM.
In the following let us list the one-loop RGEs of leptons and quarks above the electroweak
scale ΛEW by separately considering the cases of massive Majorana and Dirac neutrinos.
(1) The one-loop RGEs for the effective coupling matrix of Majorana neutrinos and the Yukawa
coupling matrices of charged leptons and quarks:
16pi2
dκ
dt
= ακκ + Cκ
[
(YlY
†
l )κ + κ(YlY
†
l )
T
]
,
16pi2
dYl
dt
=
[
αl + C
l
l(YlY
†
l )
]
Yl ,
16pi2
dYu
dt
=
[
αu + C
u
u(YuY
†
u ) + C
d
u(YdY
†
d )
]
Yu ,
16pi2
dYd
dt
=
[
αd + C
u
d(YuY
†
u ) + C
d
d(YdY
†
d )
]
Yd , (165)
where t ≡ ln(µ/ΛEW) with µ being an arbitrary renormalization scale between ΛEW and ΛSS. In
the framework of the SM one has Cκ = C
d
u = C
u
d = −3/2, Cll = Cuu = Cdd = 3/2, and
ακ = −3g22 + 4λ + 2Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YlY
†
l )
]
,
αl = −
9
4
g21 −
9
4
g22 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YlY
†
l )
]
,
αu = −
17
20
g21 −
9
4
g22 − 8g23 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YlY
†
l )
]
,
αd = −
1
4
g21 −
9
4
g22 − 8g23 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YlY
†
l )
]
; (166)
and in the framework of the MSSM one has Cκ = C
d
u = C
u
d = 1, C
l
l = C
u
u = C
d
d = 3, and
ακ = −
6
5
g21 − 6g22 + 6Tr(YuY†u ) ,
αl = −
9
5
g21 − 3g22 + Tr
[
3(YdY
†
d ) + (YlY
†
l )
]
,
αu = −
13
15
g21 − 3g22 −
16
3
g23 + 3Tr(YuY
†
u ) ,
αd = −
7
15
g21 − 3g22 −
16
3
g23 + Tr
[
3(YdY
†
d ) + (YlY
†
l )
]
. (167)
In Eqs. (166) and (167) the three gauge coupling constants gi (for i = 1, 2, 3) satisfy their own
one-loop RGEs of the form
16pi2
dgi
dt
= big
3
i , (168)
in which b1 = 41/10, b2 = −19/6 and b3 = −7 in the SM; or b1 = 33/5, b2 = 1 and b3 = −3
in the MSSM. Moreover, λ in the expression of ακ in Eq. (166) denotes the Higgs self-coupling
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parameter of the SM and obeys the one-loop RGE [532, 544] 26
16pi2
dλ
dt
= 24λ2 − 3λ
(
3
5
g21 + 3g
2
2
)
+
3
8
(
3
5
g21 + g
2
2
)2
+
3
4
g42
+4λTr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YlY
†
l )
]
− 2Tr
[
3(YuY
†
u )
2 + 3(YdY
†
d )
2 + (YlY
†
l )
2
]
, (169)
where λ = M2H/(2v
2) ' 0.13 can be obtained at the electroweak scale with the typical inputs
MH ' 125 GeV and v ' 246 GeV. It will be extremely important to directly measure the value of
λ in the future Higgs factory (e.g., CEPC [545, 546]) as a new crucial test of the SM.
(2) The one-loop RGEs for the Yukawa coupling matrices of Dirac neutrinos, charged leptons,
up- and down-type quarks:
16pi2
dYν
dt
=
[
αν + C
ν
ν(YνY
†
ν ) + C
l
ν(YlY
†
l )
]
Yν ,
16pi2
dYl
dt
=
[
αl + C
ν
l (YνY
†
ν ) + C
l
l(YlY
†
l )
]
Yl ,
16pi2
dYu
dt
=
[
αu + C
u
u(YuY
†
u ) + C
d
u(YdY
†
d )
]
Yu ,
16pi2
dYd
dt
=
[
αd + C
u
d(YuY
†
u ) + C
d
d(YdY
†
d )
]
Yd . (170)
In the framework of the SM we have Cνν = C
l
l = C
u
u = C
d
d = 3/2, C
l
ν = C
ν
l = C
d
u = C
u
d = −3/2, and
αν = −
9
20
g21 −
9
4
g22 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YνY
†
ν ) + (YlY
†
l )
]
,
αl = −
9
4
g21 −
9
4
g22 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YνY
†
ν ) + (YlY
†
l )
]
,
αu = −
17
20
g21 −
9
4
g22 − 8g23 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YνY
†
ν ) + (YlY
†
l )
]
,
αd = −
1
4
g21 −
9
4
g22 − 8g23 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + (YνY
†
ν ) + (YlY
†
l )
]
; (171)
and in the the MSSM we have Cνν = C
l
l = C
u
u = C
d
d = 3, C
l
ν = C
ν
l = C
d
u = C
u
d = 1, and
αν = −
3
5
g21 − 3g22 + Tr
[
3(YuY
†
u ) + (YνY
†
ν )
]
,
αl = −
9
5
g21 − 3g22 + Tr
[
3(YdY
†
d ) + (YlY
†
l )
]
,
αu = −
13
15
g21 − 3g22 −
16
3
g23 + Tr
[
3(YuY
†
u ) + (YνY
†
ν )
]
,
αd = −
7
15
g21 − 3g22 −
16
3
g23 + Tr
[
3(YdY
†
d ) + (YlY
†
l )
]
. (172)
26Note that the expression of ακ in Eq. (166) and the one-loop RGE of λ in Eq. (169) are dependent upon the
convention used for the self-interaction term of the Higgs potential given in Eq. (3). In Refs. [532, 544] and some
other references one has adopted the convention −(λ/4)(H†H)2 for the quartic term of the Higgs potential, and thus
the relation λ = 2M2H/v
2 holds at the tree level.
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In this case the RGEs of three gauge coupling constants gi (for i = 1, 2, 3) are of the same form as
those already shown in Eq. (168).
4.5.2. Running behaviors of quark flavors
If massive neutrinos are the Majorana particles, Eqs. (165)—(167) tell us that the one-loop
RGEs of the Yukawa coupling matrices Yl, Yu and Yd are independent of the effective neutrino
coupling matrix κ. If massive neutrinos have the Dirac nature, then the tiny neutrino masses imply
that the corresponding YνY
†
ν term can be safely neglected from Eqs. (170)—(172). It is therefore
instructive and convenient to study the running behaviors of charged leptons and quarks against
the change of energy scales in a way independent of the nature of massive neutrinos — a case
which is equivalent to switching off the tiny neutrino masses.
First of all, let us derive the one-loop RGEs for the eigenvalues of Yu and Yd (denoted respec-
tively as yα for α = u, c, t and yi for i = d, s, b) and the elements of the CKM quark flavor mixing
matrix V = O†uOd, where the unitary matrices Ou and Od have been used to diagonalize the quark
mass matrices Mu and Md in Eq. (6). Of course, the same unitary transformations can be used
to diagonalize the Yukawa coupling matrices Yu and Yd. Namely, O
†
uYuO
′
u = Yˆu ≡ Diag{yu, yc, yt}
and O†dYdO
′
d = Yˆd ≡ Diag{yd, ys, yb}. Taking account of the differential equations of Yu and Yd in
Eq. (165) or Eq. (170), we immediately find
16pi2
(
dOu
dt
YˆuO
′†
u + Ou
dYˆu
dt
O′†u + OuYˆu
dO′†u
dt
)
=
(
αu + C
u
uOuYˆ
2
u O
†
u + C
d
uOdYˆ
2
d O
†
d
)
OuYˆuO
′†
u , (173a)
16pi2
dOddt YˆdO′†d + Od dYˆddt O′†d + OdYˆd dO
′†
d
dt
 = (αd + CudOuYˆ2u O†u + CddOdYˆ2d O†d) OdYˆdO′†d . (173b)
Let us multiply Eqs. (173a) and (173b) by O†u and O
†
d on their left-hand sides, respectively; and
multiply these two equations by O′uYˆu and O
′
uYˆu on their right-hand sides, respectively. Then we
arrive at
16pi2
(
O†u
dOu
dt
Yˆ2u +
dYˆu
dt
Yˆu + Yˆu
dO′†u
dt
O′uYˆu
)
=
(
αu + C
u
uYˆ
2
u + C
d
uVYˆ
2
d V
†) Yˆ2u , (174a)
16pi2
O†d dOddt Yˆ2d + dYˆddt Yˆd + Yˆd dO
′†
d
dt
O′dYˆd
 = (αd + CudV†Yˆ2u V + CddYˆ2d ) Yˆ2d . (174b)
Given the unitarity condition O′†u O′u = O
′
uO
′†
u = I, the term associated with O′u on the left-hand side
of Eq. (174a) can easily be eliminated if this equation is added to its Hermitian conjugate. The
same is true of the term associated with O′d on the left-hand side of Eq. (174b). As a consequence,
we are left with
16pi2
(
dYˆ2u
dt
+
[
O†u
dOu
dt
, Yˆ2u
])
= 2
(
αu + C
u
uYˆ
2
u
)
Yˆ2u + C
d
u
{
VYˆ2d V
† , Yˆ2u
}
, (175a)
16pi2
dYˆ2ddt +
[
O†d
dOd
dt
, Yˆ2d
] = 2 (αd + CddYˆ2d ) Yˆ2d + Cud {V†Yˆ2u V , Yˆ2d } , (175b)
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where the symbols [∗ , ∗] and {∗ , ∗} stand for the commutator and anticommutator of two matrices,
respectively. Since Yˆu and Yˆd are diagonal, the diagonal elements of each of the two commutators
in Eqs. (175a) and (175b) must be vanishing. This observation immediately leads us to the one-
loop RGEs for the eigenvalues of Yu and Yd as follows:
16pi2
dy2α
dt
= 2
αu + Cuuy2α + Cdu ∑
i
y2i |Vαi|2
 y2α , (176a)
16pi2
dy2i
dt
= 2
αd + Cddy2i + Cud ∑
α
y2α|Vαi|2
 y2i , (176b)
where α and i run respectively over (u, c, t) and (d, s, b), and the explicit expressions of αu and αd
can be directly read off from Eq. (166) in the SM or Eq. (167) in the MSSM.
We proceed to derive the RGEs of the CKM matrix elements. After differentiating V = O†uOd
and O†dOd = I, it is straightforward for us to arrive at
dV
dt
=
dO†u
dt
Od + O
†
u
dOd
dt
=
dO†u
dt
OuV − V
dO†d
dt
Od . (177)
Since the off-diagonal elements of the commutator on the left-hand side of Eq. (175a) or Eq. (175b)
are respectively equal to those of the anticommutator on the right-hand side of these two equations,
one may explicitly obtain
16pi2
(
dO†u
dt
Ou
)
αβ
= Cdu ξαβ
∑
j
y2jVα jV
∗
β j , (α , β) , (178a)
16pi2
dO†ddt Od

i j
= Cud ξi j
∑
β
y2βV
∗
βiVβ j , (i , j) , (178b)
where ξαβ ≡ (y2α + y2β)/(y2α − y2β) and ξi j ≡ (y2i + y2j)/(y2i − y2j) are defined, and the Greek and Latin
subscripts run respectively over (u, c, t) and (d, s, b). On the other hand,(
dO†u
dt
Ou
)
αα
+
(
dO†u
dt
Ou
)∗
αα
=
dO†ddt Od

ii
+
dO†ddt Od
∗
ii
= 0 (179)
holds (for α = u, c, t and i = d, s, b) as a direct consequence of the differentiation of O†uOu =
O†dOd = I [314, 315, 547, 548]. Therefore, a sum of the expression
dVαi
dt
V∗αi =
∑
β
(
dO†u
dt
Ou
)
αβ
Vβi −
∑
j
Vα j
dO†ddt Od

ji
 V∗αi
=
∑
β,α
(
dO†u
dt
Ou
)
αβ
Vβi −
∑
j,i
Vα j
dO†ddt Od

ji
 V∗αi +
(dO†udt Ou
)
αα
−
dO†ddt Od

ii
 |Vαi|2 (180)
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and its complex conjugate immediately leads us to
16pi2
d|Vαi|2
dt
= 32pi2
∑
β,α
Re
V∗αiVβi (dO†udt Ou
)
αβ
 −∑
j,i
Re
V∗αiVα j
dO†ddt Od

ji


= 2
Cdu ∑
β,α
∑
j
ξαβ y
2
j Re
(
VαiVβ jV
∗
α jV
∗
βi
)
+ Cud
∑
j,i
∑
β
ξi j y
2
β Re
(
VαiVβ jV
∗
α jV
∗
βi
) , (181)
where Eqs. (178a), (178b) and (179) have been used, and (α, β) and (i, j) run respectively over
(u, c, t) and (d, s, b). This result, together with Eqs. (176a) and (176b), allows us to examine the
RGE running behaviors of six quark masses and four independent flavor mixing parameters.
Since y2u  y2c  y2t and y2d  y2s  y2b hold, Eqs. (176a) and (176b) can be simplified to a great
extent. In this connection the relatively strong hierarchy among the moduli of nine CKM matrix
elements (as shown in Table 8) should also be taken into account. We are therefore left with the
approximate but instructive relations between the quark mass ratios at ΛEW and those at a much
higher energy scale Λ:
mu
mc
∣∣∣∣∣∣
Λ
' mu
mc
∣∣∣∣∣∣
ΛEW
,
mc
mt
∣∣∣∣∣∣
Λ
' ICuut IC
d
u
b
mc
mt
∣∣∣∣∣∣
ΛEW
;
md
ms
∣∣∣∣∣∣
Λ
' md
ms
∣∣∣∣∣∣
ΛEW
,
ms
mb
∣∣∣∣∣∣
Λ
' ICudt IC
d
d
b
ms
mb
∣∣∣∣∣∣
ΛEW
, (182)
where
I f ≡ exp
[
− 1
16pi2
∫ ln(Λ/ΛEW)
0
y2f (t) dt
]
(183)
stands for the one-loop RGE evolution functions of a given flavor (e.g., f = t, b or τ) [549, 550].
Fig. 24 illustrates the running behaviors of It, Ib and Iτ against the energy scale Λ in the SM with
MH ' 125 GeV or in the MSSM with tan β ' 30, from which one may get a ball-park feeling of
how large or how small the RGE-induced corrections to the quark mass ratios can be.
Simplifying the one-loop RGEs of |Vαi|2 in Eq. (181) in a similar approximation, we obtain the
leading-order expressions as follows [511, 549]:
16pi2
d
dt
|Vud| |Vus| |Vub||Vcd| |Vcs| |Vcb||Vtd| |Vts| |Vtb|
 ' − (Cduy2b + Cudy2t )
 0 0 |Vub|0 0 |Vcb||Vtd| |Vts| 0
 . (184)
This result implies that |Vud, |Vus|, |Vcd|, |Vcs| and |Vtb| are essentially stable against the RGE-induced
corrections, while |Vub|, |Vcb|, |Vtd| and |Vts| evolve with the energy scale in an essentially identical
way. In other words,
|Vαi| (Λ) ' |Vαi| (ΛEW) , (for αi = ud, us, cd, cs, tb) ;
|Vαi| (Λ) ' IC
u
d
t I
Cdu
b |Vαi| (ΛEW) , (for αi = ub, cb, td, ts) , (185)
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Figure 24: A numerical illustration of the one-loop RGE evolution functions of top, bottom and tau flavors defined in
Eq. (183) for the SM with MH ' 125 GeV (left panel) or the MSSM with tan β ' 30 (right panel).
where It and Ib have been defined in Eq. (183). At the one-loop level the relationship between the
Jarlskog invariant of CP violation at ΛEW and that at a superhigh energy scale Λ turns out to be
Jq (Λ) ' I2C
u
d
t I
2Cdu
b Jq (ΛEW) . (186)
Taking account of It ≤ 1, Ib ≤ 1 and Cdu = Cud = −3/2 in the SM (or Cdu = Cud = 1 in the MSSM),
one can easily see that |Vub|, |Vcb|, |Vtd|, |Vts| andJq will all increase (or decrease) with the increase
of Λ in the SM (or MSSM)
Given the CKM unitarity triangles shown in Fig. 19, Eqs. (185) and (186) tell us that the
three sides of 4u, 4d, 4c or 4s identically change with the energy scale 27, and thus its shape is
essentially not deformed by the RGE running effects. In comparison, only the shortest side of 4t
or 4b is sensitive to the RGE-induced corrections, and hence its sharp shape will become either
much sharper or less sharp as the energy scale changes.
If the CKM matrix V takes the parametrization shown in Eq. (135), one will immediately find
that its parameters θu, θd and ϕ are insensitive to the RGE-induced corrections, and only sin θ
evolves with the energy scale in the same way as |Vub| and |Vcb| (or |Vtd| and |Vts|) do [137, 511].
This observation, together with Eq. (182), means that the instructive Fritzsch-like predictions in
Eq. (136) are essentially independent of the energy scale and thus directly testable at low energies.
27It is worth pointing out that this interesting observation is also true when the two-loop RGEs of nine CKM
matrix elements are taken into account and some analytical approximations are made up to the accuracy of O(λ4) with
λ ' 0.22 [316, 492]. Of course, the two-loop quantum corrections are always suppressed by a coefficient 1/(16pi2) as
compared with the one-loop contributions.
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If the Wolfenstein parametrization of V is considered, one may similarly find that λ, ρ and η are
insensitive to the RGE running effects, and only A changes with the energy scale in the same way
as |Vub|, |Vcb|, |Vtd| and |Vts| do [492, 551]. The latter result is quite natural, simply because these
four CKM matrix elements are all proportional to A.
4.5.3. Running behaviors of massive neutrinos
Now we turn to the one-loop RGEs for the Yukawa coupling eigenvalues and flavor mixing
parameters of three charged leptons and three massive neutrinos.
(1) If massive neutrinos are the Dirac particles, we may derive the RGEs for the eigenvalues
of Yl and Yν in the same way as what we have done in section 4.5.2. The results are
16pi2
dy2α
dt
= 2
αl + Clly2α + Cνl ∑
i
y2i |Uαi|2
 y2α , (187a)
16pi2
dy2i
dt
= 2
αν + Cννy2i + Clν ∑
α
y2α|Uαi|2
 y2i , (187b)
where α and i run respectively over (e, µ, τ) and (1, 2, 3), and the explicit expressions of αl and αν
can be easily read off from Eq. (171) in the SM or Eq. (172) in the MSSM. The RGEs for moduli
of the PMNS matrix elements, likewise, are given as follows:
16pi2
d|Uαi|2
dt
= 2
Cνl ∑
β,α
∑
j
ξαβ y
2
j Re
(
UαiUβ jU
∗
α jU
∗
βi
)
+ Clν
∑
j,i
∑
β
ξi j y
2
β Re
(
UαiUβ jU
∗
α jU
∗
βi
) , (188)
where ξαβ ≡ (y2α + y2β)/(y2α − y2β) and ξi j ≡ (y2i + y2j)/(y2i − y2j) are defined, and the Greek and Latin
subscripts run respectively over (e, µ, τ) and (1, 2, 3). Eqs. (187a), (187b) and (188) allow us to
look at the one-loop RGE running behaviors of ten physical flavor quantities in the lepton sector
— three charged-lepton masses, three Dirac neutrino masses and four independent flavor mixing
parameters (e.g., three flavor mixing angles and the Dirac CP-violating phase in a given Euler-like
parametrization of U as listed in Table 12).
Given the fact that y2e  y2µ  y2τ holds and y2i (for i = 1, 2, 3) are extremely small, the above
three equations can be simplified to a great extent in the τ-flavor dominance approximation:
16pi2
dy2α
dt
' 2
(
αl + C
l
ly
2
α
)
y2α ,
16pi2
dy2i
dt
' 2
(
αν + C
l
νy
2
τ|Uτi|2
)
y2i ,
16pi2
d|Uαi|2
dt
' 2Clνy2τ
∑
j,i
ξi j Re
(
UαiUτ jU
∗
α jU
∗
τi
)
, (189)
in which the same approximations need to be made for the expressions of αl and αν. As pointed
out in section 4.3.2, the parametrization of U in Eq. (137) is particularly suitable for describing
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the RGE running behaviors of lepton flavor mixing parameters because its Uτi (for i = 1, 2, 3)
elements are very simple. Combining this parametrization with Eq. (189), one obtains [513]
16pi2
dθl
dt
' 1
2
Clνy
2
τ
(
ξ13 − ξ23
)
sin 2θν cos θ cos φ ,
16pi2
dθν
dt
' 1
2
Clνy
2
τ sin 2θν
[
ξ12 sin
2 θ +
(
ξ13 − ξ23
)
cos2 θ
]
,
16pi2
dθ
dt
' 1
2
Clνy
2
τ sin 2θ
(
ξ13 sin
2 θν + ξ23 cos
2 θν
)
,
16pi2
dφ
dt
' −Clνy2τ
(
ξ13 − ξ23
)
cot 2θl sin 2θν cos θ sin φ . (190)
The RGE for the Jarlskog invariant Jν = (1/8) sin 2θl sin 2θν sin 2θ sin θ sin φ in this parametriza-
tion can accordingly be expressed as
16pi2
dJν
dt
' Clνy2τJν
[
ξ12 cos 2θν sin
2 θ + ξ13
(
cos 2θ + cos2 θν sin
2 θ
)
+ ξ23
(
cos 2θ + sin2 θν sin
2 θ
)]
. (191)
This result implies thatJν = 0 will be stable against any changes of the energy scale, provided CP
is initially a good symmetry (i.e., sin φ = 0) for Dirac neutrinos at a given scale.
(2) If massive neutrinos are of the Majorana nature, their one-loop RGEs will be quite different.
Without loss of generality, it proves convenient to choose the flavor basis in which Yl = Yˆl ≡
Diag{ye, yµ, yτ}. Then the RGE of Yl in Eq. (165) is simplified to
16pi2
dy2α
dt
= 2
(
αl + C
l
ly
2
α
)
y2α , (192)
where the expression of αl can be read off from Eq. (166) in the SM or from Eq. (167) in the
MSSM. In this case the effective Majorana neutrino coupling matrix κ defined in Eq. (164) is
diagonalized by the PMNS matrix U as follows: U†κU∗ = κˆ ≡ Diag{κ1, κ2, κ3} with κi being the
eigenvalues of κ (for i = 1, 2, 3). The RGE of κ in Eq. (165) accordingly leads us to
16pi2
(
dU
dt
κˆUT + U
dκˆ
dt
UT + U κˆ
dUT
dt
)
= ακU κˆU
T + Cκ
(
Yˆ2l U κˆU
T + U κˆUT Yˆ2l
)
. (193)
Multiplying this equation by U† on the left-hand side and by U∗ on the right-hand side, we obtain
16pi2
dκˆ
dt
= ακκˆ + Cκ
(
U†Yˆ2l U κˆ + κˆU
T Yˆ2l U
∗) − 16pi2 (U†dU
dt
κˆ + κˆ
dUT
dt
U∗
)
. (194)
Given the facts that the product of U† and the derivative of U is anti-Hermitian 28 and κˆ itself is
diagonal and real, Eq. (194) allows us to arrive at
16pi2
dκ2i
dt
= 2
ακ + 2Cκ ∑
α
y2α|Uαi|2
 κ2i , (195)
28Note that the diagonal elements of this product are actually vanishing in the case that massive neutrinos are the
Majorana particles, as constrained by Eq. (194). In the case that massive neutrinos are of the Dirac nature, however,
the diagonal elements of the above product are purely imaginary.
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where the subscripts i and α run over (1, 2, 3) and (e, µ, τ), respectively. Because the off-diagonal
parts on the right-hand side of Eq. (194) vanish, we are left with
Re
(
dU†
dt
U
)
i j
=
Cκ
16pi2
· κi + κ j
κi − κ j
∑
α
y2αRe
(
U∗αiUα j
)
,
Im
(
dU†
dt
U
)
i j
=
Cκ
16pi2
· κi − κ j
κi + κ j
∑
α
y2αIm
(
U∗αiUα j
)
. (196)
The one-loop RGE of the PMNS matrix elements Uαi turns out to be
dUαi
dt
= −
(
U
dU†
dt
U
)
αi
= −Uαk
(
dU†
dt
U
)
ki
= − Cκ
16pi2
∑
k,i
∑
β
y2βUαk
[
κk + κi
κk − κi
Re
(
U∗βkUβi
)
+ i
κk − κi
κk + κi
Im
(
U∗βkUβi
)]
. (197)
Then the combination UαiU
∗
α j, which is apparently independent of redefining the phases of three
charged-lepton fields but definitely sensitive to the two Majorana phases of the PMNS matrix U,
can be expressed as follows:
d
(
UαiU
∗
α j
)
dt
=
dUαi
dt
U∗α j + Uαi
dU∗α j
dt
= − Cκ
16pi2
∑
k,i
∑
β
y2βUαkU
∗
α j
[
κk + κi
κk − κi
Re
(
U∗βkUβi
)
+ i
κk − κi
κk + κi
Im
(
U∗βkUβi
)]
− Cκ
16pi2
∑
k, j
∑
β
y2βUαiU
∗
αk
κk + κ j
κk − κ j
Re
(
U∗βkUβ j
)
− iκk − κ j
κk + κ j
Im
(
U∗βkUβ j
) . (198)
When taking i = j, we find that the one-loop RGEs of |Uαi|2 are actually independent of redefining
the phases of three Majorana neutrino fields — all the imaginary terms on the right-hand side of
Eq. (198) will therefore disappear in the i = j case.
With the help of Eq. (198), one may take a particular parametrization of U to explicitly derive
the RGEs for its three flavor mixing angles and three CP-violating phases. Now that the τ-flavor
dominance is an excellent approximation thanks to y2e  y2µ  y2τ, it has been shown that the
parametrization of U advocated in Eq. (137) is more advantageous than the standard parametriza-
tion of U shown in Eq. (2) [513], just because the τ-related matrix elements Uτi (for i = 1, 2, 3) in
Eq. (137) are much simpler than those in Eq. (2). To be concrete, we obtain
16pi2
dκ1
dt
'
(
ακ + 2Cκy
2
τ sin
2 θν sin
2 θ
)
,
16pi2
dκ2
dt
'
(
ακ + 2Cκy
2
τ cos
2 θν sin
2 θ
)
,
16pi2
dκ3
dt
'
(
ακ + 2Cκy
2
τ cos
2 θ
)
, (199)
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from Eq. (195) by only keeping the τ-flavor contribution; and
16pi2
dθl
dt
' 1
2
Cκy
2
τ sin 2θν cos θ
[
κ1 + κ3
κ1 − κ3
cos ρ cos (ρ − φ) + κ1 − κ3
κ1 + κ3
sin ρ sin (ρ − φ)
− κ2 + κ3
κ2 − κ3
cosσ cos (σ − φ) − κ2 − κ3
κ2 + κ3
sinσ sin (σ − φ)
]
,
16pi2
dθν
dt
' 1
2
Cκy
2
τ sin 2θν
[
κ1 + κ2
κ1 − κ2
sin2 θ cos2 (σ − ρ) + κ1 − κ2
κ1 + κ2
sin2 θ sin2 (σ − ρ)
+
κ1 + κ3
κ1 − κ3
cos2 θ cos2 ρ +
κ1 − κ3
κ1 + κ3
cos2 θ sin2 ρ
− κ2 + κ3
κ2 − κ3
cos2 θ cos2 σ − κ2 − κ3
κ2 + κ3
cos2 θ sin2 σ
]
,
16pi2
dθ
dt
' 1
2
Cκy
2
τ sin 2θ
[
κ1 + κ3
κ1 − κ3
sin2 θν cos
2 ρ +
κ1 − κ3
κ1 + κ3
sin2 θν sin
2 ρ
+
κ2 + κ3
κ2 − κ3
cos2 θν cos
2 σ +
κ2 − κ3
κ2 + κ3
cos2 θν sin
2 σ
]
, (200)
from Eq. (198) for the three flavor mixing angles, together with
16pi2
dρ
dt
' 2Cκy2τ
[
κ1κ2
κ21 − κ22
cos2 θν sin
2 θ sin 2 (σ − ρ) + κ1κ3
κ21 − κ23
(
sin2 θν sin
2 θ − cos2 θ
)
sin 2ρ
+
κ2κ3
κ22 − κ23
cos2 θν sin
2 θ sin 2σ
]
,
16pi2
dσ
dt
' 2Cκy2τ
[
κ1κ2
κ21 − κ22
sin2 θν sin
2 θ sin 2 (σ − ρ) + κ1κ3
κ21 − κ23
sin2 θν sin
2 θ sin 2ρ
+
κ2κ3
κ22 − κ23
(
cos2 θν sin
2 θ − cos2 θ
)
sin 2σ
]
,
16pi2
dφ
dt
' Cκy2τ cot 2θl sin 2θν cos θ
[
κ1 + κ3
κ1 − κ3
cos ρ sin (ρ − φ) − κ1 − κ3
κ1 + κ3
sin ρ cos (ρ − φ)
− κ2 + κ3
κ2 − κ3
cosσ sin (σ − φ) + κ2 − κ3
κ2 + κ3
sinσ cos (σ − φ)
]
+2Cκy
2
τ
[
κ1κ2
κ21 − κ22
sin2 θ sin 2 (σ − ρ) + κ1κ3
κ21 − κ23
(
sin2 θν − cos2 θν cos2 θ
)
sin 2ρ
+
κ2κ3
κ22 − κ23
(
cos2 θν − sin2 θν cos2 θ
)
sin 2σ
]
, (201)
for the three CP-violating phases. It is clear that the running behaviors of κ1, κ2 and κ3 (i.e., three
neutrino masses) are essentially identical because they are mainly governed by ακ unless the value
of tan β is large enough in the MSSM to make the y2τ-related term become competitive with ακ
[552]. On the other hand, θν is in general more sensitive to the RGE-induced corrections than θl
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and θ, since its RGE contains a term proportional to (κ1 + κ2)/(κ1 − κ2) = −(m1 + m2)2/∆m221 with
a relatively small denominator ∆m221 ' 7.4 × 10−5 eV2 [513] (in comparison, θ12 is most sensitive
to the RGE effects for the same reason in the standard parametrization of U [552, 553]). Note that
the RGE running behavior of φ can be quite different from those of ρ and σ, because it involves an
extra term proportional to cot 2θl. That is why ρ and σ evolve in a relatively mild way as compared
with φ. Note also that the derivatives of ρ and σ will vanish if both of them are initially vanishing.
This observation means that ρ and σ cannot simultaneously be generated from nonzero φ via the
one-loop RGEs. When the RGE of the Jarlskog invariant Jν is concerned in the Majorana case,
one finds that it involves all the three CP-violating phases instead of φ itself. Therefore, Jν = 0 at
a given energy scale (equivalent to φ = 0) is not stable at all when the scale changes [513].
5. Flavor mixing between active and sterile neutrinos
5.1. A parametrization of the 6 × 6 flavor mixing matrix
5.1.1. The interplay between active and sterile neutrinos
One of the fundamental questions in particle physics and cosmology is whether there exist
one or more extra species of massive neutrinos which do not directly participate in the standard
weak interactions. Such sterile neutrinos will not interact with normal matter unless they mix with
the three known (active) neutrinos to some extent. The seesaw-motivated heavy sterile neutrinos,
warm-dark-matter-motivated keV-scale sterile neutrinos and anomaly-motivated eV-scale sterile
neutrinos (e.g., from the LSND and MiniBooNE experiments) will be discussed in sections 5.2,
5.3 and 5.4, respectively. Here let us focus on how to describe the interplay between active and
sterile neutrinos in terms of some extra Euler-like flavor mixing angles and CP-violating phases.
Since the number of sterile neutrino species is completely unknown, let us assume a kind of
parallelism between the active and sterile sectors. Namely, we assume the existence of three sterile
neutrino states νx, νy and νz, and their corresponding mass eigenstates are denoted as ν4, ν5 and
ν6. In this (3+3) active-sterile neutrino mixing scenario one may write out a 6 × 6 unitary matrixU to link the six neutrino flavor eigenstates to their mass eigenstates in the basis where the flavor
eigenstates of three charged leptons are identical with their mass eigenstates [554]:
νe
νµ
ντ
νx
νy
νz

= U

ν1
ν2
ν3
ν4
ν5
ν6

=
(
I 0
0 U′0
) (
A R
S B
) (
U0 0
0 I
)

ν1
ν2
ν3
ν4
ν5
ν6

, (202)
where I denotes the 3 × 3 identity matrix, “0” represents the 3 × 3 zero matrix, the 3 × 3 unitary
matrices U0 and U
′
0 are responsible respectively for flavor mixing in the active sector and that in
the sterile sector, while A, B, R and S are the 3 × 3 matrices describing the interplay between the
two sectors. As a result of the unitarity ofU,
AA† + RR† = BB† + S S † = I ,
AS † + RB† = A†R + S †B = 0 ,
A†A + S †S = B†B + R†R = I . (203)
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Table 13: The fifteen two-dimensional 6 × 6 rotation matrices in the complex plane, where the notations ci j ≡ cos θi j
and sˆi j ≡ eiδi j sin θi j (for 1 ≤ i < j ≤ 6) are defined.
O12 =

c12 sˆ
∗
12 0 0 0 0−sˆ12 c12 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

O13 =

c13 0 sˆ
∗
13 0 0 0
0 1 0 0 0 0
−sˆ13 0 c13 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

O23 =

1 0 0 0 0 0
0 c23 sˆ
∗
23 0 0 0
0 −sˆ23 c23 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

O14 =

c14 0 0 sˆ
∗
14 0 0
0 1 0 0 0 0
0 0 1 0 0 0
−sˆ14 0 0 c14 0 0
0 0 0 0 1 0
0 0 0 0 0 1

O24 =

1 0 0 0 0 0
0 c24 0 sˆ
∗
24 0 0
0 0 1 0 0 0
0 −sˆ24 0 c24 0 0
0 0 0 0 1 0
0 0 0 0 0 1

O34 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 c34 sˆ
∗
34 0 0
0 0 −sˆ34 c34 0 0
0 0 0 0 1 0
0 0 0 0 0 1

O15 =

c15 0 0 0 sˆ
∗
15 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
−sˆ15 0 0 0 c15 0
0 0 0 0 0 1

O25 =

1 0 0 0 0 0
0 c25 0 0 sˆ
∗
25 0
0 0 1 0 0 0
0 0 0 1 0 0
0 −sˆ25 0 0 c25 0
0 0 0 0 0 1

O35 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 c35 0 sˆ
∗
35 0
0 0 0 1 0 0
0 0 −sˆ35 0 c35 0
0 0 0 0 0 1

O45 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 c45 sˆ
∗
45 0
0 0 0 −sˆ45 c45 0
0 0 0 0 0 1

O16 =

c16 0 0 0 0 sˆ
∗
16
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
−sˆ16 0 0 0 0 c16

O26 =

1 0 0 0 0 0
0 c26 0 0 0 sˆ
∗
26
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 −sˆ26 0 0 0 c26

O36 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 c36 0 0 sˆ
∗
36
0 0 0 1 0 0
0 0 0 0 1 0
0 0 −sˆ36 0 0 c36

O46 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 c46 0 sˆ
∗
46
0 0 0 0 1 0
0 0 0 −sˆ46 0 c46

O56 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 c56 sˆ
∗
56
0 0 0 0 −sˆ56 c56

If R = S = 0 and A = B = I hold, there will be no correlation between the active and sterile
sectors. To fully parametrizeU in terms of the rotation angles and phase parameters in a manner
analogous to Eq. (2), we introduce fifteen two-dimensional rotation matrices Oi j (for 1 ≤ i < j ≤ 6)
in a six-dimensional complex space (as listed in Table 13) and assign them as follows:(
U0 0
0 I
)
= O23O13O12 ,
(
I 0
0 U′0
)
= O56O46O45 ,(
A R
S B
)
= O36O26O16O35O25O15O34O24O14 . (204)
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Among the fifteen flavor mixing angles (or the fifteen CP-violating phases), six of them appear in
the active (U0) and sterile (U
′
0) sectors:
U0 =

c12c13 sˆ
∗
12c13 sˆ
∗
13
−sˆ12c23 − c12 sˆ13 sˆ∗23 c12c23 − sˆ∗12 sˆ13 sˆ∗23 c13 sˆ∗23
sˆ12 sˆ23 − c12 sˆ13c23 −c12 sˆ23 − sˆ∗12 sˆ13c23 c13c23
 , (205a)
U′0 =

c45c46 sˆ
∗
45c46 sˆ
∗
46
−sˆ45c56 − c45 sˆ46 sˆ∗56 c45c56 − sˆ∗45 sˆ46 sˆ∗56 c46 sˆ∗56
sˆ45 sˆ56 − c45 sˆ46c56 −c45 sˆ56 − sˆ∗45 sˆ46c56 c46c56
 . (205b)
Comparing Eq. (205a) with Eq. (2), one can easily arrive at δν ≡ δ13 − δ12 − δ23. In a similar
way one may define δ′ν ≡ δ46 − δ45 − δ56 for U′0 in Eq. (205b) if the latter takes the same phase
convention as that in Eq. (2), although the meaning of δ′ν remains unclear. It will be extremely
difficult, if not impossible, to probe the purely sterile sector described by U′0 from an experimental
point of view, because one has no idea about how to measure any decays among the sterile ν4, ν5
and ν6 neutrinos or possible oscillations between any two of the sterile νx, νy and νz flavors. From
a phenomenological point of view, it might be interesting to make such a naive conjecture that
θ45 = θ12, θ46 = θ13 and θ56 = θ23 together with δ45 = δ12, δ46 = δ13 and δ56 = δ23 [486]. In other
words, we have conjectured that there might be a mirroring symmetry between the purely active
neutrino sector and the purely sterile neutrino sector (or equivalently U′0 = U0). But how to test
such a conjecture is absolutely an open question.
On the other hand, nine of the fifteen flavor mixing angles (or the fifteen CP-violating phases)
appear in A, B, R and S , and thus they measure the interplay between the active and sterile sectors.
To be explicit, we have [554, 555]
A =

c14c15c16 0 0
−c14c15 sˆ16 sˆ∗26 − c14 sˆ15 sˆ∗25c26−sˆ14 sˆ∗24c25c26 c24c25c26 0
−c14c15 sˆ16c26 sˆ∗36 + c14 sˆ15 sˆ∗25 sˆ26 sˆ∗36−c14 sˆ15c25 sˆ∗35c36 + sˆ14 sˆ∗24c25 sˆ26 sˆ∗36
+sˆ14 sˆ
∗
24 sˆ25 sˆ
∗
35c36 − sˆ14c24 sˆ∗34c35c36
−c24c25 sˆ26 sˆ∗36 − c24 sˆ25 sˆ∗35c36−sˆ24 sˆ∗34c35c36 c34c35c36

, (206)
and
B =

c14c24c34 0 0
−c14c24 sˆ∗34 sˆ35 − c14 sˆ∗24 sˆ25c35−sˆ∗14 sˆ15c25c35 c15c25c35 0
−c14c24 sˆ∗34c35 sˆ36 + c14 sˆ∗24 sˆ25 sˆ∗35 sˆ36−c14 sˆ∗24c25 sˆ26c36 + sˆ∗14 sˆ15c25 sˆ∗35 sˆ36
+sˆ∗14 sˆ15 sˆ
∗
25 sˆ26c36 − sˆ∗14c15 sˆ16c26c36
−c15c25 sˆ∗35 sˆ36 − c15 sˆ∗25 sˆ26c36−sˆ∗15 sˆ16c26c36 c16c26c36

, (207)
which are two triangular matrices. One can easily see that the small active-sterile neutrino mixing
angles θi j (for i = 1, 2, 3 and j = 4, 5, 6) measure small deviations of A and B from the identity
103
matrix I. In addition, we find
R =

sˆ∗14c15c16 sˆ
∗
15c16 sˆ
∗
16
−sˆ∗14c15 sˆ16 sˆ∗26 − sˆ∗14 sˆ15 sˆ∗25c26
+c14 sˆ
∗
24c25c26
−sˆ∗15 sˆ16 sˆ∗26 + c15 sˆ∗25c26 c16 sˆ∗26
−sˆ∗14c15 sˆ16c26 sˆ∗36 + sˆ∗14 sˆ15 sˆ∗25 sˆ26 sˆ∗36−sˆ∗14 sˆ15c25 sˆ∗35c36 − c14 sˆ∗24c25 sˆ26 sˆ∗36−c14 sˆ∗24 sˆ25 sˆ∗35c36 + c14c24 sˆ∗34c35c36
−sˆ∗15 sˆ16c26 sˆ∗36 − c15 sˆ∗25 sˆ26 sˆ∗36
+c15c25 sˆ
∗
35c36
c16c26 sˆ
∗
36

,
S =

−sˆ14c24c34 −sˆ24c34 −sˆ34
sˆ14c24 sˆ
∗
34 sˆ35 + sˆ14 sˆ
∗
24 sˆ25c35−c14 sˆ15c25c35 sˆ24 sˆ
∗
34 sˆ35 − c24 sˆ25c35 −c34 sˆ35
sˆ14c24 sˆ
∗
34c35 sˆ36 − sˆ14 sˆ∗24 sˆ25 sˆ∗35 sˆ36
+sˆ14 sˆ
∗
24c25 sˆ26c36 + c14 sˆ15c25 sˆ
∗
35 sˆ36
+c14 sˆ15 sˆ
∗
25 sˆ26c36 − c14c15 sˆ16c26c36
sˆ24 sˆ
∗
34c35 sˆ36 + c24 sˆ25 sˆ
∗
35 sˆ36−c24c25 sˆ26c36 −c34c35 sˆ36

. (208)
It is clear that the texture of B is quite similar to that of A, and the texture of S is also analogous
to that of R. One may actually obtain the expression of B from that of A∗ with the subscript
replacements 15 ↔ 24, 16 ↔ 34 and 26 ↔ 35. Similarly, the expression of S can be obtained
from that of −R∗ with the same subscript replacements.
We proceed to define U ≡ AU0 and U′ ≡ U′0B which describe the flavor mixing phenomena of
three active neutrinos and three sterile neutrinos, respectively. The flavor eigenstates of these six
neutrino species can therefore be expressed asνeνµ
ντ
 = U
ν1ν2
ν3
 + R
ν4ν5
ν6
 ,
νxνy
νz
 = U′
ν4ν5
ν6
 + S ′
ν1ν2
ν3
 (209)
with the definition S ′ ≡ U′0S U0. Combining Eq. (209) with Eq. (4a), we obtain the standard weak
charged-current interactions of six neutrinos with three charged leptons:
−Lcc =
g√
2
(e µ τ)L γ
µ
U
ν1ν2
ν3

L
+ R
ν4ν5
ν6

L
 W−µ + h.c. , (210)
where U is just the 3 × 3 PMNS matrix responsible for the active neutrino mixing in the presence
of sterile neutrinos, and R measures the strength of charged-current interactions between (e, µ, τ)
and (ν4, ν5, ν6). One can see that Eq. (210) simply reproduces Eq. (24) if ν4, ν5 and ν6 are taken to
be the mass eigenstates of three heavy Majorana neutrinos (i.e., N1, N2 and N3) in the canonical
seesaw mechanism. Given
UU† = AA† = I − RR† , U′†U′ = B†B = I − R†R , (211)
we conclude that both U and U′ are not exactly unitary as a consequence of the small interplay or
mixing between the active and sterile neutrino sectors.
104
Current experimental and observational constraints on the active-sterile neutrino mixing are so
strong that the corresponding mixing angles θi j (for i = 1, 2, 3 and j = 4, 5, 6) are badly suppressed
and their magnitudes are at most at the O(0.1) level [122, 556, 557, 558]. The smallness of these
nine active-sterile flavor mixing angles allows us to make the following excellent approximations
for Eqs. (206)—(208):
A ' I − 1
2

s214 + s
2
15 + s
2
16 0 0
2sˆ14 sˆ
∗
24 + 2sˆ15 sˆ
∗
25 + 2sˆ16 sˆ
∗
26 s
2
24 + s
2
25 + s
2
26 0
2sˆ14 sˆ
∗
34 + 2sˆ15 sˆ
∗
35 + 2sˆ16 sˆ
∗
36 2sˆ24 sˆ
∗
34 + 2sˆ25 sˆ
∗
35 + 2sˆ26 sˆ
∗
36 s
2
34 + s
2
35 + s
2
36
 ,
B ' I − 1
2

s214 + s
2
24 + s
2
34 0 0
2sˆ∗14 sˆ15 + 2sˆ
∗
24 sˆ25 + 2sˆ
∗
34 sˆ35 s
2
15 + s
2
25 + s
2
35 0
2sˆ∗14 sˆ16 + 2sˆ
∗
24 sˆ26 + 2sˆ
∗
34 sˆ36 2sˆ
∗
15 sˆ16 + 2sˆ
∗
25 sˆ26 + 2sˆ
∗
35 sˆ36 s
2
16 + s
2
26 + s
2
36
 , (212)
where the terms of O(s4i j) have been omitted; and
R ' −S † '

sˆ∗14 sˆ
∗
15 sˆ
∗
16
sˆ∗24 sˆ
∗
25 sˆ
∗
26
sˆ∗34 sˆ
∗
35 sˆ
∗
36
 , (213)
where the terms of O(s3i j) have been omitted.
5.1.2. The Jarlskog invariants for active neutrinos
It is known that the n × n unitary flavor mixing matrix contains (n − 1)2 (n − 2)2 /4 distinct
Jarlskog-like invariants of CP violation [471, 559]. When the 6 × 6 unitary matrixU in Eq. (202)
is concerned, we are totally left with one hundred Jarlskog-like invariants. But these invariants are
correlated with one another because they are all the functions of fifteen CP-violating phases δi j
(for 1 ≤ i < j ≤ 6). In practice one is mainly interested in the Jarlskog-like parameters defined
from the elements of the 3 × 3 non-unitary matrix U ≡ AU0 for three active neutrinos, simply
because they measure the strength of leptonic CP violation in neutrino oscillations:
J i jαβ ≡ Im
(
UαiUβ jU
∗
α jU
∗
βi
)
, (214)
in which the Greek and Latin indices run over (e, µ, τ) and (1, 2, 3), respectively. If the sterile
neutrino sector is switched off, one will arrive at U = U0 and a universal Jarlskog invariant Jν
defined in Eq. (108). That is, J12eµ = J23eµ = J31eµ = J12µτ = J23µτ = J31µτ = J12τe = J23τe =
J31τe ≡ Jν, where Jν has been expressed in Eq. (109) with the CP-violating phase δν defined as
δν ≡ δ13 − δ12 − δ23 based on the parametrization of U0 in Eq. (205a). Taking account of the
interplay between active and sterile neutrinos, we now obtain
J12eµ ' Jν + c12s12c23ImX ,
J12τe ' Jν + c12s12s23ImY ,
J12µτ ' Jν + c12s12c23s23
(
s23ImX + c23ImY
)
,
J23µτ ' Jν + c12c23s23
(
s12s23ImX + s12c23ImY + c12ImZ
)
,
J31µτ ' Jν + s12c23s23
(
c12s23ImX + c12c23ImY − s12ImZ
)
, (215)
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together with J23eµ ' J31eµ ' J23τe ' J31τe ' Jν, where X ≡ Xe−iδ12 , Y ≡ Ye−i(δ12+δ23) and Z ≡ Ze−iδ23
with X ≡ sˆ14 sˆ∗24 + sˆ15 sˆ∗25 + sˆ16 sˆ∗26, Y ≡ sˆ14 sˆ∗34 + sˆ15 sˆ∗35 + sˆ16 sˆ∗36 and Z ≡ sˆ24 sˆ∗34 + sˆ25 sˆ∗35 + sˆ26 sˆ∗36.
These results tell us that new effects of CP violation may in general show up in active neutrino
oscillations, provided the active-sterile neutrino mixing angles and CP-violating phases are not
negligibly small. Note that J23eµ ' J31eµ ' J23τe ' J31τe ' Jν holds as a good approximation because
these four Jarlskog-like invariants all involve the smallest element of U (i.e., Ue3 ' sˆ∗13) [560].
The above observation can also be understood from taking a look at how the three Dirac unitar-
ity triangles defined in Eq. (125), which are sensitive to active neutrino oscillations, get deformed
in the presence of sterile neutrinos. With the help of Eqs. (211) and (213), we immediately find
4′e : Uµ1U∗τ1 + Uµ2U∗τ2 + Uµ3U∗τ3 ' −Z∗ ,
4′µ : Uτ1U∗e1 + Uτ2U∗e2 + Uτ3U∗e3 ' −Y ,
4′τ : Ue1U∗µ1 + Ue2U∗µ2 + Ue3U∗µ3 ' −X∗ , (216)
where X, Y and Z have been defined below Eq. (215). In other words, 4′α (for α = e, µ or τ) is
actually a quadrangle in the complex plane, and its departure from the standard unitarity triangle
4α signifies the impact of sterile neutrinos on active neutrinos.
If all the three species of sterile neutrinos are light enough and thus kinematically allowed to
participate in the oscillations of three active neutrinos, then one may simply extend the standard
results in Eqs. (84) and (85) by including the contributions from ν4, ν5 and ν6. In this case the
probability of να → νβ oscillations (for α, β = e, µ, τ) can be expressed as
P(να → νβ) = δαβ − 4
∑
i< j
Re (UαiUβ jU∗α jU∗βi) sin2 ∆m2jiL4E

+2
∑
i< j
Im (UαiUβ jU∗α jU∗βi) sin ∆m2jiL2E
 (217)
with the definition ∆m2ji ≡ m2j − m2i (for i, j = 1, · · · , 6). Needless to say, the probability of
να → νβ oscillations can be directly read off from Eq. (217) by replacing U with U∗. The CP-
violating terms in such neutrino and antineutrino oscillations are therefore dependent on all the
CP-violating phases of the 6 × 6 flavor mixing matrixU or their combinations.
If all the three species of sterile neutrinos are heavy enough and hence kinematically forbidden
to take part in the oscillations of three active neutrinos, the amplitude of the active να → νβ
oscillation (for α, β = e, µ, τ) in vacuum can be expressed in an analogous way as that in Eq. (84):
A(να → νβ) =
∑
i
[
A(W+ + α− → νi) · Propagation(νi) · A(νi → W+ + β−)
]
=
1√
(UU†)αα(UU†)ββ
∑
i
[
U∗αi exp
(
−im
2
i L
2E
)
Uβi
]
, (218)
in which A(W+ + α− → νi) = U∗αi/
√
(UU†)αα and A(νi → W+ + β−) = Uβi/
√
(UU†)ββ describe
the production of να at the source and the detection of νβ at the detector via the corresponding
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weak charged-current interactions, respectively [561]. It is then straightforward to calculate the
oscillation probability P(να → νβ) = |A(να → νβ)|2 in vacuum. The result is
P(να → νβ) =
1
(UU†)αα(UU†)ββ
∑
i
|Uαi|2|Uβi|2 + 2
∑
i< j
Re
(
UαiUβ jU
∗
α jU
∗
βi
)
cos
∆m2jiL
2E
+ 2
∑
i< j
J i jαβ sin
∆m2jiL
2E
 , (219)
where the Jarlskog-like invariants J i jαβ have been defined in Eq. (214), and the Latin subscripts i
and j run only over 1, 2 and 3. As indicated by Eq. (219), extra CP-violating effects induced by
the active-sterile neutrino mixing are expected to show up in the active neutrino oscillations.
5.1.3. On the (3+2) and (3+1) flavor mixing scenarios
In the phenomenological aspects of particle physics, astrophysics and cosmology, one some-
times prefers to follow the principle of Occam’s razor — “entities must not be multiplied beyond
necessity” — to reduce the number of free parameters of a given model or mechanism when con-
fronting it with a very limited number of experimental measurements or observations. The most
popular example of this kind in neutrino physics should be the so-called minimal seesaw mecha-
nism in which only two heavy Majorana neutrinos are introduced to interpret both the tiny masses
of three active neutrinos and the observed matter-antimatter asymmetry of the Universe [238], and
a much simpler scenario along this line of thought is the so-called littlest seesaw model which
has fewer free parameters [562]. Recently some more attention has been paid to the application
of Occam’s razor as an empirical guiding principle in studying fermion mass textures and flavor
mixing patterns [563, 564, 565, 566, 567].
To parametrize the interplay between two heavy sterile neutrinos and three light active neu-
trinos in the minimal seesaw scenario, one may simply switch off the contributions from Oi6 (for
i = 1, · · · , 5) in Eq. (208). In this case the form of U0 keeps unchanged in the 5 × 5 flavor mixing
matrixU, but U′0, B, R and S are simplified to be the 2 × 2, 3 × 2 and 2 × 3 matrices, respectively.
Since only U = AU0 and R take part in the weak charged-current interactions shown in Eq. (210),
here we write out the explicit expressions of A and R as follows [555]:
A =

c14c15 0 0
−c14 sˆ15 sˆ∗25 − sˆ14 sˆ∗24c25 c24c25 0
−c14 sˆ15c25 sˆ∗35 + sˆ14 sˆ∗24 sˆ25 sˆ∗35 − sˆ14c24 sˆ∗34c35 −c24 sˆ25 sˆ∗35 − sˆ24 sˆ∗34c35 c34c35
 ,
R =

sˆ∗14c15 sˆ
∗
15
−sˆ∗14 sˆ15 sˆ∗25 + c14 sˆ∗24c25 c15 sˆ∗25
−sˆ∗14 sˆ15c25 sˆ∗35 − c14 sˆ∗24 sˆ25 sˆ∗35 + c14c24 sˆ∗34c35 c15c25 sˆ∗35
 . (220)
Once the 5 × 5 flavor mixing matrix U is fully parametrized in the minimal seesaw framework,
it is then straightforward to reconstruct the 3 × 3 Dirac mass matrix MD and the 2 × 2 Majorana
neutrino mass matrix MR in terms of their mass eigenvalues and relevant flavor mixing parameters.
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Note that some different parametrization schemes for the minimal seesaw mechanism have been
proposed in the literature [239, 568, 569, 570, 571, 572], but all of them have neglected the small
deviation of U from U0 (i.e., A ' I has been assumed).
Another simple example of this kind is the so-called minimal type-(I+II) seesaw model which
contains a single heavy Majorana neutrino and the Higgs triplet [573, 574, 575, 576]. In this
special case Eq. (220) is further simplified to
A =

c14 0 0
−sˆ14 sˆ∗24 c24 0
−sˆ14c24 sˆ∗34 −c24 sˆ25 sˆ∗35 − sˆ24 sˆ∗34 c34
 , R =

sˆ∗14
c14 sˆ
∗
24
c14c24 sˆ
∗
34
 , (221)
by switching off the contributions from both Oi5 (for i = 1, · · · , 4) and Oi6 (for i = 1, · · · , 5). The
phenomenological consequences of such a seesaw scenario are expected to be more easily tested,
thanks to the parameter cutting with Occam’s razor.
Note that it is sometimes more convenient to write out the full parametrization of the 4×4 flavor
mixing matrixU in a generic (3+1) active-sterile neutrino mixing scheme, no matter whether the
sterile neutrino is heavy or light. In this connection one usually denotes the flavor and mass
eigenstates of such a sterile neutrino species as νs and ν4, respectively. Then the 4×4 active-sterile
neutrino mixing matrixU can be written as
νe
νµ
ντ
νs
 =

Ue1 Ue2 Ue3 Ue4Uµ1 Uµ2 Uµ3 Uµ4
Uτ1 Uτ2 Uτ3 Uτ4Us1 Us2 Us3 Us4


ν1
ν2
ν3
ν4
 , (222)
where Uα4 (for α = e, µ, τ) and Usi (for i = 1, 2, 3) must be strongly suppressed in magnitude.
Explicitly,U = O34O24O14O23O13O12 reads as follows:
U =

c12c13c14 c13c14 sˆ
∗
12 c14 sˆ
∗
13 sˆ
∗
14
−c12c13 sˆ14 sˆ∗24 −c13 sˆ∗12 sˆ14 sˆ∗24 −sˆ∗13 sˆ14 sˆ∗24 c14 sˆ∗24−c12c24 sˆ13 sˆ∗23 −c24 sˆ∗12 sˆ13 sˆ∗23 +c13c24 sˆ∗23−c23c24 sˆ12 +c12c23c24
−c12c13c24 sˆ14 sˆ∗34 −c13c24 sˆ∗12 sˆ14 sˆ∗34 −c24 sˆ∗13 sˆ14 sˆ∗34 c14c24 sˆ∗34
+c12 sˆ13 sˆ
∗
23 sˆ24 sˆ
∗
34 +sˆ
∗
12 sˆ13 sˆ
∗
23 sˆ24 sˆ
∗
34 −c13 sˆ∗23 sˆ24 sˆ∗34−c12c23c34 sˆ13 −c23c34 sˆ∗12 sˆ13 +c13c23c34
+c23 sˆ12 sˆ24 sˆ
∗
34 −c12c23 sˆ24 sˆ∗34
+c34 sˆ12 sˆ23 −c12c34 sˆ23
−c12c13c24c34 sˆ14 −c13c24c34 sˆ∗12 sˆ14 −c24c34 sˆ∗13 sˆ14 c14c24c34
+c12c34 sˆ13 sˆ
∗
23 sˆ24 +c34 sˆ
∗
12 sˆ13 sˆ
∗
23 sˆ24 −c13c34 sˆ∗23 sˆ24
+c12c23 sˆ13 sˆ34 +c23 sˆ
∗
12 sˆ13 sˆ34 −c13c23 sˆ34
+c23c34 sˆ12 sˆ24 −c12c23c34 sˆ24−sˆ12 sˆ23 sˆ34 +c12 sˆ23 sˆ34

, (223)
108
where ci j ≡ cos θi j and sˆi j ≡ eiδi j sin θi j are defined as before (for 1 ≤ i < j ≤ 4). It is obvious
that U contains six rotation angles and six CP-violating phases. But the nine distinct Jarlskog-
like invariants ofU, defined by J i jαβ ≡ Im
(
UαiUβ jU∗α jU∗βi
)
as Eq. (214), depend only upon three
phase combinations δν ≡ δ13 − δ12 − δ23, δ′ν ≡ δ14 − δ12 − δ24 and δ′′ν ≡ δ14 − δ13 − δ34 [478]. It has
been shown that these invariants can be geometrically linked to the areas of a number of unitarity
quadrangles in the complex plane [577].
5.2. The seesaw-motivated heavy Majorana neutrinos
5.2.1. Naturalness and testability of seesaw mechanisms
As described in section 2.2.3, the key point of a conventional seesaw mechanism is to attribute
the tiny masses of three known neutrinos (i.e., νi versus να for i = 1, 2, 3 and α = e, µ, τ) to the
existence of some new and heavy degrees of freedom. The latter may either slightly mix with να
(e.g., in the type-I, type-III and inverse seesaw scenarios) or have no mixing with να at all (e.g., in
the type-II seesaw mechanism). Accordingly, the unitarity of the 3× 3 PMNS matrix U will either
be slightly violated or hold exactly.
The energy scale at which a seesaw mechanism works is crucially important, since it is closely
associated with whether this mechanism is theoretically natural and experimentally testable [181].
One may argue that the conventional seesaw mechanisms are natural because their scales (or equiv-
alently, the masses of heavy seesaw particles) are not far away from a presumably fundamental
energy scale — the GUT scale ΛGUT ∼ 1016 GeV, which is more than ten orders of magnitude
greater than the Fermi (or electroweak) scale ΛEW ∼ 102 GeV. The masses of three known neutri-
nos are therefore expected to be of order mi ∼ Λ2EW/ΛSS with ΛSS being the seesaw scale, and then
mi ∼ O(0.1) eV can be naturally achieved if ΛSS ∼ 1014 GeV is assumed. But this kind of natu-
ralness is accompanied by two problems: on the one hand, ΛSS is too high to be experimentally
accessible, and hence such a seesaw mechanism cannot be directly tested; on the other hand, the
heavy degrees of freedom may cause a potential hierarchy problem — the latter is usually spoke
of when two largely different energy scales exist in a given model but there is no symmetry to
stabilize low-scale physics which may suffer from significant quantum corrections stemming from
high-scale physics [108].
To be more specific, the so-called seesaw-induced hierarchy problem means that the mass of
the Higgs boson in the SM is considerably sensitive to quantum corrections that result from heavy
degrees of freedom at the energy scale ΛSS  ΛEW [214, 215, 216]. Given the canonical (type-I)
seesaw mechanism, for example, one finds
δM2H ' −
y2i
8pi2
(
Λ2SS + M
2
i ln
M2i
Λ2SS
)
, (224)
where ΛSS represents the regulator cutoff, yi and Mi (for i = 1, 2, 3) stand respectively for the
eigenvalues of Yν and MR in Eq. (30), and the smaller contributions proportional to v
2 and M2H
have been neglected. The quadratic sensitivity of δM2H to the seesaw scale ΛSS implies that a high
degree of fine-tuning is unavoidable between the bare mass of the Higgs boson and the quantum
corrections, so as to make the theory consistent with the experimental measurement of MH (i.e.,
MH ' 125 GeV as observed at the LHC [19]). If ΛSS ∼ Mi is assumed and |δM2H | . 0.1 TeV2 is
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typically required for the sake of illustration, then the leading term of Eq. (224) leads us to a naive
estimate of the form
Mi ∼
[
(2piv)2
mi
∣∣∣δM2H ∣∣∣]1/3 . 1.3 × 107 GeV [0.1 eVmi
]1/3 
∣∣∣δM2H ∣∣∣
0.1 TeV2
1/3 , (225)
where the approximate seesaw relation mi ∼ y2i v2/(2Mi) has been taken into account. In this case
the bound Mi . 1.3 × 107 GeV corresponds to yi ∼
√
2miMi/v . 2.1 × 10−4 for mi ∼ 0.1 eV.
Such small yi should be regarded as an unnatural choice, because the conventional seesaw picture
mainly ascribes the smallness of mi to the largeness of Mi instead of the smallness of yi [181, 578].
In particular, the strong suppression of yi means that it is in practice very difficult to produce heavy
Majorana neutrinos via their interactions with three charged leptons at a high-energy collider, as
one can see from Eqs. (24)—(28). In other words, the observability of Ni demands that their
masses and Yukawa couplings be both experimentally accessible [579, 580].
The above arguments mean that lowering the seesaw scale may soften the seesaw-induced
hierarchy problem 29, but this will trigger the naturalness problem and hence make the spirit of the
seesaw mechanism partly lost. Moreover, the testability of a viable seesaw mechanism requires
its heavy degrees of freedom to be light enough and thus producible at an accelerator but its
Yukawa couplings to be sizable enough and hence detectable in a realistic experiment. Given
the canonical seesaw scenario, for instance, these two requirements cannot be satisfied unless
MD and MR possess very contrived structures which allow for an almost complete “structural
cancellation” in the seesaw formula Mν ' −MDM−1R MTD [217, 575, 588, 589, 590, 591, 592]. As
a consequence, the lepton-number-violating collider signatures of Ni in such a TeV- or ΛEW-scale
seesaw model are essentially decoupled from the mass and flavor mixing parameters of three
light neutrinos νi (for i = 1, 2, 3) [172]. Such a problem can be avoided in the type-II seesaw
mechanism because its typical collider signatures, which are the like-sign dilepton events arising
from the lepton-number-violating decays of the doubly-charged Higgs bosons, directly depend
on the matrix elements of Mν (i.e., both the light neutrino masses and the PMNS flavor mixing
parameters) [576, 593, 594, 595, 596, 597, 598, 599, 600, 601]. In this sense the type-II seesaw
scenario seems a bit more attractive than the type-I seesaw scenario to bridge the gap between
neutrino physics at low energies and collider physics at high energies. Nevertheless, one should
keep in mind that the elegant thermal leptogenesis mechanism works better in association with the
type-I seesaw mechanism [172, 228, 229].
To strike a balance between the naturalness and testability requirements for the canonical see-
saw pictures at the TeV scale, which is now accessible with the help of the LHC, one may make the
simplest extension by introducing a number of gauge-singlet fermions and scalars to build a mul-
tiple seesaw model [211, 212]. In this case the tiny masses of three light neutrinos νi are generated
via an approximate seesaw relation of the form mi ∼ (yiΛEW)n+1/ΛnSS with yi being the Yukawa
29It is theoretically more popular to invoke a new type of spacetime symmetry — supersymmetry [581, 582, 583,
584, 585, 586, 587] to resolve the hierarchy problem. This means that all the heavy Majorana neutrinos should have
their superpartners in the canonical seesaw mechanism, a high price that one has to pay especially in the situation that
no evidence for supersymmetry has been found at the LHC and in all the other high-energy experiments.
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coupling eigenvalues and n being an arbitrary integer larger than one. It is then natural to achieve
ΛSS ∼ 1 TeV from n & 2, mi ∼ 0.1 eV and yi & 10−3. Note that the inverse (or double) seesaw
model [209, 210] and its variation are just one of the simplest versions [560] of the multiple see-
saw picture. The obvious drawback of such TeV-scale seesaw scenarios and other models along a
different line of thought [213, 602, 603] is the introduction of too many new particles which are
usually hard to be detected. Just as argued by Steven Weinberg in his third law of progress in
theoretical physics [604], “You may use any degrees of freedom you like to describe a physical
system, but if you use the wrong ones, you will be sorry”.
In short, it is possible to realize a specific seesaw mechanism between the Fermi scale ΛEW
and the GUT scale ΛGUT to interpret the smallness of mi for three active neutrinos νi. But one
has to pay the price regarding the demands of theoretical naturalness and experimental testability
for such a seesaw scenario. In any case a judicious combination of the canonical seesaw and
leptogenesis mechanisms will be really a way to kill two birds with one stone in neutrino physics
and cosmology, as schematically illustrated by Figs. 7 and 8.
5.2.2. Reconstruction of the neutrino mass matrices
The type-(I+II) seesaw mechanism is an ideal example to illustrate how to reconstruct the
Dirac and Majorana neutrino mass matrices with the help of the 6 × 6 flavor mixing matrix U
in the chosen basis where the charged-lepton mass matrix has been taken to be diagonal. In this
mechanism the mass term of six neutrinos is an extension of Eq. (20):
−L′hybrid =
1
2
νLML(νL)
c + νLMDNR +
1
2
(NR)
cMRNR + h.c.
=
1
2
[
νL (NR)
c
] (ML MD
MTD MR
) [
(νL)
c
NR
]
+ h.c. , (226)
where ML and MR are the Majorana mass matrices. The overall 6 × 6 neutrino mass matrix in
Eq. (226) can be diagonalized by a unitary transformation of the form
U†
(
ML MD
MTD MR
)
U∗ =
(
Dν 0
0 DN
)
, (227)
where Dν ≡ Diag{m1,m2,m3} and DN ≡ Diag{M1,M2,M3} have been defined below Eq. (21).
The standard weak charged-current interactions of six neutrinos are described by Eq. (24), or
equivalently by Eq. (210) with ν4 = N1, ν5 = N2 and ν6 = N3. With the help of Eqs. (202) and
(203), we immediately obtain
ML = UDνU
T + RDNR
T ' U0DνUT0 + RDNRT ,
MD = UDνS
′T + RDNU
′T ' RDNU′T0 ,
MR = S
′DνS
′T + U′DNU
′T ' U′0DNU′T0 , (228)
where U ≡ AU0, U′ ≡ U′0B and S ′ ≡ U′0S U0 have been defined around Eq. (209). On the right-
hand side of Eq. (228) we have made the approximation by keeping only the leading terms of ML,
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MD and MR. It is then possible to reconstruct these 3 × 3 neutrino mass matrices in terms of the
neutrino masses and flavor mixing parameters.
Given the fact that nothing is known about the purely sterile sector, it is practically useful to
take the basis where MR is diagonal. In this case U
′
0 ' I turns out to be a good approximation, as
indicated by Eq. (228). It is worth pointing out that such a flavor basis is often chosen in the study
of leptogenesis, simply because the lepton-number-violating and CP-violating decays of Ni (for
i = 1, 2, 3) need to be calculated. It is particularly easy to reconstruct MD and ML in this special
basis [554]. To be more specific,
MD ' RDN '

M1 sˆ
∗
14 M2 sˆ
∗
15 M3 sˆ
∗
16
M1 sˆ
∗
24 M2 sˆ
∗
25 M3 sˆ
∗
26
M1 sˆ
∗
34 M2 sˆ
∗
35 M3 sˆ
∗
36
 ; (229)
and the six independent matrix elements of ML are
(ML)ee ' m1
(
c12c13
)2
+ m2
(
sˆ∗12c13
)2
+ m3
(
sˆ∗13
)2
+ M1
(
sˆ∗14
)2
+ M2
(
sˆ∗15
)2
+ M3
(
sˆ∗16
)2 ,
(ML)eµ ' −m1c12c13
(
sˆ12c23 + c12 sˆ13 sˆ
∗
23
)
+ m2 sˆ
∗
12c13
(
c12c23 − sˆ∗12 sˆ13 sˆ∗23
)
+ m3c13 sˆ
∗
13 sˆ
∗
23
+M1 sˆ
∗
14 sˆ
∗
24 + M2 sˆ
∗
15 sˆ
∗
25 + M3 sˆ
∗
16 sˆ
∗
26 ,
(ML)eτ ' m1c12c13
(
sˆ12 sˆ23 − c12 sˆ13c23
) − m2 sˆ∗12c13 (c12 sˆ23 + sˆ∗12 sˆ13c23) + m3c13 sˆ∗13c23
+M1 sˆ
∗
14 sˆ
∗
34 + M2 sˆ
∗
15 sˆ
∗
35 + M3 sˆ
∗
16 sˆ
∗
36 ,
(ML)µµ ' m1
(
sˆ12c23 + c12 sˆ13 sˆ
∗
23
)2
+ m2
(
c12c23 − sˆ∗12 sˆ13 sˆ∗23
)2
+ m3
(
c13 sˆ
∗
23
)2
+M1
(
sˆ∗24
)2
+ M2
(
sˆ∗25
)2
+ M3
(
sˆ∗26
)2 ,
(ML)µτ ' −m1
(
sˆ12c23 + c12 sˆ13 sˆ
∗
23
) (
sˆ12 sˆ23 − c12 sˆ13c23
)
−m2
(
c12c23 − sˆ∗12 sˆ13 sˆ∗23
) (
c12 sˆ23 + sˆ
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Note that the canonical (type-I) seesaw mechanism can be reproduced from the type-(I+II) seesaw
mechanism by taking ML = 0, implying that all the six matrix elements in Eq. (230) must vanish.
These strong constraint conditions are actually consistent with the exact type-I seesaw relation
UDνU
T + RDNR
T = 0 obtained in Eq. (27) with O = U in the chosen Ml = Dl basis.
Note also that the approximations made in Eq. (228) allow us to achieve the approximate but
popular seesaw relation Mν ' −MDM−1R MTD, from which one may parametrize the Dirac neutrino
mass matrix MD in the basis of MR = DN [605]:
MD ' iUD1/2ν ΩD1/2N , (231)
where U ' U0 in the neglect of tiny unitarity-violating effects, and Ω is a complex orthogonal
matrix containing three rotation angles and three phase parameters. A comparison of Eq. (229)
with Eq. (231) allows one to establish a correlation between these two descriptions [606].
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Given MD, a calculation of the CP-violating asymmetries εiα (for i = 1, 2, 3 and α = e, µ, τ)
between the decay rates of Ni → `α + H and its CP-conjugate process Ni → `α + H with the help
of Eq. (50) will be possible. In view of the relations
Im
[
(Y∗ν )αi(Yν)α j(Y
†
νYν)i j
]
' 4
v4
M2i M
2
j Im
[
R∗αiRα j(R
†R)i j
]
,
Im
[
(Y∗ν )αi(Yν)α j(Y
†
νYν)
∗
i j
]
' 4
v4
M2i M
2
j Im
[
R∗αiRα j(R
†R)∗i j
]
, (232)
it becomes transparent that the nine CP-violating asymmetries εiα depend on the nine CP-violating
phase differences δi4 − δi5, δi4 − δi6 and δi5 − δi6 (for i = 1, 2, 3), among which six of them are
independent. This observation also implies that the CP-violating phases of Mν at low energies are
in general not directly connected to those of Yν at high energies [161].
5.2.3. On lepton flavor violation of charged leptons
Thanks to the discoveries of neutrino oscillations in a number of solar, atmospheric, reactor
and accelerator experiments, the fact of lepton flavor violation in the neutrino sector has been
convincingly established. It is the PMNS matrix U in Eq. (2) that describes the effects of lepton
flavor violation in the SM extended with the finite masses of three known neutrinos. Just like quark
flavor violation, which happens in those weak flavor-changing processes of both up- and down-
type quarks, lepton flavor violation should also take place in the charged-lepton sector. The most
typical example of this kind is the µ− → e− + γ decay mode, whose one-loop Feynman diagram
is illustrated by Fig. 25(a) in accordance with the standard weak interactions between charged
leptons and massive neutrinos described by Eq. (2). Given the tiny masses of three light neutrinos
νi (for i = 1, 2, 3), the branching ratio of this rare decay is found to be formidably suppressed in
magnitude [111, 607, 608, 609, 610, 611, 612] 30
B(µ− → e− + γ) = 3αem
32pi
∣∣∣∣∣∣∣
3∑
i=1
U∗µiUei
m2i
M2W
∣∣∣∣∣∣∣
2
=
3αem
32pi
∣∣∣∣∣∣∣
3∑
i=2
U∗µiUei
∆m2i1
M2W
∣∣∣∣∣∣∣
2
. 10−54 , (233)
where the unitarity of the 3× 3 PMNS matrix U has been assumed, and a rough estimate based on
current experimental data on the neutrino mass-squared differences and the PMNS matrix elements
has been made. It is obvious that switching off the neutrino masses will make such a reaction
completely forbidden, consistent with our naive expectation that lepton flavor violation and its
smallness in the charged-lepton sector are closely related to the finite and non-degenerate neutrino
masses in the minimal extension of the SM under discussion. Since the rate of µ− → e− + γ in
Eq. (233) is about forty orders of magnitude smaller than the sensitivity of current experiments,
any observation of charged-lepton flavor violation will be an unambiguous signal of new physics
beyond the SM [613, 614, 615, 616]. Besides µ± → e± + γ, the other muon-associated lepton-
flavor-violating processes include µ± → e± + e± + e∓, µ± + N → e± + N, µ± + N → e∓ + N′ and
µ± + e∓ → µ∓ + e±, where N and N′ denote the relevant nuclei. The tau-associated processes of
this kind include τ± → µ± + γ, τ± → e± + γ, τ± → µ± + µ± + e∓ and τ± → µ± + µ∓ + e±, and so on.
30This result applies strictly to the Dirac neutrinos. If νi (for i = 1, 2, 3) are the Majorana particles, the origin of
their tiny masses is believed to have something to do with some heavy degrees of freedom which may also contribute
to µ− → e− + γ. See Fig. 25(b) and Eq. (234) for illustration in the type-I seesaw mechanism.
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Figure 25: The one-loop Feynman diagrams for the lepton-flavor-violating µ− → e−+γ decay in the canonical seesaw
model, mediated by the light and heavy Majorana neutrinos (i.e., νi and Ni for i = 1, 2, 3), respectively.
Given the existence of three heavy Majorana neutrinos Ni in the canonical seesaw mechanism,
which slightly mix with the charged leptons as described by the 3×3 matrix R in Eq. (24), the rare
decay µ− → e− + γ may also occur via Fig. 25(b). In this case its branching ratio turns out to be
B(µ− → e− + γ) = 3αem
2pi
∣∣∣∣∣∣∣
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′
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2
,
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m2i
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+ 2
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R∗µiRei
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2
, (234)
where xi ≡ m2i /M2W  1 and x′i ≡ M2i /M2W  1 (for i = 1, 2, 3), and Gγ(x) is the loop function
which approaches x/4 for x  1 or 1/2 for x  1 [617, 618, 619]. Note that the 3 × 3 PMNS
matrix U is not exactly unitary because it is correlated with R through UU† + RR† = I as shown
in Eq. (211), and the explicit parametrizations of U and R have been given in section 5.1.1. Note
also that the exact type-I seesaw relation UDνU
T + RDNR
T = 0, in which Dν = Diag{m1,m2,m3}
and DN = Diag{M1,M2,M3}, makes the light and heavy Majorana neutrino masses intimately
correlated with the relevant flavor mixing parameters. To enhance the rate of this rare decay to
a level close to the present experimental sensitivity, one may abandon the requirement x′i  1
by lowering the conventional seesaw scale to the TeV regime or even lower such that the active-
sterile neutrino mixing angles θi j (for i = 1, 2, 3 and j = 4, 5, 6) of R can be as large as possible
[122, 216, 616, 617, 618, 620, 621]. If one goes beyond the SM framework by incorporating the
seesaw scenarios with some supersymmetric theories, for example, it will certainly be possible
to achieve much richer phenomenology of lepton flavor violation in the charged-lepton sector
[605, 619, 622, 623, 624, 625, 626, 627, 628, 629, 630, 631, 632, 633].
Of course, the heavy Majorana neutrinos can also mediate the lepton-number-violating decays
such as the 0ν2β processes depicted in Fig. 4(a) with the replacement νi → Ni (for i = 1, 2, 3). In
this case the nuclear matrix elements associated with light and heavy Majorana neutrinos are quite
different and thus involve more uncertainties [186, 195, 634, 635]. When the contribution of Ni to
the effective neutrino mass term 〈m〉ee is least suppressed, the overall width of a 0ν2β decay mode
in the canonical seesaw scenario can be approximately expressed as [197]
Γ0ν2β ∝
∣∣∣∣∣∣∣
3∑
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2
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3∑
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R2ei
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2
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2
ei
[
1 +
M2A
M2i
F (A,Mi)
]∣∣∣∣∣∣∣
2
, (235)
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where A denotes the atomic number of the isotope, F (A,Mi) ' 0.1 depending mildly on the
decaying nucleus, and MA ' 0.1 GeV [634, 636]. In obtaining the second equality of Eq. (235)
we have used the exact seesaw relation (UDνU
T )ee = −(RDNRT )ee. In view of the fact that the
values of Mi are far above the electroweak scale ΛEW ∼ 102 GeV, the second term in the square
brackets of Eq. (235) must be negligible in most cases, unless the contribution of νi is vanishing
or vanishingly small due to a significant cancellation among three different miU
2
ei components
[197, 198]. This observation implies that the lepton-number-violating 0ν2β decays are essentially
insensitive to the heavy degrees of freedom in the canonical seesaw mechanism.
5.3. keV-scale sterile neutrinos as warm dark matter
5.3.1. On the keV-scale sterile neutrino species
In the past decades a lot of new and robust evidence for the existence of non-luminous and
non-baryonic matter — dark matter (DM) in the Universe has been accumulated, but the nature of
such a strange form of matter remains a fundamental puzzle in modern science. Although the three
known neutrinos and their antiparticles definitely contribute to DM, their masses are so tiny that
they belong to the category of hot (or relativistic) DM and only constitute a very small fraction
of the total matter density of the Universe. A careful study of the structure formation indicates
that most of DM should be cold (or non-relativistic) at the onset of the galaxy formation [19]. The
most popular and well-motivated candidates for cold DM are expected to be the weakly interacting
massive particles (WIMPs) and axions (or axion-like particles), even though many other exotic
particles have also been proposed in building models beyond the SM [121].
In between the hot and cold regimes, warm DM is another intriguing possibility of explaining
the observed non-luminous and non-baryonic matter content in the Universe. The presence of
warm DM is likely to solve or soften several problems that one has so far encountered in current
DM simulations [637], such as damping the inhomogeneities on small scales by reducing the
number of dwarf galaxies or smoothing the cusps in the DM halos. From the point of view of
particle physics, the keV-mass-scale sterile neutrinos are expected to be an ideal candidate for
warm DM [118, 119, 120, 121]. Since sterile neutrinos are electrically neutral leptons, they satisfy
the so-called Tremaine-Gunn bound in cosmology [638] (i.e., their phase space distribution in a
galaxy cannot exceed that of the degenerate Fermi gas, and hence the mass of a single sterile
neutrino should be above 0.4 keV if such particles constitute 100% of the observed DM). To play
a prominent role as warm DM, keV-scale sterile neutrinos ought to be efficiently produced in
the early Universe. Given the fact that such sterile particles are unable to thermalize in an easy
way, the simplest mechanism for their production is either via non-resonant active-sterile neutrino
oscillations [118, 639] or through resonant active-sterile neutrino oscillations in the presence of a
non-negligible lepton number asymmetry [640, 641, 642].
For the sake of simplicity and illustration, here we assume that there is only a single sterile
neutrino species and its mass scale is around O(1) keV to constitute warm DM. Denoting the mass
eigenstate of such a sterile neutrino species νs as ν4, one may simply write out the 4 × 4 active-
sterile neutrino mixing matrix U as in Eq. (222) and then parametrize it as in Eq. (223). Since
|θi4|  1 (for i = 1, 2, 3) is naturally expected, let us simplify the parametrization of U by taking|Ue4|2 ' sin2 θ14, |Uµ4|2 ' sin2 θ24, |Uτ4|2 ' sin2 θ34 and |Us4|2 ' 1 for the four matrix elements
relevant to ν4 as a very good approximation. The dominant decay modes of ν4 with m4 ∼ O(1)
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keV are ν4 → να + νβ + νβ (for α, β = e, µ, τ) mediated by the Z0 boson at the tree level, and a sum
of their decay rates is given by [89]
τ∑
α=e
τ∑
β=e
Γ(ν4 → να + νβ + νβ) =
ηνG
2
Fm
5
4
192pi3
τ∑
α=e
|Uα4|2 , (236)
where ην = 1 (Dirac neutrinos) or ην = 2 (Majorana neutrinos). As a result, the lifetime of ν4 is
τν4
' 2.88 × 10
27
ην
( m4
1 keV
)−5 (sin2 θ∗
10−8
)−1
s , (237)
where sin2 θ∗ ≡ sin2 θ14+sin2 θ24+sin2 θ34 with θ∗ being an effective (overall) active-sterile neutrino
mixing angle. This lifetime is expected to be much larger than the age of the Universe (∼ 1017 s).
That is why the keV-scale sterile neutrinos may be a natural candidate for warm DM.
Note that in practice warm DM in the form of keV-scale sterile neutrinos is always produced
out of thermal equilibrium, and therefore its primordial momentum distribution is in general not
described by the Fermi-Dirac distribution [643]. Note also that this kind of DM may not only
suppress the formation of dwarf galaxies and other small-scale structures but also have impacts
on the X-ray spectrum, the velocity distribution of pulsars and the formation of the first stars
[644, 645]. So the effective mass and mixing parameters of keV-scale sterile neutrinos can be
stringently constrained by measuring the X-ray fluxes and the Lyman-α forest [646, 647].
The X-ray signal of a sterile neutrino ν4 with mass m4 ∼ O(1) keV is the photon with energy
Eγ ' m4/2, emitted from its radiative decay ν4 → νi + γ (for i = 1, 2, 3). Given m4  mi, the sum
of the three decay rates is found to be [89, 648, 649]
3∑
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9αemηνG
2
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5
4
512pi4
∣∣∣Us4∣∣∣2 τ∑
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∣∣∣Uα4∣∣∣2
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512pi4
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1.5 × 1022
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)5
s−1 , (238)
where αem ' 1/137 is the electromagnetic fine-structure constant. So far most of the astronomical
searches for a DM decay line in X-rays have not led us to a convincing signal. Such negative
results can be used to constrain sin2 2θ∗ as a function of m4, as illustrated in Fig. 26 [643, 650].
The smallness of θ∗ implies that the active-sterile neutrino mixing angles θi4 (for i = 1, 2, 3) are
at most of O(10−4), and hence it is very difficult to directly detect the existence of such keV-scale
sterile particles in a realistic laboratory experiment.
Note that an unidentified line with Eγ ' 3.55 keV has recently been reported in the stacked
spectrum of galaxy clusters [651], in the individual spectra of nearby galaxy clusters [651, 652,
653], in the Andromeda galaxy [652], and in the Galactic Center region [654]. Explaining this
line as a signal of the ν4 → νi + γ decay, one may arrive at the mass m4 ' 7.1 keV and the lifetime
τν4
∼ 1027.8±0.3 s [652]. Then it is straightforward to obtain sin2 2θ∗ ∼ 5 × 10−11 from Eq. (238)
with ην = 2 for the sterile Majorana neutrinos. But whether this observation is really solid and the
corresponding interpretation is close to the truth remains to be seen.
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Figure 26: Current limits on the effective active-sterile neutrino mixing parameter sin2 2θ∗ as a function of the sterile
neutrino mass m4 in the warm DM picture [643], in which the dark point corresponds to the unidentified line in X-rays
with Eγ ' 3.55 keV or m4 ' 7.1 keV.
Sterile neutrinos of O(1) keV have been taken into account in some phenomenological models
[557, 643, 655], although a part of such models are more or less contrived from a theoretical point
of view. Two typical examples of this kind are the so-called neutrino minimal standard model (or
νMSM) [656] and the so-called split seesaw model [657], which can not only realize the seesaw
and leptogenesis ideas but also accommodate one keV-scale sterile neutrino species as the warm
DM candidate. Here let us mention a purely phenomenological and model-independent argument
to support the conjecture of keV-scale sterile neutrinos as warm DM [89]. Fig. 2 shows that there
exists a remarkable desert spanning six orders of magnitude between O(0.5) eV and O(0.5) MeV
in the mass spectrum of twelve known fundamental fermions. This flavor desert puzzle might be
solved if one or more keV-scale sterile neutrinos are allowed to exist in the desert and they are
arranged to satisfy all the prerequisites of warm DM.
5.3.2. A possibility to detect keV-scale sterile neutrinos
As first pointed out by Weinberg in 1962 [658], it is in principle possible to capture the cos-
mic low-energy electron neutrinos on radioactive β-decaying nuclei (i.e., νe + N → N′ + e−). If
there exists a keV-scale sterile neutrino species which slightly mixes with the active neutrinos as
described byU in Eq. (222), then the ν4 component of νe is expected to leave a distinct imprint on
the electron energy spectrum 31. Note that such a capture reaction can take place for any kinetic
energy of the incident neutrino, simply because the associated β decay N → N′ + e− + νe always
31It is worth pointing out that the β-decaying nuclei can only be used to capture the neutrino component of hot or
warm DM. When the keV-scale sterile antineutrino DM is concerned, it is necessary to consider the electron-capture
decaying nuclei as a possible capture target. In this connection the isotope 163Ho is an interesting candidate that has
been studied to some extent [659].
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releases some energies (Qβ = mN − mN′ − me > 0). That is why Weinberg’s idea is uniquely ad-
vantageous to the detection of cosmic neutrinos whose masses and energies are much smaller than
the value of Qβ [660, 661, 662, 663, 664]. Since the product of the cross section of non-relativistic
neutrinos σi and their average velocity vi converges to a constant value in the low-energy limit
[661, 662], the capture rate for each νi can be expressed asNi = NT|Uei|2σivini, in which ni stands
for the number density of νi around the Earth or in our solar system, and NT denotes the average
number of target nuclei for the duration of detection. Assuming that the keV-scale sterile neutrinos
account for the total amount of DM in our Galactic neighborhood, one may estimate their number
density with the help of the average density of local DM ρlocalDM ' 0.3 GeV cm−3 [665]. The value
turns out to be n4 ' 105 (3 keV/m4) cm−3. On the other hand, the average number of the target
nuclei in the detecting time interval t is NT = N(0)(1 − e−λt)/(λt), where λ = ln2/t1/2 with t1/2
being the half-life of the target nuclei, and N(0) is the initial number of the target nuclei [89].
In the capture reaction each non-relativistic neutrino νi is in principle expected to produce a
monoenergetic electron with the kinetic energy T (i)e = Qβ + Eνi ' Qβ + mi. Given the fact that a
realistic experiment must have a finite energy resolution, one may take into account a Gaussian
energy resolution function in calculating the overall neutrino capture rate (i.e., the energy spectrum
of the detected electrons):
Nν =
4∑
i=1
NT|Uei|2σivini 1√2pi σ exp
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 , (239)
where σ characterizes a finite energy resolution and its unit is keV. Note that NT ' N(0) is an
excellent approximation for long-lived 3H, but this is not true for 106Ru and some other heavy
nuclei which have either t1/2 ∼ t or t1/2 < t. The main background of such a neutrino capture
process is certainly its corresponding β decay. Since the finite energy resolution may push the
outgoing electron’s ideal endpoint Qβ − min(mi) towards a higher energy region, it is likely to
mimic the desired signal of the neutrino capture reaction [664, 666]. Taking the same energy
resolution as that in Eq. (239), we can describe the energy spectrum of a β decay as
dNβ
dTe
=
∫ Qβ−min(mi)
0
dT ′e
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NT
G2F cos
2 ϑC
2pi3
F
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Z, Ee
) |M|2 √E2e − m2e Ee(Qβ − T ′e)
×
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|Uei|2
√
(Qβ − T ′e)2 − m2i Θ(Qβ − T ′e − mi)
] 1√
2pi σ
exp
−(Te − T ′e)22σ2
 , (240)
where T ′e = Ee − me is the intrinsic kinetic energy of the outgoing electron, F(Z, Ee) denotes the
Fermi function, |M|2 stands for the dimensionless contribution of relevant nuclear matrix elements
[667], and ϑC ' 13◦ is the Cabibbo angle. Given the standard parametrization of the 4 × 4 active-
sterile neutrino mixing matrixU in Eq. (223), it is apparently the mixing angle θ14 that determines
how significant the role of ν4 can be in Eqs. (239) and (240), corresponding respectively to the
signal and the background. In view of the stringent constraint shown in Fig. 26 and the fact
that sin2 θ14 is just one of the three components of sin
2 θ∗, we roughly expect sin
2 θ14 . 10−8.
This expectation implies that the capture rate of keV-scale sterile neutrino DM on radioactive
β-decaying nuclei must be extremely small.
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Figure 27: The capture rate of keV sterile neutrino DM as a function of the kinetic energy Te of the electrons, where
m4 ' 5 keV and sin2 θ14 ' 1 × 10−9 are typically input. The solid (or dotted) curves denote the signals with (or
without) the half-life effect of the target nuclei, and the dashed curve stands for the β-decay background [664].
For the purpose of illustration, let us choose tritium (3H) and ruthenium (106Ru) nuclei as the
benchmark targets to capture keV sterile neutrino DM, simply because their capture reactions have
relatively large cross sections. Here we quote the inputs Qβ = 18.59 keV, t1/2 = 3.8878 × 108 s
and σivi/c = 7.84 × 10−45 cm2 for 3H; and Qβ = 39.4 keV, t1/2 = 3.2278 × 107 s and σivi/c =
5.88×10−45 cm2 for 106Ru, where c is the speed of light [661]. For simplicity, we adopt |M|2 ' 5.55
for both 3H and 106Ru [667]. A numerical analysis shows that the relative values of Te − Qβ in
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the electron energy spectra of the neutrino capture reaction and the corresponding β decay are
insensitive to the input of |M|2, although dNβ/dTe itself is sensitive to |M|2 [664]. With the help
of Eqs. (239) and (240), we calculate the capture rateNν and the background distribution dNβ/dTe
for 3H and 106Ru nuclei by typically taking m4 ' 5 keV and sin2 θ14 ' 1 × 10−9. The normal mass
ordering of three active neutrinos with m1 ' 0 is assumed, and the best-fit values of three active
neutrino mixing angles are input. Fig. 27 is a summary of the main numerical results, where the
finite energy resolution ∆ = 2
√
2 ln 2σ ' 2.35482σ has been chosen to distinguish the signal
from the background. Furthermore, the half-life t1/2 of target nuclei should be taken into account
because their number has been decreasing during the experiment. We give a comparison between
the result including the finite half-life effect and that in the assumption of a constant number of
target nuclei for an experiment with the one-year exposure time (i.e., t = 1 year). To optimistically
illustrate the signature of keV-scale sterile neutrino DM in this detection method, we assume 10
kg 3H and 1 ton 106Ru as the isotope sources in our calculations. It is worth emphasizing that the
half-life effect is important for the source of 106Ru nuclei, but it is negligible for the source of
3H nuclei. The endpoint of the β-decay energy spectrum is sensitive to ∆, while the peak of the
neutrino-capture energy spectrum is always located at Te ' Qβ + m4. In practice a relatively large
gap between the location of the signature of ν4 and the β-decay endpoint in the electron recoil
energy spectrum implies that the signature should be essentially independent of the corresponding
β-decay background [664, 666] 32.
A good news is that the required energy resolution to identify a signature of keV-scale sterile
neutrino DM is of O(0.1) keV to O(1) keV, which may easily be reached in the realistic KATRIN
β-decay experiment with 3H being the isotope source [669, 670]. The bad news is that the tiny
active-sterile neutrino mixing angles make the observability of such hypothetical particles rather
dim and remote. For instance, the capture rate of ν4 on 10 kg
3H (or 1 ton 106Ru) nuclei is only of
O(10−3) per year for m4 ' 5 keV and sin2 θ14 ' 1 × 10−9, as shown in Fig. 27. In this regard new
ideas and novel detection techniques are needed to go beyond the state of the art [643].
5.4. Anomaly-motivated light sterile neutrinos
5.4.1. The anomalies hinting at light sterile neutrinos
From a theoretical point of view, there is almost no motivation to consider the existence of
one or more light sterile neutrino species in the eV mass range because such hypothetical particles
are not expected to help solve any fundamental problems known today in the flavor sector of
particle physics and cosmology. But since 1995 some anomalous results have been obtained in
several short-baseline neutrino experiments, triggering off a lot of conjectures that there might
exist some extra degrees of freedom beyond the SM — the light sterile neutrinos as the simplest
solutions to those “anomalies”. In other words, the anomalies are presumably ascribed to the
active-sterile neutrino mixing and active-to-sterile flavor oscillations. Given the fact that a new
wave of experimental endeavors are underway to confirm or exclude the relevant anomalies [671],
here let us briefly review the experimental status and phenomenological studies in this respect.
32In this connection another potential background is the electron events produced by the scattering of low-energy
solar pp neutrinos with electrons in the target atoms [668], but it should be suppressed by improving the energy
resolution of a realistic experiment of this kind.
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The first anomaly of this kind is the observation of an unexpected excess of the νe-like events
in a very pure νµ beam (produced from the decay mode µ
+ → e++νe +νµ) by the Liquid Scintillator
Neutrino Detector (LSND) in a 30-meter short-baseline accelerator antineutrino experiment [672].
If such an excess is ascribed to νµ → νe oscillations, then an oscillation probability of (0.34+0.20−0.18 ±
0.07)% can be obtained, although a different interpretation of the original measurement appeared
from the very beginning [673]. A further measurement shows that the number of the observed
excess events is 87.9 ± 22.4 ± 6.0, about 3.8σ over the background-only expectation [674, 675].
To clarify the LSND anomaly, the Mini Booster Neutrino Experiment (MiniBooNE) was de-
signed to search for the signals of short-baseline νµ → νe and νµ → νe oscillations [676]. Although
the baseline length of this experiment is eighteen times longer than that of the LSND experiment,
both of them have the same L/E ratio and thus the same oscillation frequency. It turned out that
an excess of the electron-like events was observed in the low-energy region via both neutrino and
antineutrino modes, and the significance of such results has steadily increased [677, 678, 679].
The recent MiniBooNE result indicates an anomaly at the 4.7σ significance level [675], which is
more or less consistent with the LSND result.
It is impossible to interpret the LSND and MiniBooNE anomalies within the standard three-
flavor neutrino oscillation framework, because the parameter space of this framework is already
saturated in successfully accounting for those robust experimental results of solar, atmospheric,
reactor and accelerator neutrino (or antineutrino) oscillations. That is why a light sterile neutrino
species has typically been introduced to explain the above short-baseline anomalies via the active-
to-sterile neutrino oscillations. In this case one may use the (3+1) active-sterile neutrino mixing
matrix U in Eq. (223) to calculate the probabilities of νµ → νe and νµ → νe oscillations and then
confront them with the LSND and MiniBooNE results. The corresponding oscillation parameters
are ∆m241 ≡ m24−m21, |Ue4|2 = sin2 θ14 and |Uµ4|2 = cos2 θ14 sin2 θ24 ' sin2 θ24, and their magnitudes
are expected to be ∆m241 ∼ O(1) eV2 and sin2 θ14 ∼ sin2 θ24 . O(10−2) [671].
The so-called gallium anomaly is another well known example which has motivated the con-
jecture of a light sterile neutrino species. It means a deficit of about 15% regarding the ratio of
the measured-to-predicted neutrino-induced signal rates in the radiochemical solar neutrino ex-
periments GALLEX [680] and SAGE [681] with 71Ga being the target nuclei. The significance
of such an anomaly is at the 3σ level [682, 683], and it can be interpreted as a consequence of
νe → νe oscillations in the (3+1) active-sterile neutrino mixing scheme with ∆m241 ∼ O(1) eV2 and
sin2 θ14 ∼ O(10−2) to O(10−1) being the dominant oscillation parameters [684].
The reactor antineutrino anomaly has also provided some hints at the possible existence of a
light sterile neutrino species in the eV mass range and with an active-sterile flavor mixing factor
sin2 2θ14 ∼ O(0.1) [685]. It originated from a 6% deficit of the observed reactor νe events as
compared with the recalculated reactor antineutrino flux of four main fission isotopes 235U, 238U,
239Pu and 241Pu [686, 687] 33, with a significance of about 3σ. But it is worth pointing out that
the recent Daya Bay measurement has convincingly rejected both the hypothesis of a constant νe
flux as a function of the 239Pu fission fraction and the hypothesis of a constant νe energy spectrum,
indicating that 235U may be the primary contributor to the reactor antineutrino anomaly [690]. In
33Such updated calculations were based on some more complicated ab initio methods and gave rise to a slightly
larger prediction for the νe flux than the previous one [688, 689].
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this situation whether the active-to-sterile antineutrino oscillations remain a reasonable solution to
the anomaly is open to question [691, 692].
Note that there is also a so-called “shape anomaly” in the reactor antineutrino spectrum, refer-
ring to a bump structure or an excess in the observed νe spectrum as compared with the predicted
shape around 5 MeV [693, 694, 695]. Since this anomaly is not only measured by both the near
and far detectors but also correlated with the reactor power, it is very hard to interpret it with the
help of the active-to-sterile antineutrino oscillations. Instead, such an anomalous shape of the νe
spectrum casts some doubt on the reliability of our current calculations of the reactor antineutrino
flux and spectrum [696, 697, 698, 699].
Today a number of short-baseline reactor antineutrino experiments (e.g., NEOS [700], DANSS
[701], STEREO [702], PROSPECT [703], Neutrino-4 [704] and SoLid [705]) are underway to-
wards verifying or disproving the light sterile neutrino hypothesis. Although it seems possible to
interpret the aforementioned LSND, MiniBooNE, Gallium and reactor antineutrino anomalies in
the (3+1) active-sterile (anti)neutrino mixing scenario with m4 ∼ O(1) eV and sin2 θ14 ∼ sin2 θ24 ∼O(10−2), a careful global analysis has recently shown a tension between the data from appearance
and disappearance experiments at the 4.7σ level [706]. In addition, the existence of such a light
thermalized sterile neutrino species is strongly disfavored by the Planck data on the cosmological
side [105]. In particular, the Planck constraints on the sum of all the light neutrino masses and
the effective extra relativistic degrees of freedom almost leave no room for a hypothetical eV-scale
sterile neutrino species of this kind.
5.4.2. Some possible phenomenological consequences
Given a light sterile antineutrino species which takes part in νe → νe oscillations in a reactor
antineutrino experiment, the corresponding disappearance oscillation probability can be obtained
by extending the standard three-flavor oscillation formula in Eq. (90) as follows [350]:
P(νe → νe) = 1 − cos4 θ14
[
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where the parametrization of the 4 × 4 active-sterile neutrino mixing matrix in Eq. (223) has
been adopted. It is clear that switching off θ14 will allow Eq. (241) to reproduce the standard
result shown in Eq. (90). Let us make some immediate comments on the new oscillatory terms.
First, the oscillatory term driven by ∆m243 is doubly suppressed by the small flavor mixing factors
sin2 θ13 and sin
2 2θ14, and hence it should not play any important role in most cases, no matter how
large or small the magnitude of ∆m243 is. Second, a sum of the three oscillatory terms driven by
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∆m241 ' ∆m242 ' ∆m243 ∼ O(1) eV2 has been extensively assumed to explain the reactor antineutrino
anomaly, as discussed above. Third, the new interference term in Eq. (241) is proportional to the
product of sin2 2θ14, cos 2θ12, cos
2 θ13, sin[∆m
2
21L/(4E)] and sin[(∆m
2
41 + ∆m
2
42)L/(4E)], which is
apparently sensitive to the sign of ∆m241 + ∆m
2
42. Unless the value of m4 is in between those of m1
and m2, the mass-squared differences ∆m
2
41 and ∆m
2
42 must have the same sign. If the standard and
new interference terms are put together, namely
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 , (242)
then whether the latter may contaminate the former will be a concern for the upcoming JUNO
experiment [350]. Such a concern certainly depends on the possible values of θ14, ∆m
2
41 and ∆m
2
42.
Finally, it should be kept in mind that the probabilities of (anti)neutrino oscillations are invariant
under the transformations θ12 → θ12 − pi/2 and m1 ↔ m2 [707], as one can see in Eqs. (90)
and (242). That is why it looks quite natural for the interference terms to be proportional to the
product of cos 2θ12 and sin[∆m
2
21L/(4E)], which both change their signs under θ12 → θ12−pi/2 and
m1 ↔ m2. As a consequence, the interference effects would vanish if θ12 = pi/4 held.
Of course, the existence of one or more light sterile (anti)neutrino species will also affect the
“appearance-type” (anti)neutrino oscillations, such as νµ → νe and νµ → νe oscillations [708, 709,
710]. In this connection the phenomenology can be very rich, including new CP-violating effects
and neutral-current-associated matter effects.
Moreover, both the effective electron-neutrino mass of the β decays and that of the 0ν2β decays
will be modified in the presence of such new degrees of freedom if they slightly mix with the active
neutrinos. In the (3+1) active-sterile neutrino mixing scheme, for example, one obtains
〈m〉′e =
√(
m21 cos
2 θ12 cos
2 θ13 + m
2
2 sin
2 θ12 cos
2 θ13 + m
2
3 sin
2 θ13
)
cos2 θ14 + m
2
4 sin
2 θ14 , (243)
and
〈m〉′ee =
[
m1 cos
2 θ12 cos
2 θ13 exp(iφe1) + m2 sin
2 θ12 cos
2 θ13 + m3 sin
2 θ13 exp(iφe3)
]
cos2 θ14
+m4 sin
2 θ14 exp(iφe4) , (244)
where the three phase parameters φe1, φe3 and φe4 are all allowed to vary in the [0, 2pi) range.
Switching off the mixing angle θ14 will reduce Eqs. (243) and (244) to the standard three-flavor
expressions 〈m〉e and 〈m〉ee in Eqs. (92) and (93), respectively. It is obvious that 〈m〉′e ≥ 〈m〉e
always holds, but it is difficult to compare between the magnitudes of 〈m〉ee and 〈m〉′ee because the
CP-violating phases are likely to cause significant cancellations among their respective compo-
nents. The extreme case is either 〈m〉ee → 0 [388, 389, 390] or 〈m〉′ee → 0 [711, 712, 713] (see
section 7.2.1 for a detailed discussion about the parameter space of 〈m〉ee → 0).
For the time being one has to admit that the conjecture of any light sterile (anti)neutrino species
is primarily motivated by some experimental anomalies at the phenomenological level and lacks
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a convincing theoretical motivation. In other words, it remains unclear why such light and sterile
degrees of freedom should exist in nature and what place they could find in a more fundamental
flavor theory and (or) in the evolution of our Universe.
6. Possible Yukawa textures of quark flavors
6.1. Quark flavor mixing in the quark mass limits
6.1.1. Quark mass matrices in two extreme cases
As outlined in section 1.2, the flavor puzzles in the quark sector include why the mass spectra
of up- and down-type quarks are strongly hierarchical (i.e., mu  mc  mt and md  ms 
mb) at a given energy scale; why the six off-diagonal elements of the CKM quark flavor mixing
matrix V are strongly suppressed in magnitude, implying the smallness of three flavor mixing
angles; and how the origin of CP violation is correlated with the generation of quark masses.
In the lack of a complete flavor theory capable of predicting the flavor structures of six quarks,
it is certainly hard to answer the above questions. On the one hand, some great ideas like grand
unifications, supersymmetries and extra dimensions are not powerful enough to solve the observed
flavor puzzles; on the other hand, the exercises of various group languages or flavor symmetries
turn out to be too divergent to converge to something unique [275].
Without invoking a specific quark mass model, we emphasize that it is actually possible to
follow a purely phenomenological way to understand some salient features of quark flavor mixing
based on the quark mass hierarchies. The key point is that the CKM matrix V = O†uOd depends
on the quark mass matrices Mu and Md via the unitary matrices Ou and Od, simply because of
O†uMuM
†
uOu = D
2
u = Diag{m2u,m2c ,m2t } and O†dMdM†dOd = D2d = Diag{m2d,m2s ,m2b} as shown in
Eq. (6) or Eq. (8). Then the off-diagonal elements of V are expected to be certain simple func-
tions of the quark mass ratios and some extra dimensionless variables (e.g., the phase parameters
responsible for CP violation) [449], which should be sensitive to the limits mu → 0 and md → 0
or the limits mt → ∞ and mb → ∞. Such a starting point of view is analogous to two well-known
working symmetries in the effective field theories of QCD [714]: the chiral quark symmetry (i.e.,
mu,md,ms → 0) and the heavy quark symmetry (i.e., mc,mb,mt → ∞). The reason for the use-
fulness of these two symmetries is that masses of the light quarks are far below the QCD scale
ΛQCD ∼ 0.2 GeV, whereas masses of the heavy quarks are far above it. In calculating the elements
of V from Mu and Md, we find that the mass limits corresponding to the chiral and heavy quark
symmetries are equivalent to setting the relevant mass ratios to zero. Such a treatment may help
understand the observed pattern of V in a simple way, and some preliminary attempts have been
made along this line of thought [288, 479, 550, 715, 716].
Note that the quark mass limit mu → 0 (or md → 0) does not point to a unique texture of Mu
(or Md) in general, because the form of a quark mass matrix is always basis-dependent. Without
loss of generality, one may always choose a particular flavor basis such that the Hermitian matrices
MuM
†
u and MdM
†
d in the respective mu → 0 and md → 0 limits can be written as
lim
mu→0
MuM
†
u =
0 0 00 ∧u ♥u0 ♥∗u 4u
 , limmd→0 MdM†d =
0 0 00 ∧d ♥d0 ♥∗d 4d
 , (245)
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in which the symbols denote the nonzero elements. On the other hand, we argue that a given quark
will become decoupled from other quarks if its mass goes to infinity. In this case it is possible to
choose a proper flavor basis such that MuM
†
u and MdM
†
d can be expressed as
lim
mt→∞
MuM
†
u =
×u Ou 0O∗u ∨u 00 0 ∞
 , limmb→∞MdM†d =
×d Od 0O∗d ∨d 00 0 ∞
 . (246)
In other words, the 3 × 3 Hermitian matrix MuM†u (or MdM†d) can be simplified to an effective
2 × 2 Hermitian matrix in either the chiral quark mass limit or the heavy quark mass limit. This
observation is certainly consistent with the fact of mu  mc  mt and md  ms  mb at an
arbitrary energy scale [90, 91], and it provides a possibility of explaining some of the properties
of quark flavor mixing in no need of going into details of Mu and Md.
6.1.2. Some salient features of the CKM matrix
Now let us try to understand some salient features of the CKM matrix V = O†uOd shown in
Table 8 and Eq. (79) by taking the chiral and heavy quark mass limits. To be more specific, we
write out the nine elements of V as follows:
Vαi = (O
∗
u)1α(Od)1i + (O
∗
u)2α(Od)2i + (O
∗
u)3α(Od)3i , (247)
where α and i run over the flavor indices (u, c, t) and (d, s, b), respectively. Then we are able to
phenomenologically interpret why |Vus| ' |Vcd| and |Vcb| ' |Vts| hold to an excellent degree of
accuracy, why |Vcd/Vtd| ' |Vcs/Vts| ' |Vtb/Vcb| is a reasonable approximation, and why |Vub/Vcb| is
much smaller than |Vtd/Vts| with the help of Eqs. (245) and (246).
(1) In the mt → ∞ and mb → ∞ limits, the matrices MuM†u and MdM†d are of the form given in
Eq. (246). The corresponding unitary matrices used to diagonalize them can be expressed as
lim
mt→∞
Ou =
 c12 sˆ
∗
12 0−sˆ12 c12 0
0 0 1
 , limmb→∞Od =
 c
′
12 sˆ
′∗
12 0−sˆ′12 c′12 0
0 0 1
 , (248)
where c(′)12 ≡ cosψ(′)12 and sˆ(′)12 ≡ eiδ
(′)
12 sinψ(′)12 are defined in a way similar to Eq. (205a). So we are
left with the equality Vcd = −V∗us = s12c′12eiδ12 − c12s′12eiδ
′
12 , which is perfectly consistent with the
experimental result |Vcd| ' |Vus|. In other words, the approximate relation |Vus| ' |Vcd| is a natural
consequence of mt  mc  mu and mb  ms  md [550]. When the mu → 0 and md → 0
limits are taken as in Eq. (245), the unitary matrices used to diagonalize MuM
†
u and MdM
†
d can be
respectively written as
lim
mu→0
Ou =
1 0 00 c23 sˆ∗230 −sˆ23 c23
 , limmd→0 Od =
1 0 00 c′23 sˆ′∗230 −sˆ′23 c′23
 , (249)
where c(′)23 ≡ cosψ(′)23 and sˆ(′)23 ≡ eiδ
(′)
23 sinψ(′)23. Then we obtain Vts = −V∗cb = s23c′23eiδ23 − c23s′23eiδ
′
23 ,
which is in very good agreement with the experimental result |Vcb| ' |Vts|. That is to say, the
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approximate equality |Vcb| ' |Vts| can naturally be attributed to the strong quark mass hierarchies
mu  mc  mt and md  ms  mb.
(2) The numerical results listed in Table 8 tell us that |Vtd/Vcd| ' 0.040, |Vts/Vcs| ' 0.042 and|Vcb/Vtb| ' 0.042, implying |Vtd/Vcd| ' |Vts/Vcs| ' |Vcb/Vtb| as a very good approximation. We find
that such an interesting relation holds exactly if the quark mass limits mu → 0 and mb → ∞ are
combined together. To be explicit,
V = lim
mu→0
O†u limmb→∞
Od =
 c
′
12 sˆ
′∗
12 0−c23 sˆ′12 c23c′12 −sˆ∗23−sˆ23 sˆ′12 sˆ23c′12 c23
 , (250)
with the help of Eqs. (248) and (249). We are therefore left with |Vtd/Vcd| = |Vts/Vcs| = |Vcb/Vtb| =
tanψ23 with ψ23 being in the first quadrant. Eq. (250) also indicates that Vub should be the smallest
CKM matrix element. These simple observations are well consistent with current experimental
data, especially when ψ23 ' 2.35◦ is input. But it should be noted that a combination of the limits
mt → ∞ and md → 0 is less favored from a phenomenological point of view, because such a
treatment will predict both |Vtd| = 0 and |Vub/Vus| = |Vcb/Vcs| = |Vts/Vtb|, which are essentially in
conflict with Table 8 and Eq. (79). In particular, the limit |Vub| → 0 is apparently much closer to
reality than the limit |Vtd| → 0.
(3) Although the CKM matrix V is nearly symmetric about its Vud-Vcs-Vtb axis, the fact that
the ratio |Vtd/Vts| is about 2.5 times larger than |Vub/Vcb| needs an explanation. With the help of
Eqs. (246)—(248), we immediately obtain
lim
mb→∞
∣∣∣∣∣∣VubVcb
∣∣∣∣∣∣ =
∣∣∣∣∣∣ (Ou)3u(Ou)3c
∣∣∣∣∣∣ , limmt→∞
∣∣∣∣∣∣VtdVts
∣∣∣∣∣∣ =
∣∣∣∣∣∣ (Od)3d(Od)3s
∣∣∣∣∣∣ , (251)
in the mb → ∞ and mt → ∞ limits, respectively. This result is rather nontrivial in the sense that|Vub/Vcb| turns out to be independent of the down-quark sector in the mb → ∞ limit, while |Vtd/Vts|
has nothing to do with the up-quark sector in the mt → ∞ limit [275, 550]. The flavor indices
appearing on the right-hand side of Eq. (251) are especially suggestive: |Vub/Vcb| is associated with
the u and c quarks, and |Vtd/Vts| is dependent on the d and s quarks. One is therefore motivated to
speculate that these two CKM modulus ratios should be two simple functions of the quark mass
ratios mu/mc and md/ms, respectively, in the mb → ∞ and mt → ∞ limits. Given |Vub/Vcb| ' 0.087
and |Vtd/Vts| ' 0.22 from Table 8, as compared with
√
mu/mc ' λ2 ' 0.048 and
√
md/ms ' λ '
0.22 from Table 7, it is reasonable to make the conjectures
lim
mb→∞
∣∣∣∣∣∣VubVcb
∣∣∣∣∣∣ ' c1
√
mu
mc
, lim
mt→∞
∣∣∣∣∣∣VtdVts
∣∣∣∣∣∣ ' c2
√
md
ms
, (252)
where c1 and c2 are the O(1) coefficients. Eq. (252) is certainly consistent with the well-known
Fritzsch texture of quark mass matrices [135, 136] and some of its variations [479, 509, 717, 718].
Here it makes sense to compare the relations in Eq. (252) with those in Eq. (136), which are
based on a particular parametrization of V advocated in Eq. (135). Since md > mu but ms < mc,
the inequality |Vub/Vcb| < |Vtd/Vts| is therefore a natural consequence of the strong quark mass
hierarchies. But such an argument and the conjectures made above are purely phenomenological
and hardly distinguishable from many other interesting ideas of this kind from an experimental
perspective, and hence it remains unclear whether they can find a good theoretical reason or not.
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6.2. Quark flavor democracy and its breaking effects
6.2.1. S3 and S3L × S3R flavor symmetry limits
The SM is unsatisfactory in the flavor sector because the flavor structures of leptons and quarks
are completely undetermined. That is why this powerful theory has no predictive power for both
the values of fermion masses and those of flavor mixing parameters. To change this unfortunate
situation, one has to find a way out by reducing the number of free flavor parameters and thus
enhancing the predictability and testability of the SM itself or its reasonable extensions. In this
regard proper flavor symmetries are expected to be very helpful in determining the flavor structures
and explaining current experimental data. One of the simplest flavor groups used to account for
the observed patterns of the CKM quark mixing matrix is the non-Abelian S3 group [132, 133] —
a permutation group of three objects which contains six elements [719, 720, 721]
S (123) =
1 0 00 1 00 0 1
 , S (231) =
0 1 00 0 11 0 0
 , S (312) =
0 0 11 0 00 1 0
 ,
S (213) =
0 1 01 0 00 0 1
 , S (132) =
1 0 00 0 10 1 0
 , S (321) =
0 0 10 1 01 0 0
 . (253)
These six group elements can be categorized into three conjugacy classes: C0 =
{
S (123)
}
, C1 ={
S (231), S (312)
}
and C2 =
{
S (213), S (132), S (321)
}
. Moreover, S3 has one subgroup of order three, Z3 ={
S (123), S (231), S (312)
}
, together with three subgroups of order two, Z(12)2 =
{
S (123), S (213)
}
, Z(23)2 ={
S (123), S (132)
}
and Z(31)2 =
{
S (123), S (321)
}
[722].
Given the kinetic term LF and the Yukawa interaction term LY of the SM fermions in Eq. (3),
together with the Dirac neutrino Yukawa coupling term in Eq. (12), one may require the relevant
left- and right-handed fermion fields to transform as QL → S (i jk)QL, `L → S (i jk)`L, UR → S (lmn)UR,
DR → S (lmn)DR, ER → S (lmn)ER and NR → S (lmn)NR, where S (i jk) and S (lmn) (for i , j , k = 1, 2, 3
and l , m , n = 1, 2, 3) can be either identical or different. Then it is easy to see that both LF
and the extra NRi/∂NR term are automatically invariant under the above transformations, and LY
is also invariant under the same transformations if the corresponding Yukawa coupling matrices
satisfy the conditions S (i jk)Y f = Y f S
(lmn) (for f = u, d, l or ν). After spontaneous gauge symmetry
breaking, the resulting fermion mass matrices similarly satisfy
S (i jk)Mx = MxS
(lmn) , (254)
where the subscript “x” runs over u, d, l or D. Then we are left with only two possible textures of
these four mass matrices:
S (i jk) = S (lmn) −→ Mx = ax
1 1 11 1 11 1 1
 + bx
1 0 00 1 00 0 1
 ; (255a)
S (i jk) , S (lmn) −→ Mx = ax
1 1 11 1 11 1 1
 , (255b)
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where the democratic matrix is identical with either a sum of S (123), S (231) and S (312) or a sum
of S (213), S (132) and S (321), the identity matrix is equal to S (123), and the coefficients ax and bx
govern the mass scales of Mx. Since the left- and right-handed fields of a Dirac fermion are
a priori unrelated to each other, it is natural to take S (i jk) , S (lmn) when making the above S3
transformations. We therefore expect that the Dirac fermion mass matrix in Eq. (254) should
exhibit an S3L × S3R symmetry [132, 133], or equivalently the flavor democracy [137].
If massive neutrinos are of the Majorana nature and their mass term is described by Eq. (16),
then their left- and right-handed fields must be correlated with each other and hence the cor-
responding neutrino mass matrix Mν under S3 symmetry is expected to contain both the flavor
democracy term and the identity matrix term — the S (i jk) = S (lmn) case as shown in Eq. (255b)
[723, 724, 725]. Namely, Mν is of the form
Mν = aν
1 1 11 1 11 1 1
 + bν
1 0 00 1 00 0 1
 , (256)
in the S3 flavor symmetry limit. In the assumption of aν = 0 [138, 139, 726, 727] or |aν|  |bν|
[721, 723, 724, 725], one may combine the texture of Mν in Eq. (256) and that of Ml in Eq. (66)
or Eq. (255b) to arrive at a constant lepton flavor mixing matrix as the one given in Eq. (104),
and stabilize this “democratic” flavor mixing pattern by introducing proper perturbations to the
S3L ×S3R symmetry. This kind of explicit symmetry breaking is also expected to generate nonzero
values of the smallest flavor mixing angle and CP-violating phases [138]. Alternatively, one may
obtain the “tribimaximal” neutrino mixing matrix in Eq. (106) from Mν in Eq. (256) by assuming
the charged-lepton mass matrix Ml to be diagonal, and stabilize such an interesting flavor mixing
pattern by breaking the S3 flavor symmetry of Mν [719, 720].
As pointed out in Eqs. (66), (73) and (74), the flavor democracy or S3L×S3R symmetry is a good
starting point of view to understand the strong mass hierarchies of charged leptons, up-type quarks
and down-type quarks. Given the structural parallelism between Mu and Md, which is presumably
expected to be true if the two quark sectors share the same flavor dynamics, the CKM matrix V
must be the identity matrix in the S3L × S3R symmetry limit. In other words, V = OT∗O∗ = I holds
when both Mu and Md are of the democratic form as shown in Eq. (74), where the orthogonal
matrix O∗ used to diagonalize these two special mass matrices has been given in Eq. (67). The
small quark flavor mixing angles and CP-violating effects are therefore a consequence of proper
flavor democracy breaking in the two quark sectors [137].
A purely phenomenological extension of the aforementioned flavor democracy hypothesis is
the so-called “universal Yukawa coupling strength” scenario [728, 729, 730, 731] — a conjecture
that all the Yukawa coupling matrix elements of leptons and quarks have the identical moduli but
their phases are in general different:
Yx ∝
exp(iφ
x
11) exp(iφ
x
12) exp(iφ
x
13)
exp(iφx21) exp(iφ
x
22) exp(iφ
x
23)
exp(iφx31) exp(iφ
x
32) exp(iφ
x
33)
 , (257)
where the flavor index x runs over u, d, l or D for the up-type quark, down-type quarks, charged
leptons or Dirac neutrinos. Some of the phase parameters in Eq. (257) can be rotated away by
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redefining phases of the right-handed fermion fields. A further simplification of Yx is also possible
by taking some phase parameters to be vanishing. Note that the nonzero phases of Yx can be
regarded as a source of flavor democracy breaking, and thus they should also be responsible for the
origin of CP violation in weak charged-current interactions. To account for current experimental
data about fermion mass spectra and flavor mixing patterns, however, a careful arrangement of the
relevant phase parameters has to be made.
6.2.2. Breaking of the quark flavor democracy
Starting from the flavor democracy limit under discussion, one may in principle follow the
symmetry breaking steps S3L × S3R → S2L × S2R → S1L × S1R or simply S3L × S3R → S1L × S1R to
generate masses of the second- and first-family quarks. Flavor mixing and CP violation are also
expected to show up after implementing such a spontaneous or explicit symmetry breaking chain,
but whether the latter is phenomenologically acceptable depends on whether the resulting CKM
matrix and quark mass spectrum are compatible with current experimental data.
To illustrate, we consider a simple two-Higgs-doublet extension of the SM in its quark sector:
−Lquark = QLY (0)u URH˜1 + QLY (0)d DRH1 + QLY (1)u URH˜2 + QLY (1)d DRH2 + h.c. , (258)
which is invariant under the S3 transformations QL → S (i jk)QL, UR → S (i jk)UR and DR → S (i jk)DR
together with H1 → H1 and H2 → H2 (for S (123), S (312) and S (231)) or H2 → −H2 (for S (213), S (132)
and S (321)), where the hypercharges of H1 and H2 are both +1/2 [732]. In this case we are left with
Y (0)q = aq
1 1 11 1 11 1 1
 + bq
1 0 00 1 00 0 1
 , Y (1)q = cq
 0 1 −1−1 0 11 −1 0
 , (259)
where q = u or d. After the Higgs doublets H1 and H2 acquire their respective vacuum expectation
values 〈H1〉 ≡ 〈0|H1|0〉 = (0, v1/
√
2)T and 〈H2〉 ≡ 〈0|H2|0〉 = (0, v2/
√
2)T ei% with % being the
relative phase between 〈H1〉 and 〈H2〉, the SU(2)L × U(1)Y × S3 symmetry of Lquark in Eq. (258)
will be spontaneously broken. As a straightforward consequence,
Mq =
v1√
2
aq
1 1 11 1 11 1 1
 + bq
1 0 00 1 00 0 1

 + v2√2cqei%
 0 1 −1−1 0 11 −1 0
 , (260)
in which the term proportional to cq exp(i%) is responsible for both S3 symmetry breaking and
CP violation. Such a simple model has no way to fit current experimental data, and hence it is
necessary to introduce more complicated symmetry breaking terms in an explicit way [732].
One of the empirically acceptable examples of explicit S3L × S3R symmetry breaking is as
follows [137, 550], although it is difficult to be realized from the model-building perspective:
M(D)u =
Cu
3

1 1 11 1 11 1 1
 + u
0 0 10 0 11 1 1
 + σu
 1 0 −10 −1 1−1 1 0

 , (261a)
M(D)d =
Cd
3

1 1 11 1 11 1 1
 + d
0 0 10 0 11 1 1
 + σ′d
 0 1 −1−1 0 11 −1 0

 , (261b)
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where σ′d ≡ iσd is defined; q and σq (for q = u, d) are real perturbations which break the S3L×S3R
and S2L × S2R symmetries, respectively. After the transformation OT∗ M(D)q O∗ = M(H)q , where O∗ has
been given in Eq. (67), we immediately arrive at
M(H)u =
Cu
9

0 +3
√
3σu 0
+3
√
3σu −2u −2
√
2u
0 −2√2u 9 + 5u
 , (262a)
M(H)d =
Cd
9

0 +3
√
3σ′d 0
−3√3σ′d −2d −2
√
2d
0 −2√2d 9 + 5d
 , (262b)
in the hierarchy basis. Such an explicit breaking of S3L × S3R symmetry is unavoidably contrived,
as we are guided by obtaining some textures of M(H)u and M
(H)
d which are essentially compatible
with what we have observed about quark flavor mixing and CP violation.
A straightforward calculation allows us to diagonalize M(H)u and M
(H)
d via the unitary transfor-
mations O†uM
(H)
u O′u = Diag{mu,mc,mt} and O†dM(H)d O′d = Diag{md,ms,mb}, where O′u = OuQ and
O′d = OdQ with Q ≡ Diag{−1, 1, 1} to match the negative determinant of M(H)u or M(H)d . In the
next-to-leading-order approximation, we find
Cu ' mt
(
1 +
5
2
mc
mt
)
, u ' −
9
2
mc
mt
(
1 − 1
2
mc
mt
)
, σu '
√
3mumc
mt
(
1 − 5
2
mc
mt
)
; (263a)
Cd ' mb
(
1 +
5
2
ms
mb
)
, d ' −
9
2
ms
mb
(
1 − 1
2
ms
mb
)
, σd '
√
3mdms
mb
(
1 − 5
2
ms
mb
)
. (263b)
Then the CKM quark flavor mixing matrix V = O†uOd can be figured out. The main nontrivial
results are summarized as follows:
|Vus| ' |Vcd| '
√(
mu
mc
+
md
ms
) (
1 − mu
mc
− md
ms
)
,
|Vcb| ' |Vts| '
√
2
(
ms
mb
− mc
mt
) [
1 + 3
(
ms
mb
+
mc
mt
)]
,∣∣∣∣∣∣VubVcb
∣∣∣∣∣∣ '
√
mu
mc
,
∣∣∣∣∣∣VtdVts
∣∣∣∣∣∣ '
√
md
ms
, (264)
together with α ' 90◦ for one of the three inner angles of the most popular CKM unitarity triangle
defined in Fig. 10 and
Jq ' 2
√
mu
mc
√
md
ms
(
ms
mb
− mc
mt
)2 [
1 + 6
(
ms
mb
+
mc
mt
)]
(265)
for the Jarlskog invariant of CP violation in the quark sector. Taking account of the values of
quark masses listed in Table 7 and those of CKM matrix elements in Table 8, we see that the
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predictions in Eqs. (264) and (265) are consistent with current experimental data to a reasonably
good degree of accuracy. Only the relation |Vub/Vcb| '
√
mu/mc is a bit problematic, and hence
the next-to-leading-order correction to it needs to be taken into consideration [509].
To obtain the proper terms of flavor democracy breaking, one may follow an inverse way to
reconstruct the Hermitian textures of quark mass matrices in terms of the quark masses and flavor
mixing parameters. But how to decompose the CKM matrix V into the unitary matrices Ou and
Od is an open question, because it is impossible to find a unique approach to do so. Based on the
particular parametrization of V advocated in Eq. (135), one may decompose V as follows [733]:
Ou = O∗
1 0 00 cos(ηuϑ) − sin(ηuϑ)0 sin(ηuϑ) cos(ηuϑ)

exp(iηuϕ) 0 00 1 00 0 1

cosϑu − sinϑu 0sinϑu cosϑu 00 0 1
 , (266a)
Od = O∗
1 0 00 cos(ηdϑ) − sin(ηdϑ)0 sin(ηdϑ) cos(ηdϑ)

exp(iηdϕ) 0 00 1 00 0 1

cosϑd − sinϑd 0sinϑd cosϑd 00 0 1
 , (266b)
where ηu = +2/3 and ηd = −1/3 are conjectured to correspond to the electric charges of up- and
down-type quarks. It is easy to check that the product O†uOd can exactly reproduce V in Eq. (135),
but now both Ou and Od are fully determined after the experimental values of ϑu, ϑd, ϑ and ϕ are
input. Then a reconstruction of Hermitian Mu = OuDuO
†
u and Md = OdDdO
†
d, where Du and Dd
have been defined in Eq. (6), will be straightforward. One finds that the resulting Mu or Md can
always be expressed as a sum of three terms with the S 3L×S 3R, S 2L×S 2R and S 1L×S 1R symmetries,
respectively [733, 734]. Of course, the assumptions made in decomposing V as Eqs. (266a) and
(266b) are purely phenomenological, but the structural parallelism between up- and down-quark
mass matrices should be justifiable in most realistic model-building exercises [735].
6.2.3. Comments on the Friedberg-Lee symmetry
Another phenomenological way to understand the strong quark mass hierarchies, especially
the smallness of mu and md, is the Friedberg-Lee symmetry [736, 737, 738, 739, 740, 741, 742]
34.
The point is that the up- and down-type quark mass terms
−Lquark = (u c t)L Mu
uct

R
+ (d s b)L Md
dsb

R
+ h.c. (267)
are required to keep unchanged under the following translational transformations of six quark
fields: (u, c, t) → (u, c, t) + ςu and (d, s, b) → (d, s, b) + ςd, where ςu and ςd are two constant
elements of the Grassmann algebra independent of both space and time. In this case it is easy to
show that Mu and Md must have parallel textures of the form (for q = u or d)
Mq =

yq + zq −yq −zq
−yq xq + yq −xq
−zq −xq xq + zq
 , (268)
34Some interesting and viable applications of this empirical flavor symmetry to the neutrino sector can be found in
Refs. [743, 744, 745, 746, 747, 748, 749, 750, 751, 752, 753].
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where xq, yq and zq are assumed to be real and positive. Because of det Mq = 0, one of the quark
masses in each sector is vanishing. Given the fact of mu  mc  mt and md  ms  mb, it is
therefore natural to take mu = md = 0 in the Friedberg-Lee symmetry limit. Namely, O
T
u MuOu =
Diag{0,mc,mt} and OTd MdOd = Diag{0,ms,mb} hold, where
mc ,mt =
(
xu + yu + zu
) ∓ √x2u + y2u + z2u − xuyu − xuzu − yuzu , (269a)
ms ,mb =
(
xd + yd + zd
) ∓ √x2d + y2d + z2d − xdyd − xdzd − ydzd ; (269b)
and
Oq =
1√
6

√
2 −2 0√
2 1
√
3√
2 1 −√3


1 0 0
0 cosωq sinωq
0 − sinωq cosωq
 , (270)
where ωq is given by tan 2ωq =
√
3(yq − zq)/(2xq − yq − zq). This angle will vanish if yq = zq
holds, in which case the quark mass terms in Eq. (267) are invariant under the c ↔ t and s ↔ b
permutation symmetries [743, 745]. The CKM matrix V = O†uOd turns out to be
V =
1 0 00 cos(ωd − ωu) sin(ωd − ωu)0 − sin(ωd − ωu) cos(ωd − ωu)
 . (271)
Different from the flavor democracy limit discussed above, in which there is no quark flavor mixing
at all, the Friedberg-Lee symmetry limit allows the existence of nontrivial flavor mixing between
the second and third quark families in general.
It is clear that the so-called chiral quark mass limit (i.e., mu → 0 and md → 0) emphasized
in section 6.1 can be regarded as a natural consequence of the Friedberg-Lee symmetry. That is
why the latter may serve as a plausible starting point for building a realistic quark mass model, at
least from the phenomenological perspective. The next step is of course to break the Friedberg-
Lee symmetry so as to generate nonzero masses for u and d quarks, Such symmetry breaking
effects should also give finite values for the other two flavor mixing angles and the CP-violating
phase [737, 741, 754, 755, 756]. The open question is how to find out a proper way of breaking
this symmetry in order to successfully interpret the observed pattern of the CKM matrix and the
observed spectrum of quark masses.
In this connection one might frown on the simple example discussed above, because it is still
far away from a real quark mass model which is expected to have a well-defined flavor symmetry
structure and can easily be embedded into a more fundamental framework beyond the SM. Given
the fact that no clue to the flavor puzzles has so far been found on the theoretical side, it should
make sense to make every effort in the phenomenological aspects to explore all the possible under-
lying fermion flavor structures and confront their testable consequences with current experiment
data. Just as argued by Leonardo da Vinci, “although nature commences with reason and ends in
experience, it is necessary for us to do the opposite, that is to commence with experience and from
this to proceed to investigate the reason” [757].
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6.3. Texture zeros of quark mass matrices
6.3.1. Where do texture zeros come from?
If some elements of the fermion mass matrices are vanishing, the number of their free param-
eters will be reduced, making it possible to establish some testable relations between the fermion
mass ratios and the observable flavor mixing quantities. Such a texture-zero approach was first
developed in 1977 to calculate the Cabibbo angle of quark flavor mixing in the two-family scheme
[129, 130, 131], and it was extended by Harald Fritzsch to the three-family case one year later
[135, 136]. The original version of the Fritzsch texture for quark mass matrices is of the form 35
Mq =

0 Cq 0
C∗q 0 Bq
0 B∗q Aq
 , (272)
where Aq is taken to be real and positive, and Aq  |Bq|  |Cq| holds (for q = u or d). One can see
that Mq is Hermitian and has a nearest-neighbor-interaction structure, which allows a lighter quark
to acquire its mass through an interaction with the nearest heavier neighbor. These two salient
features guarantee the analytical calculability of Mq; namely, Aq, |Bq| and |Cq| can all be expressed
as simple functions of the three quark masses in each quark sector [136, 758]. It is therefore
straightforward to calculate the CKM matrix elements in terms of four independent quark mass
ratios (i.e., mu/mc, mc/mt, md/ms and ms/mb) and two nontrivial phase differences between Mu
and Md (i.e., arg Cu − arg Cd and arg Bu − arg Bd). Without the help of a sort of left-right symmetry
or some kinds of non-Abelian flavor symmetries (see, e.g., Refs. [506, 759, 760]), however, it is
very difficult to naturally realize both the Hermiticity and texture zeros of Mq in Eq. (272) from
the model-building perspective. Moreover, such a purely phenomenological conjecture of quark
mass matrices has already been excluded by today’s experimental data.
Note that in the SM or its natural extensions without flavor-changing right-handed currents
it is always possible to simultaneously transform two arbitrary 3 × 3 quark mass matrices Mu
and Md in a given flavor basis into either the Hermitian textures [174] or the non-Hermitian but
nearest-neighbor-interaction textures [759] in a new flavor basis. The latter can be expressed as
M′q =

0 Cq 0
C′q 0 Bq
0 B′q Aq
 , (273)
with B′q , Bq and C
′
q , Cq (for q = u or d). This observation means that the texture zeros of
Mq in Eq. (272) are not a contrived assumption, but just a special choice of the flavor basis as in
Eq. (273) — but in this case the Hermiticity of Mq is a purely empirical assumption. On the other
hand, two generic 3 × 3 Hermitian quark mass matrices Mu and Md can be further simplified in a
parallel way to a more specific Hermitian texture with the vanishing (1,3) and (3,1) entries via a
new choice of the flavor basis [505], and in this case only the vanishing (1,1) and (2,2) entries of
35If a fermion mass matrix is Hermitian or symmetric, one usually counts its off-diagonal vanishing entries (m,n)
and (n,m) as one texture zero instead of two texture zeros. That is why the Fritzsch form of Mu and Md is also referred
to as the six-zero textures of quark mass matrices.
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Mq in Eq. (272) are ascribed to an empirical conjecture. In short, whether the texture zeros of a
given fermion mass matrix originate from a phenomenological assumption or not depends on the
flavor basis that has been chosen for this mass matrix.
From the model-building point of view, any phenomenological assumptions on the textures
of fermion mass matrices should find a reasonable theoretical justification. In this connection
some Abelian flavor symmetries are very helpful to generate texture zeros in the lepton and quark
sectors. The simplest way to do so is a proper implementation of the global Z2N symmetry, where
the cyclic group Z2N has a unique generator ω = exp(ipi/N) which produces all the group elements
Z2N = {1, ω, ω2, · · · , ω2N−1} [211, 761, 762]. By definition, a given field ψ with the Z2N chargeQ transforms as ψ → ωQψ, where Q = 0, 1, 2, · · · , 2N − 1. To generate all the zeros of M′u and
M′d in Eq. (273), the minimal cyclic group should be Z6 with charges Q = 0, 1, 2, 3, 4 and 5. One
may assign the Z6 charges of Q1L, Q2L and Q3L in Eq. (3) to be 0, 1 and 2, respectively; and the
Z6 charges of U1R, U2R and U3R in Eq. (3) to be 1, 2, and 3, respectively. The same assignments
can be made for the down-quark sector. In this case the spinor bilinears of quark fields have the
following transformation properties:
QiLU jR → Zi jQiLU jR , QiLD jR → Zi jQiLD jR , Z =
ω
1 ω2 ω3
ω2 ω3 ω4
ω3 ω4 ω5
 . (274)
By introducing three SU(2)L-singlet scalar fields Φ1 with Q = 4, Φ2 with Q = 2 and Φ3 withQ = 1 and arranging them to couple with the above quark bilinears, one may obtain finite (1,2),
(2,1), (2,3), (3,2) and (3,3) entries of the Yukawa coupling matrices Y ′u and Y
′
d under the Z6 flavor
symmetry. In contrast, the (1,1), (2,2), (1,3) and (3,1) entries of Y ′u and Y
′
d have to be vanishing
in order to assure the whole quark sector to be invariant under the above Z6 transformations. The
six-zero textures of quark mass matrices M′u and M
′
d in Eq. (273) can therefore be achieved after
spontaneous electroweak symmetry breaking. But it should be noted that the Z6 symmetry itself
does not guarantee the resultant zero textures of fermion mass matrices to be Hermitian, nor do
any other Abelian flavor symmetries in general.
This simple example tells us that it is always possible to enforce texture zeros upon a given
fermion mass matrix by means of a proper Abelian flavor symmetry [761]. However, such an
approach is quite arbitrary in the sense that there is no unique way to assign the proper charges
(e.g., the Z2N charges) for the relevant fermion and scalar fields. And hence the charge assignment
is in practice guided by how to generate a phenomenologically-favored fermion flavor texture. In
comparison with the texture zeros which purely originate from a proper choice of the flavor basis,
the zeros enforced by a kind of flavor symmetry can be regarded as the “dynamical” zeros in an
explicit model to interpret the observed flavor puzzles.
It is also worth pointing out that the texture-zero approach is reasonably consistent with a very
popular belief that the fermion flavors should have specific structures instead of a random nature.
The latter possibility was first suggested and discussed in 1980 [763] as a statistical solution to the
quark flavor problem although it was not successful, and today this flavor anarchy approach has
been further studied for both leptons and quarks [764, 765, 766, 767, 768, 769]. In our opinion,
the observed fermion mass spectra naturally point to the flavor hierarchies or some kinds of flavor
symmetries, and so do the observed flavor mixing patterns in the quark and lepton sectors. One of
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the most challenging tasks in today’s particle physics is therefore to explore the underlying flavor
structures which can shed light on the origin of fermion masses and the dynamics of flavor mixing
and CP violation in a way more fundamental and more quantitative than the SM itself.
6.3.2. Four- and five-zero quark flavor textures
Given its Hermiticity and six texture zeros, the Fritzsch ansatz of quark mass matrices shown
in Eq. (272) is left with eight independent parameters among which the six real matrix elements
can be determined by six quark masses and the two phase differences between Mu and Md can be
constrained by four flavor mixing parameters of the CKM matrix V . One may therefore expect two
testable relations between four independent quark mass ratios and four flavor mixing parameters.
In reality, the strong mass hierarchies of up- and down-type quarks allow us to make some reliable
analytical approximations for the predictions of the Fritzsch ansatz and thus obtain a few more
experimentally testable relations than expected [135, 136]. It turns out that this simple but instruc-
tive ansatz has definitely been ruled out by the relevant experimental data [551, 770, 771, 772],
mainly for the reason that the experimental value of mt is so large that the predicted result of |Vcb|
has no way to be compatible with its observed value.
A straightforward way of modifying the Fritzsch ansatz is to reduce the number of its texture
zeros. If one insists that there should exist a kind of structural parallelism between up- and down-
type quarks in the spirit of requiring the two sectors to be on the same dynamical footing, then
one may simultaneously add nonzero (1,1), (2,2) or (1,3) and (3,1) entries into Mu and Md in
Eq. (272). But it is found that only the following four-zero textures of quark mass matrices are
phenomenologically favored [510, 717, 773, 774, 775, 776, 777, 778, 779, 780]:
Mq =

0 Cq 0
C∗q B
′
q Bq
0 B∗q Aq
 , (275)
where Aq is chosen to be real and positive, B
′
q is also real, and Aq  |Bq| & |B′q|  |Cq| is
expected to hold (for q = u or d). Because of det Mq = −Aq|Cq|2 < 0, let us diagonalize Mu or
Md in Eq. (275) by using the unitary transformation O
†
uMuO
′
u = Diag{mu,mc,mt} or O†dMdO′d =
Diag{md,ms,mb}, where O′u = OuQu and O′d = OdQd with Qu = Qd = Diag{−1, 1, 1} as a typical
example to match the negative determinants of Mu and Md under discussion
36. Then we arrive at
the expressions
B′u = mt + mc − mu − Au , |Bu|2 =
(
Au + mu
) (
Au − mc
) (
mt − Au
)
Au
, |Cu|2 =
mumcmt
Au
, (276)
36As for the more restrictive Fritzsch texture of Mq in Eq. (272), the unique choice is Qu = Qd = Diag{1,−1, 1}
[781]. In dealing with the four-zero texture of Mq in Eq. (275), however, there are actually four different possibilities
[718, 782]: Qu = Diag{±1,∓1, 1} and Qd = Diag{±1,∓1, 1}. Such sign ambiguities come from the fact that we have
required O′q to be as calculable as Oq in diagonalizing Mq, but O′q is only relevant to a transformation of the right-
handed quark fields and thus has no physical impact on the CKM matrix V . One may certainly avoid this kind of
uncertainty by starting from O†uMuM
†
uOu = Diag{m2u,m2c ,m2t } or O†dMdM†dOd = Diag{m2d,m2s ,m2b}, but in this case an
exact analytical calculation becomes rather complicated and the corresponding results are too lengthy to be useful.
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and
Ou = Pu

√
mcmt
(
Au + mu
)
Au
(
mu + mc
) (
mu + mt
) √ mumt (Au − mc)
Au
(
mu + mc
) (
mt − mc
) √ mumc (mt − Au)
Au
(
mu + mt
) (
mt − mc
)
−
√
mu
(
Au + mu
)(
mu + mc
) (
mu + mt
) √ mc (Au − mc)(
mu + mc
) (
mt − mc
) √ mt (mt − Au)(
mu + mt
) (
mt − mc
)√
mu
(
Au − mc
) (
mt − Au
)
Au
(
mu + mc
) (
mu + mt
) −√mc (Au + mu) (mt − Au)
Au
(
mu + mc
) (
mt − mc
) √mt (Au + mu) (Au − mc)
Au
(
mu + mt
) (
mt − mc
)

' Pu

√
1 − mu
mc
√
mu
mc
√(
1
ru
− 1
)
mu
mt
mc
mt
−
√
ru
mu
mc
√
ru
√
1 − ru√(
1 − ru
) (
1 − mc
mt
)
mu
mc
−√1 − ru
√
ru
(
1 − mc
mt
)

, (277)
where Pu = Diag
{
1, exp (−i arg Cu), exp [−i(arg Bu + arg Cu)]
}
is the phase matrix, ru ≡ Au/mt . 1
is defined, and the strong hierarchy mu  mc  mt has been taken into account in doing the
analytical approximation. The expressions for B′d, |Bd|, |Cd|, Pd and Od are exactly of the same
form as in Eqs. (276) and (277), with Pd = Diag
{
1, exp (−i arg Cd), exp [−i(arg Bd + arg Cd)]
}
,
rd ≡ Ad/mb . 1 and md  ms  mb. Then the nine elements of the CKM matrix V = O†uOd can
be explicitly calculated by means of Eqs. (247) and (277). After the values of six quark masses are
input, V still depends on four free parameters Au, Ad, φ1 ≡ arg Cu−arg Cd and φ2 ≡ arg Bu−arg Bd,
which can be constrained by taking account of the experimental data listed in Table 8 or Eq. (83). A
careful numerical analysis shows that φ1 ∼ ±pi/2 and φ2 ∼ 0 hold, consistent with the special four-
zero textures of quark mass matrices in Eqs. (262a) and (262b) which originate from the explicit
breaking of quark flavor democracy. Moreover, we find that both ru ∼ rd . 1 and ru ∼ rd ∼ 0.5 are
allowed [782]. In the former case, for example, an excellent analytical approximation leads us to∣∣∣∣∣∣VubVcb
∣∣∣∣∣∣ '
∣∣∣∣∣∣∣
√
mu
mc
−
√
1 − rd
√
md
mb
ms
mb
eiφ
|Vcb|
∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣VtdVts
∣∣∣∣∣∣ '
√
md
ms
, (278)
where φ ≡ φ1 − arcsin
(
sin φ2
√
1 − ru/|Vcb|
)
. Now the experimentally favored relation |Vtd/Vts| '√
md/ms, which has been conjectured in the mt → ∞ limit in Eq. (252), remains valid in the generic
four-zero textures of Hermitian quark mass matrices; but the simple relation |Vub/Vcb| '
√
mu/mc
predicted by the original Fritzsch ansatz is modified and thus can fit current experimental data by
slightly adjusting the values of ru and rd [718, 782]. Let us make two further comments on the
four-zero textures of Mu and Md in Eq. (275).
• To reduce the number of free parameters and keep the analytical calculability, one may
assume B′u = mc and B
′
d = ms for Mu and Md [508, 778, 783]. In this special but interesting
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Table 14: The five phenomenologically viable five-zero textures of Hermitian quark mass matrices.
I II III IV V
Mu =
 0 Cu 0C∗u B′u 0
0 0 Au

 0 Cu 0C∗u 0 Bu
0 B∗u Au

 0 0 Du0 B′u 0
D∗u 0 Au

 0 Cu 0C∗u B′u Bu
0 B∗u Au

 0 0 Du0 B′u Bu
D∗u B∗u Au

Md =
 0 Cd 0C∗d B′d Bd
0 B∗d Ad

 0 Cd 0C∗d B′d Bd
0 B∗d Ad

 0 Cd 0C∗d B′d Bd
0 B∗d Ad

 0 Cd 0C∗d B′d 0
0 0 Ad

 0 Cd 0C∗d B′d 0
0 0 Ad

case the analytical results obtained in Eqs. (276) and (277) can be remarkably simplified,
but the resulting relation |Vub/Vcb| '
√
mu/mc is phenomenologically disfavored.
• It has been shown that a proper flavor basis transformation allows us to arrive at Hermitian
Mu of the form given in Eq. (275) and Hermitian Md with the vanishing (1,1) entry, or vice
versa, from arbitrary forms of Mu and Md [779]. This observation means that only one
phenomenological assumption — the vanishing (1,3) and (3,1) entries for Md (or for Mu) —
is needed to make in getting at Eq. (275).
We therefore conclude that the Hermitian four-zero textures of quark mass matrices are currently
the most interesting zero textures which can successfully bridge a gap between the observed quark
mass spectrum and the observed flavor mixing pattern.
Note that it is also possible to realize the four zeros of Mu and Md in Eq. (275) by means of
the cyclic group Z6. For instance, one may assign the Z6 charges of QL1, QL2 and QL3 in Eq. (3)
to be 0, 1 and 4, respectively; and the Z6 charges of UR1, UR2 and UR3 in Eq. (3) to be 3, 4, and
1, respectively. The same assignments can be made for the down-quark sector. Then the spinor
bilinears of quark fields transform as follows:
QLiUR j → Zi jQLiUR j , QLiDR j → Zi jQLiDR j , Z =
ω
3 ω4 ω1
ω4 ω5 ω2
ω1 ω2 ω5
 . (279)
By invoking three SU(2)L-singlet scalar fields Φ1 with Q = 2, Φ2 with Q = 4 and Φ3 with Q = 1
and arranging them to couple with the above quark bilinears, one will be left with finite (1,2), (2,1),
(2,2), (2,3), (3,2) and (3,3) entries of the Yukawa coupling matrices Yu and Yd under the Z6 flavor
symmetry. In this case the (1,1), (1,3) and (3,1) entries of Yu and Yd are enforced to be vanishing
by the Z6 symmetry. The quark mass matrices Mu and Md turn out to be of the four-zero textures
after spontaneous electroweak symmetry breaking.
Giving up the structural parallelism between up- and down-type quark sectors, Pierre Ramond
et al found five different five-zero textures of Hermitian Mu and Md which were phenomenolog-
ically allowed in 1993 [551], as listed in Table 14. These textures still survive today, if each of
them is not required to have a strong hierarchy [784, 785]. Of course, none of them can fit current
experimental data better than the four-zero textures of quark mass matrices discussed above.
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6.3.3. Comments on the stability of texture zeros
Since a flavor symmetry model which can naturally accommodate the texture zeros of Yukawa
coupling matrices is usually built at an energy scale far above the electroweak scale ΛEW, it is
sometimes necessary to examine whether the RGE evolution has a nontrivial impact on those
texture zeros of fermion mass matrices. Here let us briefly comment on the stability of Hermitian
quark flavor textures with four zeros as an example.
The one-loop RGEs of Yu and Yd given in Eq. (165) or Eq. (170) allow us to derive a straight-
forward relation between Yu(Λ) and Yu(ΛEW) or that between Yd(Λ) and Yd(ΛEW) in a reasonable
analytical approximation, where Λ  ΛEW is naturally assumed. To be more explicit, we are
subject to the SM or the MSSM with tan β . 10, in which case the top-quark Yukawa coupling is
expected to dominate how the structures of Yu and Yd change with the energy scale, while the gauge
coupling contributions only provide an overall RGE correction factor for each Yukawa coupling
matrix. In this case one obtains the generic one-loop results [786]
(Yu)i j(ΛEW) ' γu
(Yu)i j(Λ) + (ICuut − 1) 3∑
k=1
(Ou)i3(O
∗
u)k3(Yu)k j(Λ)
 , (280a)
(Yd)i j(ΛEW) ' γd
(Yd)i j(Λ) + (ICudt − 1) 3∑
k=1
(Ou)i3(O
∗
u)k3(Yd)k j(Λ)
 , (280b)
where Ou is a unitary matrix used for the diagonalization O
†
uYuY
†
u Ou ' Diag{0, 0, y2t } in the top-
dominance approximation [550, 787], It has been defined in Eq. (183) and its numerical evolution
with Λ can be found in Fig. 24, and
γu,d ≡ exp
[
− 1
16pi2
∫ ln(Λ/ΛEW)
0
αu,d(t) dt
]
(281)
with the expressions of αu and αd having been given in Eq. (166) or Eq. (167). It becomes clear
that the stability of up- and down-type quark mass matrices against the RGE evolution depends on
the deviations of IC
u
u
t and I
Cud
t from one, respectively.
Given the Hermitian four-zero textures of Mu and Md at a superhigh energy scale Λ as shown
in Eq. (275), one may use Eqs. (280a) and (280b) to get the corresponding quark mass matrices at
the electroweak scale ΛEW as follows:
Mu(ΛEW) ' γu


0 Cu 0
C∗u B
′
u BuI
Cuu
t
0 B∗uI
Cuu
t AuI
Cuu
t
 + I
Cuu
t − 1
Au

0 0 0
0 |Bu|2 BuB′u
0 B∗uB
′
u 0

 , (282a)
Md(ΛEW) ' γd


0 Cd 0
C∗d B
′
d Bd
0 B∗dI
Cud
t AdI
Cud
t
 + I
Cud
t − 1
Au

0 0 0
0 BuB
∗
d AdBu
0 B∗uB
′
d B
∗
uBd

 . (282b)
We see that the texture zeros of both Mu and Md keep unchanged in this approximation, but the
Hermiticity of Md gets lost. If the (2,2) entries are switched off in the beginning, then one finds
that the (2,2) zeros of the Fritzsch ansatz are definitely sensitive to the RGE corrections [788].
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As shown in Eqs. (261a) and (261b), a proper breaking of quark flavor democracy allows
us to obtain a viable four-zero ansatz for quark mass matrices in the hierarchy basis, which is
essentially consistent with current experimental data. It is therefore possible to study the one-loop
RGE corrections to the democratic textures of Mu and Md in a similar way [550, 733], and their
effects can be interpreted as a kind of radiative flavor democracy breaking. One may analogously
discuss the RGE-induced flavor democracy breaking effects in the lepton sector, to see how the
democratic flavor mixing pattern U0 in Eq. (104) is modified at low energies [724].
6.4. Towards building a realistic flavor model
6.4.1. Hierarchies and U(1) flavor symmetries
Regarding the texture-zero approach discussed above, we have seen that the nonzero elements
of quark mass matrices are generally required to be hierarchical in magnitude so as to predict a
strong mass hierarchy and small rotation angles in each quark sector. Such a phenomenological
treatment should also find a good reason in a realistic flavor model. In this connection the Froggatt-
Nielsen (FN) mechanism has popularly been used to interpret the hierarchical flavor structures of
leptons and quarks [134]. The idea is simply to introduce a flavor-dependent U(1) symmetry to
distinguish one fermion from another, and invoke an SU(2)L-singlet scalar field S — known as
the “flavon” field — to break the U(1) symmetry after the flavon acquires its vacuum expectation
value. This kind of family symmetry breaking is communicated to the fermions, such that their
effective Yukawa coupling matrix elements can be expanded in powers of a small and positive
parameter  ≡ 〈S 〉/M∗ with M∗ being the corresponding energy scale of flavor dynamics. Simi-
lar to the canonical seesaw scale ΛSS, which is essentially equivalent to the mass of the lightest
heavy Majorana neutrino, the scale M∗ is also associated with some hypothetical and superheavy
fermions — the so-called FN fermions which will be integrated out at low energies. The most
striking feature of the FN mechanism is that both the hierarchical textures of fermion masses and
the hierarchical pattern of quark flavor mixing can be intuitively interpreted as powers of the ex-
pansion parameter  [789, 790, 791, 792, 793, 794]. So  ' λ is naturally expected, where λ ' 0.22
denotes the Wolfenstein parameter which has been used to expand the CKM matrix V in Eq. (78).
That is to say, we expect that the FN mechanism can help establish a reasonable theoretical link
between the observed flavor mixing hierarchy (i.e., ϑ12 ∼ λ, ϑ23 ∼ λ2 and ϑ13 ∼ λ4) and the
observed quark mass hierarchies (i.e., mu/mc ∼ mc/mt ∼ λ4 and md/ms ∼ ms/mb ∼ λ2) as clearly
illustrated in Figs. 2 and 3.
Given the standard Yukawa interactions of charged leptons and quarks in Eq. (3), let us assume
that the FN fermions can only interact with the SM fermions via the Higgs and flavon fields. Since
the symmetry group of the flavon is U(1), a given field ψ with the U(1) charge Q transforms as
ψ → eiQαψ, where α is a continuous real parameter independent of space and time. After this
symmetry is spontaneously broken, each insertion of an FN fermion propagator together with the
associated flavon field S contributes a factor  ≡ 〈S 〉/M∗, and the outgoing fermion differs in
flavon charge by one unit from the incoming one. Namely, Q(S ) = −1. If the U(1) charges of
QiL, `αL, UiR, DiR, EαR (for i = 1, 2, 3 and α = e, µ, τ) and H in Eq. (3) are properly assigned,
then the U(1) flavor symmetry requires the aforementioned interaction of the flavon with the FN
fermion to repeat a number of times in between the left- and right-handed fields of the SM fermions
interacting with the Higgs field [134]. Integrating out the relevant heavy degrees of freedom, one
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Table 15: The particle content and flavor U(1) charge assignments for the MSSM fields and the flavon field S in a
simple FN-like model of charged fermions described by Eq. (285), where r is an integer allowed to take values 0, 1 or
2, corresponding to possibly large, medium or small values of tan β in the MSSM [795].
Fields U(1) charges
Q1L , Q2L , Q3L 4 , 2 , 0
`eL , `µL , `τL 1 + r , r , r
U1R , U2R , U3R 4 , 2 , 0
D1R , D2R , D3R 1 + r , r , r
EeR , EµR , EτR 4 , 2 , 0
H1 , H2 , S 0 , 0 , −1
is left with the effective Yukawa interactions of the SM fermions of the form
−L(FN)Y = ni j QiL(Y ′u)i jH˜U jR + n
′
i j QiL(Y
′
d)i jHD jR + 
n′′αβ`αL(Y
′
l )αβHEβR + h.c. , (283)
where ni j = Q(QiL)+Q(U jR)−Q(H), n′i j = Q(QiL)+Q(D jR)+Q(H) and n′′αβ = Q(`αL)+Q(EβR)+Q(H)
(for i, j = 1, 2, 3 and α, β = e, µ, τ) are non-negative integers by default, and the effective Yukawa
coupling matrices Y ′u, Y
′
d and Y
′
l have included the contributions from those couplings between the
FN fermions and the flavon. After the electroweak symmetry is spontaneously broken, Eq. (283)
leads us to the effective fermion mass matrix elements
(M′u)i j = 
ni j(Y ′u)i j
v√
2
, (M′d)i j = 
n′i j(Y ′d)i j
v√
2
, (M′l )αβ = 
n′′αβ(Y ′l )αβ
v√
2
. (284)
Assuming an exact or approximate flavor democracy for Y ′u, Y
′
d or Y
′
l by naturalness, one may then
attribute the structural hierarchy of a given fermion mass matrix to different powers of  for its
different elements. This is just the spirit of the FN mechanism.
Although the above discussions are subject to the SM, they are also valid for a natural extension
of the SM with two Higgs doublets (i.e., H = H1 with hypercharge +1/2 and H˜ = H2 with
hypercharge −1/2 as done in section 4.5.1 for the MSSM). To illustrate why the FN mechanism
works to constrain the textures of charged-lepton and quark mass matrices, let us take a simple
example from Ref. [795] by neglecting the neutrino sector. In this MSSM scenario the effective
FN-like Yukawa interactions of charged fermions are
−L(FN)Y = ni j QiL(Yu)i jH2U jR + n
′
i j QiL(Yd)i jH1D jR + 
n′′αβ`αL(Yl)αβH1EβR + h.c. (285)
with ni j = Q(QiL) +Q(U jR) +Q(H2), n′i j = Q(QiL) +Q(D jR) +Q(H1) and n′′αβ = Q(`αL) +Q(EβR) +Q(H1) (for i, j = 1, 2, 3 and α, β = e, µ, τ), and the flavor U(1) charge assignments for the relevant
MSSM fields and the flavon field S are shown in Table 15. Such explicit charge assignments are
guided by current experimental data to a large extent, it is theoretically compatible with the SU(5)
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unification framework [116]. As a result,
Mu ∼ 〈H2〉

8 6 4
6 4 2
4 2 1
 , Md ∼ 〈H1〉r

5 4 4
3 2 2
 1 1
 , Ml ∼ 〈H1〉r

5 3 
4 2 1
4 2 1
 (286)
after spontaneous electroweak symmetry breaking. Taking  ∼ λ, one immediately arrives at the
phenomenologically-favored hierarchies mu : mc : mt ∼ λ8 : λ4 : 1, md : ms : mb ∼ λ5 : λ2 : 1
and me : mµ : mτ ∼ λ5 : λ2 : 1. Note that the lopsided textures of Md and Ml together with the
relation Md ∼ MTl allow us to obtain relatively large lepton flavor mixing effects once the seesaw
mechanism is applied to the neutrino sector [795]. In particular, a kind of testable correlation
between small quark flavor mixing parameters and large lepton flavor mixing parameters can be
easily established in this approach [796, 797, 798, 799].
It is worth mentioning that the FN mechanism can be combined with some stringy symmetries
to derive the textures of fermion mass matrices [775, 776, 800, 801, 802, 803, 804]. For example,
there may exist non-renormalizable quark couplings of the type QiL(Y
′
u)i jH2U jR(S u/M∗)
ni j for the
up-type quark sector or QiL(Y
′
d)i jH1D jR(S d/M∗)
n′i j for the down-type quark sector in an underlying
supergravity or superstring theory, where S u and S d denote the relevant flavon fields. When the
flavon and Higgs fields develop their respective vacuum expectation values, one will be left with
the effective quark mass matrices (M′u)i j = 
ni j(Y ′u)i j〈H2〉 and (M′d)i j = n
′
i j(Y ′d)i j〈H1〉 as those in
Eq. (284), where u ≡ 〈S u〉/M∗ and d ≡ 〈S d〉/M∗ are small and positive expansion parameters.
Then a kind of Z6-II orbifold model with the allowed non-renormalizable couplings may help us
to obtain the following symmetric quark mass matrices [775, 776]:
M′u ∼ 〈H2〉

0 3u 0
3u 
2
u 
2
u
0 2u 1
 , M′d ∼ 〈H1〉

0 3d 0
3d 
2
d 
2
d
0 2d 1
 , (287)
where all the Yukawa coupling matrix elements have been assumed to be of O(1), and all the
zeros mean that they are sufficiently suppressed in magnitude as compared with their neighboring
elements. We see that the patterns of quark mass matrices in Eq. (287) are essentially consistent
with the four-zero textures shown in Eqs. (262a) and (262b), and thus they should essentially be
compatible with current experimental data if a proper phase difference between M′u and M
′
d is
introduced [509]. Of course, the RGE corrections to quark mass matrices should be taken into
account when building a realistic flavor model at the stringy scale (∼ 1017 GeV) and confronting
it with the experimental measurements at low energies.
6.4.2. Model building based on A4 flavor symmetry
One of the most popular discrete flavor symmetry groups which have been used for describ-
ing the family structures of leptons and quarks is the A4 group — the symmetry group of the
tetrahedron [455, 457, 458, 805, 806, 807, 808, 809]. It is a non-Abelian finite subgroup of
SO(3). Now that the tetrahedron lives in the three-dimensional space, it is natural for A4 to
have a three-dimensional representation denoted as 3, which is suggestive of the observed three
fermion families in the SM [810]. Since the tetrahedron has four vertices, A4 describes the
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even permutations of four objects and thus has 4!/2 = 12 elements. Besides the identity ma-
trix I = S (123), where S (123) has been given in Eq. (253), we have three 3 × 3 reflection matrices:
r1 = Diag{1,−1,−1}, r2 = Diag{−1, 1,−1} and r3 = Diag{−1,−1, 1}. Moreover, we have the cyclic
permutation c = S (312) and the anti-cyclic permutation a = S (231), where S (312) and S (231) have also
been given in Eq. (253). Note that {I, c, a} form the C3 = Z3 subgroup, while {I, ri} form the Z2
subgroup [810, 811]. Note also that c and ricri (for i = 1, 2, 3) form an equivalence class with four
members, and a and riari (for i = 1, 2, 3) form another equivalence class with four members. We
are therefore left with twelve elements of A4, belonging to four equivalence classes with one (I),
three (ri), four (c and ricri) and four (a and riari) members, respectively. There are accordingly
four irreducible representations of A4, denoted as 3, 1, 1
′ and 1′′. Under the cyclic permutation c
(or a), 1′ → ω1′ and 1′′ → ω21′′ (or 1′ → ω21′ and 1′′ → ω1′′) hold, where ω = exp(i2pi/3) is
a complex cube root of unity and satisfies 1 + ω + ω2 = 0. Evidently, 1′ ⊗ 1′ = 1′′, 1′′ ⊗ 1′′ = 1′
and 1′ ⊗ 1′′ = 1 hold. The basic nontrivial tensor products are 3 ⊗ 3 = 3S ⊕ 3A ⊕ 1 ⊕ 1′ ⊕ 1′′,
where “S” (or “A”) denotes the symmetric (or antisymmetric) product, and the existence of three
inequivalent one-dimensional representations can be regarded as another hint of the relevance of
A4 to the family problem of leptons and quarks [810]. Using (x1, x2, x3) and (y1, y2, y3) to denote
the basis vectors for the two three-dimensional representations, one has
3S =
(
x2y3 + x3y2 , x3y1 + x1y3 , x1y2 + x2y1
)
,
3A =
(
x2y3 − x3y2 , x3y1 − x1y3 , x1y2 − x2y1
)
,
1 = x1y1 + x2y2 + x3y3 ,
1′ = x1y1 + ωx2y2 + ω
2x3y3 ,
1′′ = x1y1 + ω
2x2y2 + ωx3y3 . (288)
These basis vectors are equivalent to the flavor indices when building a flavor symmetry model.
Combining the SM with the A4 flavor symmetry, we have an overall symmetry group SU(2)L⊗
U(1)Y ⊗ A4. The three families of left- and right-handed quark fields, together with three Higgs
doublets Φi (for i = 1, 2, 3), are placed in the representations of A4 as follows [809]:
QL = (Q1L,Q2L,Q3L)
T ∼ 3 , U1R ∼ 1 , U2R ∼ 1′ , U3R ∼ 1′′ ,
D1R ∼ 1 , D2R ∼ 1′ , D3R ∼ 1′′ ; Φ = (Φ1,Φ2,Φ3)T ∼ 3 . (289)
Then the Yukawa interactions of six quarks, which are invariant under SU(2)L ⊗ U(1)Y ⊗ A4, can
be expressed in the following way:
−Lquark = λu
(
QL Φ˜
)
1
(
U1R
)
1 + λ
′
u
(
QL Φ˜
)
1′
(
U3R
)
1′′ + λ
′′
u
(
QL Φ˜
)
1′′
(
U2R
)
1′
+λd
(
QL Φ
)
1
(
D1R
)
1 + λ
′
d
(
QL Φ
)
1′
(
D3R
)
1′′ + λ
′′
d
(
QL Φ
)
1′′
(
D2R
)
1′ , (290)
where Φ˜ ≡ iσ2Φ∗ is defined. After the Higgs fields Φi acquire their vacuum expectation values〈Φ0i 〉 ≡ vi (for i = 1, 2, 3), the up- and down-type quark mass matrices are of the same texture:
Mq =

λqv1 λ
′
qv1 λ
′′
q v1
λqv2 λ
′
qωv2 λ
′′
qω
2v2
λqv3 λ
′
qω
2v3 λ
′′
qωv3
 , (291)
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Table 16: The particle content and representation assignments of A4 and Z2 associated with charged leptons and
quarks in the model described by Eq. (293) [812].
`L ER QL DR U1R U2R U3R H ϕu ϕd
A4 3 3 3 3 1 1
′′ 1′ 1 3 3
Zu2 + + + + − − − + − +
Zd2 + − + − + + + + + −
for q = u and d. In the assumption of v1 = v2 = v3 ≡ v, which is equivalent to the A4 → Z3
symmetry breaking, the above quark mass matrices can be simplified to
Mu,d =
√
3 vUω

λu,d 0 0
0 λ′u,d 0
0 0 λ′′u,d
 , (292)
where Uω is the trimaximal flavor mixing pattern given in Eq. (103). The diagonalization of Mu
and Md in Eq. (292) leads us to the trivial CKM quark flavor mixing matrix V = U
†
ωUω = I. It is
therefore necessary to introduce some further symmetry breaking effects in order to produce three
small quark flavor mixing angles and CP violation [809]. We do not go into detail, but refer the
reader to a few comprehensive review articles in this connection [143, 144, 145, 146].
A more realistic A4 extension of the SM, which contains several flavon fields, has been pro-
posed to interpret the observed fermion mass spectra and flavor mixing patterns [812]. In this
model the fermion fields `L, QL, ER and DR are all assigned to the three-dimensional representa-
tion 3 of A4, but the three component fields of UR are placed in 1, 1
′′ and 1′ of A4, respectively.
The SM Higgs doublet H is assigned to 1 of A4, and the two flavon fields ϕu and ϕd glued to the
up- and down-type quark sectors by the corresponding Z2 symmetries are assigned to 3 of A4. The
particle content and representation assignments of A4 and Z2 associated with the charged-fermion
sector of this model are briefly summarized in Table 16. Such assignments, together with the re-
quirement that the charged-lepton and down-type quark fields couple to the same Higgs and flavon
fields, allow us to write down the following effective Yukawa-interaction Lagrangian for quarks
and charged leptons [812] 37:
−LY =
(Yd)αα′
M∗
(
QL DR
)
α
H
(
ϕd
)
α′ +
(Yl)αα′
M∗
(
`L ER
)
α
H
(
ϕd
)
α′
+
(Yu)ββ′
M∗
(
QL ϕu
)
β
H˜
(
UR
)
β′ + h.c. , (293)
where the Greek subscripts α and α′ label the A4 triplets, while β and β
′ label the A4 singlets.
Namely, α = 3S or 3A, and α
′ = 3; while β and β′ can be 1, 1′ or 1′′ in such a way that β ⊗ β′ = 1
37To generate tiny neutrino masses in this model, one needs to introduce two additional flavon fields and upgrade
the standard dimension-five Weinberg operator to the flavon case, making it dimension-six [812].
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is satisfied. Assuming the flavon multiplets get their vacuum expectation values in an arbitrary
direction of A4, one is left with 〈ϕ f 〉 ∝ (v f1 , v f2 , v f3) for f = u, d or l, where v f1 , v f2 , v f3 holds. As a
result, one may obtain the following textures of charged-lepton and quark mass matrices [812]:
Mu =
v
u
1 0 0
0 vu2 0
0 0 vu3
 Uω
y
u
1 0 0
0 yu1′′ 0
0 0 yu1′
 , Md =
 0 αad bdαbd 0 radad rbd 0
 , Ml =
 0 αal blαbl 0 ralal rbl 0
 (294)
with a f ≡ v f2y f3S3, b f ≡ v
f
2y
f
3A3
, r ≡ v f1/v f2 and α ≡ v f3/v f2 (for f = d and l). Assuming r  α ∼ O(1),
r  bd/ad and r  bl/al for Md and Ml, one may find an approximate mass relation [813]:
mb√mdms
' mτ√memµ
, (295)
which can be regarded as an interesting generalization of the well-known Georgi-Jarlskog mass
relations mb = mτ, ms = mµ/3 and md = 3me at the SU(5) GUT scale [117]. Provided v
u
3 : v
u
2 : v
u
1 =
1 : λ2 : λ4 with λ ' 0.22 being the Wolfenstein expansion parameter is assumed, then it is possible
to understand the mass hierarchy of three up-type quarks. The three quark flavor mixing angles of
the CKM matrix V in this scenario are expected to be ϑ12 ∼ O(λ), ϑ23 ∼ O(λ2) and ϑ13 ∼ O(λ4),
essentially consistent with current experimental data [812].
It is worth mentioning that the modular A4 and S3 symmetry groups [814] have recently been
applied to the quark sector to understand flavor mixing and CP violation [815, 816, 817, 818, 819].
A remarkable difference of model building based on a finite modular symmetry group from that
based on an ordinary non-Abelian discrete flavor symmetry group is that the former allows the
Yukawa coupling matrix elements to be expressed in terms of the holomorphic functions of a
complex modulus parameter and to transform in a nontrivial way under the modular group. Such
a new approach will be briefly introduced in section 7.4.3.
It is also worth remarking that once a certain flavor symmetry is adopted to build a realistic
fermion mass model as illustrated above, the number of parameters in the corresponding full theory
(including the sector of flavor symmetry breaking) is typically much larger than that in the SM.
This ugly aspect is often ignored in today’s model-building exercises, in which one pays more
attention to those effective parameters in the flavor sector instead of all the parameters of the full
theory. A blindingly obvious reason for this situation is that currently available experimental data
are so limited that it remains impossible to fully test a new theory beyond the SM, especially in
the case that such a theory is not predictive enough. So there is no doubt that we have a long way
to go in building fully predictive and testable flavor symmetry models.
7. Possible charged-lepton and neutrino flavor textures
7.1. Reconstruction of the lepton flavor textures
7.1.1. Charged leptons and Dirac neutrinos
While the up-down parallelism (or similarity) has often been taken as a plausible starting point
of view to reconstruct the textures of quark mass matrices from current experimental data or to
build a phenomenological quark flavor model based on a kind of underlying flavor symmetry, it is
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seldom that the flavor textures of charged leptons and massive neutrinos are treated on the same
footing. The most obvious reason for this situation is that there exists a puzzling gap of at least
six orders of magnitude between the masses of neutrinos and those of charged leptons, as shown
in Fig. 2. In other words, the origin of tiny neutrino masses should be quite different from that of
sizable charged-lepton masses, in particular in the case that massive neutrinos have the Majorana
nature and thus exist as a new form of matter in nature [820].
That is why one often studies the properties of massive neutrinos by taking the flavor basis
where the mass eigenstates of three charged leptons are identical with their flavor eigenstates (i.e.,
by taking the charged-lepton mass matrix Ml to be diagonal, real and positive). In this particular
basis the neutrino flavor eigenstates (νe, νµ, ντ) are directly linked to the neutrino mass eigenstates
(ν1, ν2, ν3) via the PMNS flavor mixing matrix U in Eq. (2), and thus it is possible to reconstruct the
neutrino mass matrix Mν in terms of the parameters of U and neutrino masses mi (for i = 1, 2, 3).
One may of course follow the opposite way to discuss the properties of charged leptons in the
flavor basis where the neutrino mass matrix Mν is diagonal, real and positive, and reconstruct Ml
in terms of the parameters of U and charged-lepton masses mα (for α = e, µ, τ).
Let us first focus on reconstruction of the Hermitian charged-lepton mass matrix Ml in the
flavor basis of Mν = Dν = Diag{m1,m2,m3}, no matter whether massive neutrinos are the Dirac
or Majorana particles. As one can see in section 2.1.2, the Hermiticity of Ml assures the relation-
ship Ml = U
†DlU to hold in the chosen flavor basis, which is essentially free from uncertainties
coming from the right-handed charged-lepton fields 38. In this case the nine elements of Ml can be
expressed as follows:
(Ml)i j ≡ 〈m〉i j = meU∗eiUe j + mµU∗µiUµ j + mτU∗τiUτ j , (296)
where the Latin subscripts i and j run over 1, 2 and 3. With the help of the parametrization of U
advocated in Eq. (2), where the diagonal phase matrix Pν can be neglected for our present purpose,
we find that the explicit expressions of 〈m〉i j turn out to be
〈m〉11 = mec212c213 + mµ
∣∣∣s12c23 + c12 s˜13s23∣∣∣2 + mτ ∣∣∣s12s23 − c12 s˜13c23∣∣∣2 ,
〈m〉22 = mes212c213 + mµ
∣∣∣c12c23 − s12 s˜13s23∣∣∣2 + mτ ∣∣∣c12s23 + s12 s˜13c23∣∣∣2 ,
〈m〉33 = mes213 + mµc213s223 + mτc213c223 ,
〈m〉12 = mec12s12c213 − mµ
(
s12c23 + c12 s˜
∗
13s23
) (
c12c23 − s12 s˜13s23
)
−mτ
(
s12s23 − c12 s˜∗13c23
) (
c12s23 + s12 s˜13c23
)
,
〈m〉13 = mec12c13 s˜∗13 − mµc13s23
(
s12c23 + c12 s˜
∗
13s23
)
+ mτc13c23
(
s12s23 − c12 s˜∗13c23
)
,
〈m〉23 = mes12c13 s˜∗13 + mµc13s23
(
c12c23 − s12 s˜∗13s23
) − mτc13c23 (c12s23 + s12 s˜∗13c23) , (297)
where s˜13 ≡ s13eiδν is defined for the sake of simplicity. Given the fact that the mass spectrum of
three charged leptons is strongly hierarchical (i.e., me  mµ  mτ) but the pattern of U is more
38Note that the mass eigenvalues of a Hermitian fermion mass matrix are definitely real, but they may not be positive
in general. Here we have required UMlU
† = Dl with mα (for α = e, µ, τ) being positive and U = O
†
l being the PMNS
matrix in the chosen Mν = Dν basis, in order to make an unambiguous reconstruction of Ml possible.
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Figure 7: , δν vs |〈Ml〉|ij .
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Figure 8: Majorana neutrino minimal seesaw.
5
Figure 28: The 3σ regions of six independent elements |〈m〉i j| (for i, j = 1, 2, 3) of the Hermitian charged-lepton mass
matrix Ml in the Mν = Dν basis, as functions of the CP-violating phase δν in the range 0.75pi ≤ δν ≤ 2.03pi (normal
neutrino mass hierarchy, or NH for short) or in the range 1.09pi ≤ δν ≤ 1.95pi (inverted hierarchy, or IH).
or less anarchical, one naturally expects that the nine elements of Ml are respectively dominated
by the terms proportional to mτ and therefore comparable in magnitude. This observation is sup-
ported by Fig. 28 in which the magnitudes of six independent 〈m〉i j are numerically calculated by
inputting the values of three charged-lepton masses at MZ listed in Table 6 and the 3σ ranges of
four lepton flavor mixing parameters listed in Table 10. We conclude that Ml has no texture zeros
in the chosen flavor basis, as constrained by current experimental data, but it seems to exhibit an
approximate 2 ↔ 3 permutation symmetry. Among all the elements of Ml, only 〈m〉33 is insensi-
tive to the CP-violating phase δν. So an experimental determination of δν in the near future will
help fix the texture of Ml to a much better degree of accuracy.
Let us now reconstruct the Hermitian Dirac neutrino mass matrix Mν in the flavor basis of Ml =
Dl = Diag{me,mµ,mτ}. In this case we concentrate on Mν = PlUDνU†P†l , which is independent
of the Majorana phases of U. But let us keep the diagonal phase matrix Pl = Diag{eiφe , eiφµ , eiφτ}.
Although Pl does not have any physical meaning, it will be helpful for discussing the µ-τ reflection
symmetry of Mν. The nine elements of Mν can then be written as
(Mν)αβ ≡ 〈m〉αβ =
[
m1Uα1U
∗
β1 + m2Uα2U
∗
β2 + m3Uα3U
∗
β3
]
ei(φα−φβ) , (298)
where the Greek subscripts α and β run over e, µ and τ. Given the standard parametrization of the
PMNS matrix U in Eq. (2) with the Majorana phase matrix Pν being irrelevant in the present case,
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图 5: Dirac neutrino, m1,3 vs |〈Mν〉|αβ.
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图 6: Dirac neutrino, m2 vs |〈Mν〉|αβ.
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Figure 29: The 3σ ranges of six independent elements |〈m〉αβ| (for α, β = e, µ, τ) of the Hermitian Dirac neutrino mass
matrix Mν in the Ml = Dl basis, as functions of the smallest neutrino mass m1 in the normal neutrino mass hierarchy
(NH) case or of m3 in the inverted hierarchy (IH) case.
we explicitly obtain the expressions
〈m〉ee = m1c212c213 + m2s212c213 + m3s213 ,
〈m〉µµ = m1
∣∣∣s12c23 + c12 s˜13s23∣∣∣2 + m2 ∣∣∣c12c23 − s12 s˜13s23∣∣∣2 + m3c213s223 ,
〈m〉ττ = m1
∣∣∣s12s23 − c12 s˜13c23∣∣∣2 + m2 ∣∣∣c12s23 + s12 s˜13c23∣∣∣2 + m3c213c223 ,
〈m〉eµ =
[−m1c12c13 (s12c23 + c12 s˜∗13s23) + m2s12c13 (c12c23 − s12 s˜∗13s23) + m3c13 s˜∗13s23] ei(φe−φµ) ,
〈m〉eτ =
[
m1c12c13
(
s12s23 − c12 s˜∗13c23
) − m2s12c13 (c12s23 + s12 s˜∗13c23) + m3c13 s˜∗13c23] ei(φe−φτ) ,
〈m〉µτ =
[−m1 (s12c23 + c12 s˜13s23) (s12s23 − c 2 s˜∗13c23) − m2 (c12c23 − s12 s˜13s23) (c12s23 + s12 s˜∗13c23)
+ m3c
2
13c23s23
]
ei(φµ−φτ) . (299)
Taking account of the 3σ ranges of two neutrino mass-squared differences and four neutrino mix-
ing parameters listed in Tables 9 and 10, we illustrate the magnitudes of six independent 〈m〉αβ
as functions of m1 (normal neutrino mass hierarchy) or m3 (inverted hierarchy) in Fig. 29. It is
obvious that the elements of Mν exhibit an approximate µ-τ symmetry
39.
39Note that in most of the literature the νµ-ντ permutation symmetry has been referred to as the µ-τ permutation
symmetry for the sake of simplicity. Here we follow this common but inexact wording, but one should keep in mind
that it does not mean any actual permutation symmetry between charged muon and tau.
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The approximate µ-τ symmetry of Mν is closely associated with the fact of θ23 ' pi/4 and
δν ∼ 3pi/2 indicated by current neutrino oscillation data, as discussed in section 3.4.2. One may
actually derive θ23 = pi/4 and δν = 3pi/2, together with 2φe − φµ − φτ = pi, from the Dirac neutrino
mass matrix if it has the following texture:
Mν =

〈m〉ee 〈m〉eµ 〈m〉∗eµ
〈m〉µe 〈m〉µµ 〈m〉µτ
〈m〉∗µe 〈m〉∗µτ 〈m〉∗µµ
 , (300)
where 〈m〉ee is real and the other four parameters are in general complex. Such a special form of
Mν can be obtained from requiring the Dirac neutrino mass term in Eq. (13) to be invariant under
the following charge-conjugation transformations of left- and right-handed neutrino fields [821]:
νeL ↔ (νeL)c , NeR ↔ (NeR)c ,
νµL ↔ (ντL)c , NµR ↔ (NτR)c ,
ντL ↔ (νµL)c , NτR ↔ (NµR)c . (301)
This invariance dictates the Dirac neutrino mass matrix Mν to satisfy Mν = S
(132)M∗νS
(132), where
S (132) has been given in Eq. (253), and thus it must take the form in Eq. (300). Note that the
above νµ-ντ reflection symmetry does not guarantee Mν to be Hermitian. It is therefore necessary
to assume 〈m〉µe = 〈m〉∗eµ in Eq. (300) so as to make Mν Hermitian and thus compatible with the
numerical result shown in Fig. 29.
In the chosen Ml = Dl basis a systematic analysis of possible zero textures of the Dirac neutrino
mass matrix Mν has been done, with or without an assumption of its Hermiticity [822, 823, 824].
Fig. 29 tells us that current experimental data can rule out all the possible zero textures of Hermi-
tian Mν in the chosen basis, at least at the 3σ level. Note, however, that this observation is subject
to the choice of Mν = PlUDνU
†P†l . If one allows the eigenvalues of Mν to be negative, then it
remains possible to have one or two texture zeros [823]. Since a non-Hermitian texture of Mν
usually involves more free parameters, it is phenomenologically allowed to contain one or more
vanishing entries. But in this case the non-Hermitian texture of Mν is also likely to be converted to
a Hermitian form after a proper basis transformation is made, as what we have discussed for quark
mass matrices in section 6.3.1.
Let us remark that the diagonal Mν = Dν basis for discussing possible textures of the charge-
lepton mass matrix Ml or the diagonal Ml = Dl basis for exploring possible structures of the Dirac
neutrino mass matrix Mν are just two special cases. In general, both Ml and Mν are expected to
be non-diagonal, and hence the PMNS lepton flavor mixing matrix U = O†l Oν should contain both
the contribution from Ml via O
†
l MlO
′
l = Dl and that from Mν through O
†
νMνO
′
ν = Dν. Although the
textures of Ml and Mν have no reason to be parallel [825], it is always possible to assume them to
share a common zero texture such as the well-known Fritzsch texture [135]. It is actually easy to
show that the six-zero textures of Hermitian Ml and Mν,
Ml =
 0 Cl 0C∗l 0 Bl0 B∗l Al
 , Mν =
 0 Cν 0C∗ν 0 Bν0 B∗ν Aν
 , (302)
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can essentially fit current neutrino oscillation data, but it only allows for a normal neutrino mass
ordering and θ23 < 45
◦ [447, 448]. This situation will change if the Hermiticity of Ml and Mν is
given up but their texture zeros keep unchanged [826], with the cost of more free parameters or
less predictability. In comparison, the four-zero textures of Hermitian lepton mass matrices,
Ml =
 0 Cl 0C∗l B′l Bl0 B∗l Al
 , Mν =
 0 Cν 0C∗ν B′ν Bν0 B∗ν Aν
 , (303)
are found to be completely consistent with current experimental data [783, 827, 828, 829, 830].
Finally, we reemphasize that it is very difficult to understand why the Yukawa couplings of
three Dirac neutrinos are (more than) six orders of magnitude smaller than those of three charged
leptons, if they acquire their masses in the same way as in the SM. In this regard it has been
shown that a relatively natural generation of tiny Dirac neutrino masses is not impossible in some
models involving extra spacial dimensions [470, 831, 832, 833, 834], supersymmetry or stringy
symmetries [210, 835, 836, 837, 838], radiative mechanisms [220, 839, 840, 841, 842, 843, 844]
or some flavor symmetries [845, 846, 847, 848, 849, 850, 851, 852]. That is why some attention
has been paid to massive Dirac neutrinos and their phenomenological consequences. Nevertheless,
more theoretical and experimental attention has been paid to the possibility that massive neutrinos
may have the Majorana nature. So we are going to focus on possible flavor textures of Majorana
neutrinos and explore their much richer phenomenological consequences, especially in the aspect
of lepton number violation.
7.1.2. The Majorana neutrino mass matrix
Given the Majorana nature of three light massive neutrinos, their effective mass matrix Mν
can be fully reconstructed in terms of three neutrino masses, three flavor mixing angles and three
CP-violating phases in the flavor basis of Ml = Dl. To be explicit, Mν = PlUDνU
T PTl holds in
this special basis, where Pl = Diag{eiφe , eiφµ , eiφτ} has no physical meaning but it will be helpful
for the discussion about the µ-τ reflection symmetry. Six independent elements of the symmetric
Majorana neutrino mass matrix Mν can then be expressed as follows:
(Mν)αβ ≡ 〈m〉αβ =
[
m1Uα1Uβ1 + m2Uα2Uβ2 + m3Uα3Uβ3
]
ei(φα+φβ) , (304)
where α and β run over e, µ and τ. With the help of the standard parametrization of U in Eq. (2),
it is straightforward for us to arrive at
〈m〉ee =
[
m1c
2
12c
2
13 + m2s
2
12c
2
13 + m3 s˜
∗2
13
]
ei2φe ,
〈m〉µµ =
[
m1
(
s12c23 + c12 s˜13s23
)2
+ m2
(
c12c23 − s12 s˜13s23
)2
+ m3c
2
13s
2
23
]
ei2φµ ,
〈m〉ττ =
[
m1
(
s12s23 − c12 s˜13c23
)2
+ m2
(
c12s23 + s12 s˜13c23
)2
+ m3c
2
13c
2
23
]
ei2φτ ,
〈m〉eµ =
[−m1c12c13 (s12c23 + c12 s˜13s23) + m2s12c13 (c12c23 − s12 s˜13s23) + m3c13 s˜∗13s23] ei(φe+φµ) ,
〈m〉eτ =
[
m1c12c13
(
s12s23 − c12 s˜13c23
) − m2s12c13 (c12s23 + s12 s˜13c23) + m3c13 s˜∗13c23] ei(φe+φτ) ,
〈m〉µτ =
[−m1 (s12c23 + c12 s˜13s23) (s12s23 − c12 s˜13c23) − m2 (c12c23 − s12 s˜13s23) (c12s23 + s12 s˜13c23)
+ m3c
2
13c23s23
]
ei(φµ+φτ) , (305)
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Figure 1: Majorana neutrino, m1,3 vs |〈Mν〉|αβ.
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Figure 2: Majorana neutrino, m1,3 vs |〈Mν〉|αβ.
2
Figure 30: The 3σ ranges of six independent elements |〈m〉αβ| (for α, β = e, µ, τ) of the Majorana neutrino mass matrix
Mν in the Ml = Dl basis, as functions of the smallest neutrino mass m1 in the normal hierarchy (NH) case or of the
smallest neutrino mass m3 in the inverted hierarchy (IH) case.
in which m1 ≡ m1e2iρ and m2 ≡ m2e2iσ, together with s˜13 ≡ s13eiδν , have been defined for simplicity.
Inputting the 3σ ranges of ∆m221, ∆m
2
31, θ12, θ13, θ23 and δν listed in Tables 9 and 10, and allowing
ρ and σ to vary between 0 and pi, we plot the numerical profiles of |〈m〉αβ| as functions of m1 or m3
in Fig. 30, where the normal and inverted neutrino mass hierarchies are both taken into account.
Two immediate comments on the results in Fig. 30 are in order.
• If the neutrino mass spectrum is normal and the absolute neutrino mass scale is of O(0.1) eV
or below, then the matrix element 〈m〉µτ is definitely nonzero, but one or more of the other
five elements of Mν are possible to vanish. This observation is essentially understandable
from Eq. (305) in the θ13 → limit, because a vanishingly small 〈m〉αβ implies an almost
complete cancellation between the terms associated with m1,2 and the one proportional to
m3. In the case of an inverted neutrino mass ordering, the matrix element 〈m〉ee is definitely
nonzero because m1 ∼ m2 > m3, θ12 , pi/4 and the smallness of θ13 guarantee that a complete
cancellation between the two dominant components of 〈m〉ee can never happen. But one or
more of the other five elements of Mν are likely to be vanishing or vanishingly small if the
value of m1 lies around O(0.1) eV or below.
• No matter whether the neutrino mass spectrum is normal or inverted, the magnitudes of some
elements of Mν exhibit an approximate µ-τ permutation symmetry, such as |〈m〉eµ| ' |〈m〉eτ|
and |〈m〉µµ| ' |〈m〉ττ| [853]. This observation can also be understood from Eq. (305) after
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θ23 ∼ pi/4 and δν ∼ 3pi/2 are taken into consideration. In this connection an immediate
conjecture is that there should exist a kind of µ-τ reflection symmetry for the Majorana
neutrino mass matrix Mν, and it should be the simplest flavor symmetry in the neutrino
sector which is behind the observed pattern of lepton flavor mixing [440].
We conclude that the profiles of |〈m〉αβ| shown in Fig. 30 are helpful for us to either explore an
underlying flavor symmetry of Mν or study some zero textures of Mν in the chosen flavor basis. For
example, the well-known Fritzsch texture is definitely disfavored for Mν in the inverted neutrino
mass ordering, simply because 〈m〉ee = 0 has been ruled out in this case.
The 3 × 3 Majorana neutrino mass matrix Mν with an exact µ-τ reflection symmetry is of the
following form [439, 468, 516, 743, 854, 855]:
Mν =

〈m〉ee 〈m〉eµ 〈m〉∗eµ
〈m〉eµ 〈m〉µµ 〈m〉µτ
〈m〉∗eµ 〈m〉µτ 〈m〉∗µµ
 , (306)
where 〈m〉∗ee = 〈m〉ee and 〈m〉∗µτ = 〈m〉µτ hold, and the other elements are in general complex. This
sort of texture of Mν can be obtained from requiring the effective Majorana neutrino mass term in
Eq. (16) to be invariant under the charge-conjugation transformations of three left-handed neutrino
fields: νeL ↔ (νeL)c, νµL ↔ (ντL)c and ντL ↔ (νµL)c. A comparison between Eqs. (305) and (306)
immediately leads us to
θ23 =
pi
4
, δν =
pi
2
or
3pi
2
, ρ = 0 or
pi
2
, σ = 0 or
pi
2
, (307)
together with φe = pi/2 and φµ + φτ = 0 [856, 857]. It becomes clear that the presence of φe, φµ
and φτ is necessary so as to make the texture of Mν under the µ-τ reflection symmetry consistent
with the standard parametrization of the PMNS matrix U.
Of course, the exact µ-τ reflection symmetry of Mν can always be embedded into a much
larger flavor symmetry group in building a more realistic neutrino mass model [440]. It must be
broken in a proper way, such that the resultant flavor mixing angles and CP-violating phases can
fit current experimental data to a much better degree of accuracy. Several possibilities of breaking
this empirical flavor symmetry have been discussed in the literature (see Ref. [440] for a recent
review), and a typical example of this kind will be described in section 7.1.3.
It is certainly unnecessary to ascribe all the lepton flavor mixing effects to the neutrino sector,
no matter whether the Majorana neutrino mass matrix Mν originates from a seesaw mechanism
or not. It has been shown that the Fritzsch texture of Mν can be obtained from the canonical
seesaw mechanism if the Dirac neutrino mass matrix MD and the right-handed Majorana neutrino
mass matrix MR are of the same Fritzsch form and have a kind of parameter correlation (see
section 7.2.2 for some explicit discussions) [630, 858], and thus one may arrive at the six-zero
textures of Hermitian Ml and symmetric Mν at low energies,
Ml =
 0 Cl 0C∗l 0 Bl0 B∗l Al
 , Mν =
 0 Cν 0Cν 0 Bν0 Bν Aν
 , (308)
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which are essentially compatible with current neutrino oscillation data. If the four-zero textures of
Hermitian Ml and symmetric Mν are taken into account, one will be left with more free parameters
to fit the experimental data [137]. Since the textures of Ml and Mν are parallel, the strong mass
hierarchy of three charged leptons implies that their contributions to lepton flavor mixing should be
suppressed to some extent as compared with the neutrino sector. From the point of view of model
building, the specific textures of Ml and Mν should be determined from proper flavor symmetries.
In this case the arbitrariness of choosing the flavor basis for Ml and Mν might be under control.
7.1.3. Breaking of µ-τ reflection symmetry
The exact µ-τ reflection symmetry of Mν must be broken to some extent, such that the observed
deviation of θ23 from pi/4 and that of δν from 3pi/2 can be explained. There are several ways to
explicitly break this simple flavor symmetry, of course. Given the Majorana neutrino mass matrix
in Eq. (306), for example, its µ-τ reflection symmetry can be broken by introducing an imaginary
correction to 〈m〉ee and (or) 〈m〉µτ, by introducing different perturbations to 〈m〉eµ and 〈m〉eτ, or by
introducing different corrections to 〈m〉µµ and 〈m〉ττ. Then one will be left with Im〈m〉ee , 0 and
(or) Im〈m〉µτ , 0, 〈m〉eτ , 〈m〉∗eµ, or 〈m〉ττ , 〈m〉∗µµ, respectively [439, 440, 446, 516, 743, 806,
854, 859, 860, 861, 862, 863, 864, 865, 866, 867, 868]. As a consequence, the results in Eq. (307)
will be slightly modified. But the explicit breaking of a flavor symmetry is quite ad hoc, and hence
it often poses a challenge to those realistic model-building exercises.
Now that an underlying flavor symmetry of Mν is usually expected to show up at a superhigh
energy scale Λ, such as the seesaw scale ΛSS, it makes sense to consider the RGE-induced correc-
tions to Mν at the electroweak scale ΛEW. That is to say, the flavor symmetry will automatically be
broken due to the quantum effects when Mν runs from Λ down to ΛEW via the one-loop RGEs. As
far as the µ-τ reflection symmetry is concerned, one has to figure out whether the RGE-triggered
symmetry breaking evolves in the right direction so as to bring θ23 to the right octant and δν to
the right quadrant at low energies [857, 869]. Of course, the “right” octant of θ23 and the “right”
quadrant of δν as indicated by the present best-fit values of θ23 and δν remain rather preliminary,
and they are even likely to “fluctuate” around their respective µ-τ reflection symmetry limits (i.e.,
pi/4 and 3pi/2) in the coming years before sufficiently accurate data on these two fundamental
flavor parameters are achieved from the ongoing and upcoming long-baseline neutrino oscillation
experiments. In any case it is necessary to study the running behavior of Mν with energy scales
and examine the corresponding effects of µ-τ reflection symmetry breaking.
Let us first consider the Majorana neutrino mass matrix Mν with the µ-τ reflection symmetry
in the Ml = Dl basis, as shown in Eq. (306), in the framework of the MSSM. Assuming this flavor
symmetry to be realized at a superhigh energy scale Λµτ and taking account of Mν = κ(v sin β)
2/2 in
the MSSM, where the one-loop RGE of κ has been given in Eq. (165), we obtain the renormalized
texture of Mν at the electroweak scale as follows [137, 870]:
Mν(ΛEW) = I
2
0
[
Tl · Mν(Λµτ) · Tl
]
, (309)
where Tl ≡ Diag{Ie, Iµ, Iτ} with the leptonic evolution functions Iα (for α = e, µ, τ) being defined
as in Eq. (183), and the overall evolution function I0 is defined by
I0 = exp
− 132pi2
∫ ln(Λµτ/ΛEW)
0
ακ(t) dt
 , (310)
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where ακ has been given in Eq. (167). Note that Ie ' Iµ ' 1 holds to an excellent degree of
accuracy as a consequence of the tininess of y2e and y
2
µ; and
∆τ ≡ 1 − Iτ '
1
16pi2
∫ ln(Λµτ/ΛEW)
0
y2τ(t) dt (311)
is also quite small, of O(10−2) or smaller in most cases, because Iτ is very close to one as shown
in Fig. 24. But it is found that ∆τ may affect the running behaviors of some lepton flavor mixing
parameters in an appreciable way. To be explicit, we obtain
Mν(ΛEW) ' I20


〈m〉ee 〈m〉eµ 〈m〉∗eµ
〈m〉eµ 〈m〉µµ 〈m〉µτ
〈m〉∗eµ 〈m〉µτ 〈m〉∗µµ
 − ∆τ

0 0 〈m〉∗eµ
0 0 〈m〉µτ
〈m〉∗eµ 〈m〉µτ 2〈m〉∗µµ

 , (312)
from which one can see how the µ-τ reflection symmetry at Λµτ is broken at ΛEW thanks to the
tau-dominated RGE running effects [440].
Since the charged-lepton mass matrix Ml = Dl keeps diagonal in the one-loop RGE evo-
lution, one may simply diagonalize the Majorana neutrino mass matrix Mν at ΛEW to obtain
three neutrino masses, three flavor mixing angles and three CP-violating phases. Let us define
∆θi j ≡ θi j(ΛEW) − θi j(Λµτ) (for i j = 12, 13, 23), ∆δν ≡ δν(ΛEW) − δν(Λµτ), ∆ρ ≡ ρ(ΛEW) − ρ(Λµτ)
and ∆σ ≡ σ(ΛEW)−σ(Λµτ) to measure the RGE-induced corrections to the parameters of U. After
a lengthy calculation, the three neutrino masses at ΛEW are found to be
m1(ΛEW) ' I20
[
1 − ∆τ
(
1 − c212c213
)]
m1(Λµτ) ,
m2(ΛEW) ' I20
[
1 − ∆τ
(
1 − s212c213
)]
m2(Λµτ) ,
m3(ΛEW) ' I20
[
1 − ∆τc213
]
m3(Λµτ) . (313)
In a reasonable analytical approximation we also arrive at [857, 856, 871]
∆θ12 '
∆τ
2
c12s12
[
s213
(
ζ
ηρ
31 − ζησ32
)
+ c213ζ
−ηρησ
21
]
,
∆θ13 '
∆τ
2
c13s13
(
c212ζ
ηρ
31 + s
2
12ζ
ησ
32
)
,
∆θ23 '
∆τ
2
(
s212ζ
−ηρ
31 + c
2
12ζ
−ησ
32
)
(314)
for the differences of three flavor mixing angles between ΛEW and Λµτ; and
∆δν '
∆τ
2
[
c12s12
s13
(
ζ
−ησ
32 − ζ
−ηρ
31
)
− s13
c12s12
(
c412ζ
−ησ
32 − s412ζ
−ηρ
31 + ζ
ηρησ
21
)]
,
∆ρ ' ∆τ
c12s13
s12
[
s212
(
ζ
−ηρ
31 − ζ−ησ32
)
+
1
2
(
ζ
−ησ
32 + ζ
ηρησ
21
)]
,
∆σ ' ∆τ
s12s13
2c12
[
s212
(
ζ
ηρησ
21 − ζ
−ηρ
31
)
− c212
(
2ζ−ησ32 − ζ
−ηρ
31 − ζ
ηρησ
21
)]
(315)
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Figure 31: Majorana neutrinos: the allowed region of θ23 at ΛEW as functions of m1 ∈ [0, 0.1] eV and tan β ∈ [10, 50]
in the MSSM with a normal neutrino mass ordering, originating from the RGE-induced breaking of µ-τ reflection
symmetry at Λµτ ∼ 1014 GeV [857]. Here the dashed curves are the contours for some typical values of θ23, and the
blue one is compatible with the best-fit result of θ23 obtained in Ref. [92].
for the differences of three CP-violating phases between ΛEW and Λµτ, where ηρ ≡ cos 2ρ = ±1
and ησ ≡ cos 2σ = ±1 represent possible options of ρ and σ in the µ-τ symmetry limit at Λµτ, and
the ratios ζi j ≡ (mi − m j)/(mi + m j) are defined with the neutrino masses mi and m j at ΛEW (for
i, j = 1, 2, 3). In obtaining Eqs. (313), (314) and (315) we have used the µ-τ reflection symmetry
conditions θ23 = pi/4 and δν = 3pi/2 at Λµτ. Our main observation is that the RGE-triggered µ-τ
reflection symmetry breaking provides a natural correlation of the neutrino mass ordering with
both the octant of θ23 and the quadrant of δν.
In Figs. 31 and 32 we assume Λµτ ∼ 1014 GeV and plot the allowed regions of θ23 and δν at
ΛEW as functions of m1 ∈ [0, 0.1] eV and tan β ∈ [10, 50] in the MSSM with a normal neutrino
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Figure 32: Majorana neutrinos: the allowed region of δν at ΛEW as functions of m1 ∈ [0, 0.1] eV and tan β ∈ [10, 50]
in the MSSM with a normal neutrino mass ordering, originating from the RGE-induced breaking of µ-τ reflection
symmetry at Λµτ ∼ 1014 GeV [857]. Here the dashed curves are the contours for some typical values of δν, and the
blue one is compatible with the best-fit result of δν obtained in Ref. [92].
mass ordering, respectively. Here the best-fit values and 1σ ranges of six neutrino oscillation
parameters, as listed in Tables 9 and 10 [92], have been taken into account. One can see that
the normal neutrino mass ordering is naturally correlated with the upper octant of θ23 and the
third quadrant of δν with the help of the µ-τ reflection symmetry breaking triggered by the RGE
evolution from Λµτ down to ΛEW in the MSSM. In this connection the reason that we have chosen
the MSSM instead of the SM is three-fold [857]: (a) it is very hard to produce an appreciable value
of ∆θ23 via the RGE-induced µ-τ symmetry breaking effect in the SM; (b) the evolution of θ23 from
Λµτ to ΛEW seems to be in the “wrong” direction in the SM if one takes the present best-fit result
θ23 > 45
◦ seriously in the normal mass ordering case; and (c) the SM itself is likely to suffer from
the vacuum-stability problem as the energy scale is above 1010 GeV [91, 872].
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Now we turn to the Dirac neutrino mass matrix Mν with the exact µ-τ reflection symmetry at
Λµτ  ΛEW in the Ml = Dl basis, as given in Eq. (300). With the help of the one-loop RGE of
Mν = Yνv sin β/
√
2 in the MSSM given in Eq. (170), we obtain [821]
Mν(ΛEW) = I0
[
Tl · Mν(Λµτ)
]
, (316)
where the evolution functions I0 and Tl are defined in the same way as in Eqs. (309) and (310).
Given Tl ' Diag{1, 1, 1 − ∆τ} as a very good approximation, where ∆τ is defined in the same way
as in Eq. (311), the RGE-induced µ-τ reflection symmetry breaking effect can be clearly seen as
follows:
Mν(ΛEW) ' I0


〈m〉ee 〈m〉eµ 〈m〉∗eµ
〈m〉µe 〈m〉µµ 〈m〉µτ
〈m〉∗µe 〈m〉∗µτ 〈m〉∗µµ
 − ∆τ
 0 0 00 0 0〈m〉∗µe 〈m〉∗µτ 〈m〉∗µµ

 . (317)
It becomes obvious that the original Hermiticity of Mν at Λµτ will be lost during the RGE evolution.
A diagonalization of Mν at ΛEW allows us to get at three neutrino masses and four flavor mixing
parameters which can be confronted with current experimental data. Our approximate analytical
results are summarized in terms of the same notations as in the Majorana case:
m1(ΛEW) ' I0
[
1 − 1
2
∆τ
(
1 − c212c213
)]
m1(Λµτ) ,
m2(ΛEW) ' I0
[
1 − 1
2
∆τ
(
1 − s212c213
)]
m2(Λµτ) ,
m3(ΛEW) ' I0
[
1 − 1
2
∆τc
2
13
]
m3(Λµτ) ; (318)
and
∆θ12 '
∆τ
2
s12c12
[
c213ξ21 − s213
(
ξ32 − ξ31
)]
,
∆θ13 '
∆τ
2
s13c13
[
s212ξ32 + c
2
12ξ31
]
,
∆θ23 '
∆τ
2
[
c212ξ32 + s
2
12ξ31
]
,
∆δν '
∆τ
2
c12
(
s212 − c212s213
)
s12s13
ξ32 −
s12
(
c212 − s212s213
)
c12s13
ξ31 −
s13
c12s12
ξ21
 , (319)
where ξi j ≡ (m2i + m2j)/(m2i − m2j) with i , j. In obtaining Eqs. (318) and (319) we have taken
account of the µ-τ reflection symmetry conditions θ23 = pi/4 and δν = 3pi/2 at Λµτ. As in the case
of Majorana neutrinos, a similar numerical illustration of the allowed regions of θ23 and δν at ΛEW
as functions of m1 and tan β in the normal neutrino mass ordering case is shown in Fig. 33 for Dirac
neutrinos. We see that current best-fit values of θ23 and δν can be ascribed to the RGE-induced µ-τ
reflection symmetry breaking in the MSSM.
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Figure 33: Dirac neutrinos: the allowed regions of θ23 and δν at ΛEW as functions of m1 ∈ [0, 0.1] eV and tan β ∈
[10, 50] in the MSSM with a normal neutrino mass ordering, originating from the RGE-induced breaking of µ-τ
reflection symmetry at Λµτ ∼ 1014 GeV [857]. Here the dashed curves are the contours for some typical values of θ23
and δν, and the blue ones are compatible with the best-fit results of θ23 and δν obtained in Ref. [92].
7.2. Zero textures of massive Majorana neutrinos
7.2.1. Two- and one-zero flavor textures of Mν
In the Ml = Dl basis Fig. 30 tells us that one or two elements of the Majorana neutrino mass
matrix Mν are possible to vanish, but it is impossible to simultaneously accommodate three in-
dependent vanishing entries as constrained by the available neutrino oscillation data. This phe-
nomenological observation was first made in 2002, when some attention was paid to the two-zero
textures of Mν [873, 874, 875]. In particular, it was found that the two Majorana phases ρ and σ
of Mν and the absolute neutrino mass scale m1 can be determined from the six neutrino oscillation
parameters (i.e., ∆m221, ∆m
2
31, θ12, θ13, θ23 and δν) if Mν possesses two texture zeros [874, 875, 876].
Given the 3 × 3 symmetric Majorana neutrino mass matrix Mν in the Ml = Dl basis, its texture
zeros can be counted as follows. If n of the six independent complex entries of Mν are taken to
be zero, then we are left with 6Cn = 6!/ [n! (6 − n)!] different textures [877]. The possibilities of
3 ≤ n ≤ 6 have been ruled out, and that is why the two-zero textures of Mν are the focus of interest.
There are totally fifteen textures of this kind, as listed and classified in Table 17. Among them,
textures A1,2, B1,2,3,4 and C can survive current experimental tests at the 3σ level, while textures
D1,2, E1,2,3 and F1,2,3 have been excluded by the neutrino oscillation data [239, 878, 879, 880, 881,
882, 883, 884, 885, 886, 887, 888, 889, 890, 891].
To show why the two texture zeros of Mν allow us to determine its two Majorana phases ρ and
σ, let us start from Eq. (304) to consider two independent zero elements 〈m〉αβ = 〈m〉ab = 0, where
ab , αβ. Then we are left with the following equations:
〈m〉αβ = m1Aαβ + m2Bαβ + m3Cαβ = 0 ,
〈m〉ab = m1Aab + m2Bab + m3Cab = 0 , (320)
where Aαβ, Bαβ and Cαβ can be directly read off from Eq. (305), so can be Aab, Bab and Cab. They
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Table 17: The fifteen two-zero textures of the 3 × 3 Majorana neutrino mass matrix Mν, where the symbol “×” stands
for a nonzero complex element. The criterion of our classification is that the textures of Mν in each category have very
similar phenomenological consequences.
A1 A2 B1 B2 B3 B4 C0 0 ×0 × ×× × ×

0 × 0× × ×
0 × ×

× × 0× 0 ×
0 × ×

× 0 ×0 × ×× × 0

× 0 ×0 0 ×× × ×

× × 0× × ×
0 × 0

× × ×× 0 ×× × 0

D1 D2 E1 E2 E3 F1 F2 F3× × ×× 0 0× 0 ×

× × ×× × 0× 0 0

0 × ×× 0 ×× × ×

0 × ×× × ×× × 0

0 × ×× × 0× 0 ×

× 0 00 × ×
0 × ×

× 0 ×0 × 0× 0 ×

× × 0× × 0
0 0 ×

are simple trigonometric functions of θ12, θ13, θ23 and δν. As a result, we obtain
m1
m3
=
m1
m3
ei2ρ = +
BαβCab − BabCαβ
AαβBab − AabBαβ
,
m2
m3
=
m2
m3
ei2σ = −AαβCab − AabCαβ
AαβBab − AabBαβ
, (321)
which establish the unique correlation between (m1/m3,m2/m3, ρ, σ) and (θ12, θ13, θ23, δν). Once
the experimental information on ∆m221 or ∆m
2
31 is taken into account, one may also determine the
neutrino mass m1 as follows:
m21 =
(
m1
m2
)2 1 − (m1m2
)2−1 ∆m221 = (m1m3
)2 1 − (m1m3
)2−1 ∆m231 . (322)
In short, current neutrino oscillation data on three neutrino mixing angles and two neutrino mass-
squared differences, together with the correlative relations in Eqs. (321) and (322), allow us to
determine or constrain all the three CP-violating phases and the absolute neutrino mass scale. A
systematical analysis of all the two-zero textures of Mν has recently been done in Refs. [888, 889,
890], and the survivable textures remain A1,2, B1,2,3,4 and C at the 3σ confidence level. Some
particular attention has been paid to B1,2,3,4 and C [892, 893], since they can accommodate an
appreciable value of |〈m〉ee| which is quite encouraging for current and future experimental efforts
in searching for the lepton-number-violating 0ν2β signals.
As in the case of quark mass matrices discussed in section 6.3.1, it is also possible to generate
the texture zeros of Mν by means of some Abelian flavor symmetries (e.g., the cyclic group Z2N
[211, 761, 894]). If such zeros are realized at a superhigh energy scale Λ, their stability at the
electroweak scale ΛEW can be examined by means of the one-loop RGE obtained in Eq. (309)
with the replacement Λµτ → Λ. Since Tl is diagonal and Mν is symmetric, it is easy to check
that the texture zeros of Mν are stable against the RGE evolution from Λ down to ΛEW [137, 895],
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Figure 34: A three-dimensional illustration of the upper (in orange) and lower (in blue) bounds of |〈m〉ee| as functions
of m1 and φe1 in the normal neutrino mass ordering case, where the best-fit values ∆m
2
21, ∆m
2
31, sin
2 θ12 and sin
2 θ13
listed in Table 10 have been input [393].
but its nonzero elements are sensitive to the RGE corrections and thus affect the values of three
neutrino masses and six flavor mixing parameters in general.
Assuming one of the six independent elements of the Majorana neutrino mass matrix Mν to
vanish, one will arrive at six possible one-zero textures of Mν [389, 390, 896, 897, 898], which are
all compatible with current neutrino oscillation data. Unlike the two-zero textures of Mν discussed
above, the one-zero textures of Mν are less constrained, and hence it is impossible to fully deter-
mine the absolute neutrino mass scale and two Majorana CP phases in terms of the six neutrino
oscillation parameters in this case.
But the possibility of 〈m〉ee = 0 deserves special attention because it implies a null result for the
lepton-number-violating 0ν2β decays even though massive neutrinos are of the Majorana nature.
As shown in Fig. 30, only the normal neutrino mass ordering allows for 〈m〉ee = 0, in which case
a complete cancellation takes place among its three components. To see this point more clearly,
we plot the bounds of |〈m〉ee| as functions of m1 and φe1 in Fig. 34 by using the phase convention
set in Eq. (93), where φe1 and φe3 are related to the three CP-violating phases in the standard
parametrization of U through φe1 ≡ 2 (ρ − σ) and φe3 ≡ −2
(
δν + σ
)
. For the sake of simplicity, we
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have only input the best-fit values of ∆m221, ∆m
2
31, θ12 and θ13 listed in Table 10. In fact, the profile
of |〈m〉ee| in Fig. 34 can be understood in a straightforward way. Given
∂|〈m〉ee|
∂φe3
= 0 −→ tan φe3 =
m1 sin φe1
m1 cos φe1 + m2 tan
2 θ12
, (323)
it is easy to derive the upper (“U”) and lower (“L”) bounds of |〈m〉ee| from Eq. (93):
∣∣∣〈m〉ee∣∣∣U,L =
∣∣∣∣∣∣∣
√
m21 cos
4 θ12 +
1
2
m1m2 sin
2 2θ12 cos φe1 + m
2
2 sin
4 θ12 cos
2 θ13 ± m3 sin2 θ13
∣∣∣∣∣∣∣ , (324)
where the sign “+” (or “−”) corresponds to “U” (or “L”). The bottom of the “well” profile in
Fig. 34 satisfies the condition |〈m〉ee|L = 0, which in turn fixes the correlation between m1 and φe1
[393]. Note that the “bullet”-like structure of |〈m〉ee|L has a local maximum on its tip,
|〈m〉ee|∗ = m3 sin2 θ13 =
√
m21 + ∆m
2
31 sin
2 θ13 , (325)
which is located at φe1 = pi and m1 = m2 tan
2 θ12. This position actually means that the first
term on the right-hand side of Eq. (324) vanishes, and thus it exactly corresponds to the touching
point of the upper and lower bound layers of |〈m〉ee| shown in Fig. 34. With the help of current
neutrino oscillation data, the location of the tip of the bullet is found to be (m1, φe1, |〈m〉ee|∗) '
(4 meV, pi, 1.1 meV). That is why |〈m〉ee| ∼ 1 meV has often been taken as a threshold to signify the
maximally reachable limit of the next-generation 0ν2β-decay experiments [393, 394, 899]. Below
this threshold the neutrino mass spectrum and one of the Majorana phases can be well constrained
(for example, 0.7 meV ≤ m1 ≤ 8.0 meV, 8.6 meV ≤ m2 ≤ 11.7 meV, 50.3 meV ≤ m3 ≤ 50.9 meV
and 130◦ ≤ φe1 ≤ 230◦ can be extracted from |〈m〉ee| . 1 meV [899]), although the experimental
signal is expected to be null in this unfortunate situation.
7.2.2. The Fritzsch texture on the seesaw
Since the Fritzsch texture of fermion mass matrices is one of the most typical examples to
illustrate how the texture zeros may establish some testable relations between the fermion mass
ratios and flavor mixing angles, it has also been applied to the lepton sector by combining with
the canonical seesaw mechanism in the assumption that the right-handed Majorana neutrino mass
matrix MR is the identity matrix (i.e., MR = M0I with M0 being the universal heavy neutrino mass)
[900]. In this simple ansatz the charged-lepton mass matrix Ml and the Dirac neutrino mass matrix
MD are both of the Fritzsch form:
Ml =
 0 Cl 0C∗l 0 Bl0 B∗l Al
 , MD =
 0 CD 0CD 0 BD0 BD AD
 , (326)
where we have required MD to be real and symmetric, so as to assure the maximal analytical
calculability. Then the seesaw formula in Eq. (25) leads us to the light Majorana neutrino mass
matrix Mν ' −M2D/M0. The key point is that the real orthogonal matrix OD used to diagonalize
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MD (i.e., O
T
DMDOD = DD ≡ Diag{d1,−d2, d3} with di being the positive eigenvalues of MD) can
simultaneously diagonalize Mν. Namely, we have Oν = iOD such that
O†νMνO
∗
ν = −OTDMνOD '
1
M0
(
OTDMDOD
)2
=
1
M0
D2D , (327)
from which mi ' d2i /M0 can be obtained (for i = 1, 2, 3). Although Mν itself is not of the Fritzsch
form, Oν is fully calculable from MD. To be more explicit, the nine elements of Ol used to diag-
onalize Ml in Eq. (326) and those of Oν used to diagonalize Mν in this seesaw scenario are listed
in Table 18. Then the PMNS lepton flavor mixing matrix U = O†l Oν can be calculated in terms
of two charged-lepton mass ratios, two neutrino mass ratios and two CP-violating phases between
Ml and Mν. Needless to say, only the normal neutrino mass ordering is allowed by such a special
seesaw scenario. Some careful analyses have shown that its phenomenological consequences are
compatible with current neutrino oscillation data very well [901, 902, 903, 904], much better than
the plain Fritzsch ansatz of Hermitian lepton mass matrices in Eq. (302).
Of course, the choice of MR = M0I is too special to accommodate any successful leptogenesis
mechanism, no matter whether MD has been assumed to be real or not. This point is self-evident,
as can be seen from either of the following two equivalent criteria for CP invariance of heavy
Majorana neutrino decays in the canonical seesaw mechanism [486, 905, 906, 907]:
Im
{
det
[
M†DMD ,M
†
RMR
]}
= 0 ,
Im
{
Tr
[(
M†DMD
) (
M†RMR
)
M∗R
(
M†DMD
)∗
MR
]}
= 0 . (328)
One possible way out is to introduce some complex perturbations to MR to break the exact mass
degeneracy of three heavy Majorana neutrinos [908, 909], in which case the resonant leptogenesis
mechanism might work to account for the observed matter-antimatter asymmetry of our Universe.
Another phenomenologically interesting scenario of combining the Fritzsch texture with the
canonical seesaw mechanism is to assume
MD =
 0 CD 0CD 0 BD0 BD AD
 , MR =
 0 CR 0CR 0 BR0 BR AR
 , (329)
where AD and AR can always be arranged to be real and positive, and all the other elements are in
general complex. In this case the light Majorana neutrino mass matrix Mν ' −MDM−1R MTD is found
to be of the same Fritzsch form
Mν ' −

0
C2D
CR
0
C2D
CR
0
BDCD
CR
0
BDCD
CR
A2D
AR

, (330)
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Table 18: The nine elements of Ol used to diagonalize the Fritzsch texture of Ml in Eq. (326), and those of Oν used
to diagonalize Mν ' −M2D/M0 with MD being given in Eq. (326) too, where xl ≡ me/mµ, yl ≡ mµ/mτ, xν ≡ m1/m2,
yν ≡ m2/m3, ϕ1 ≡ − arg Cl and ϕ2 ≡ −(arg Bl + arg Cl) have been defined.
Element Ol Oν
(1,1)
 1 − yl(1 + xl) (1 − xlyl) (1 − yl + xlyl)
1/2 i [ 1 − √yν(1 + √xν) (1 − √xνyν) (1 − √yν + √xνyν)
]1/2
(1,2) −i
 xl
(
1 + xlyl
)(
1 + xl
) (
1 + yl
) (
1 − yl + xlyl
) 
1/2 [ √
xν
(
1 +
√
xνyν
)(
1 +
√
xν
) (
1 +
√
yν
) (
1 − √yν + √xνyν)
]1/2
(1,3)
 xly3l
(
1 − xl
)(
1 − xlyl
) (
1 + yl
) (
1 − yl + xlyl
) 
1/2
i
[
yν
√
xνyν
(
1 − √xν)(
1 − √xνyν) (1 + √yν) (1 − √yν + √xνyν)
]1/2
(2,1)
 xl
(
1 − yl
)(
1 + xl
) (
1 − xlyl
) 
1/2
eiϕ1 i
[ √
xν
(
1 − √yν)(
1 +
√
xν
) (
1 − √xνyν)
]1/2
(2,2) i
 1 + xlyl(1 + xl) (1 + yl)
1/2 eiϕ1 − [ 1 + √xνyν(1 + √xν) (1 + √yν)
]1/2
(2,3)
 yl
(
1 − xl
)(
1 − xlyl
) (
1 + yl
) 
1/2
eiϕ1 i
[ √
yν
(
1 − √xν)(
1 − √xνyν) (1 + √yν)
]1/2
(3,1) −
 xlyl
(
1 − xl
) (
1 + xlyl
)(
1 + xl
) (
1 − xlyl
) (
1 − yl + xlyl
) 
1/2
eiϕ2 −i
[ √
xνyν
(
1 − √xν) (1 + √xνyν)(
1 +
√
xν
) (
1 − √xνyν) (1 − √yν + √xνyν)
]1/2
(3,2) −i
 yl
(
1 − xl
) (
1 − yl
)(
1 + xl
) (
1 + yl
) (
1 − yl + xlyl
) 
1/2
eiϕ2
[ √
yν
(
1 − √xν) (1 − √yν)(
1 +
√
xν
) (
1 +
√
yν
) (
1 − √yν + √xνyν)
]1/2
(3,3)

(
1 − yl
) (
1 + xlyl
)(
1 − xlyl
) (
1 + yl
) (
1 − yl + xlyl
) 
1/2
eiϕ2 i
[ (
1 − √yν) (1 + √xνyν)(
1 − √xνyν) (1 + √yν) (1 − √yν + √xνyν)
]1/2
if the condition BD/CD = BR/CR is imposed [630, 858, 910]. This simple result, together with the
Fritzsch texture of Ml in Eq. (326), allows us to analytically calculate the light neutrino masses and
lepton flavor mixing parameters. Meanwhile, it is possible to interpret the cosmological baryon-
antibaryon asymmetry via thermal leptogenesis in such a simple scenario [630, 858].
If a universal geometric mass hierarchy is further assumed for MD and MR in Eq. (329), namely
d1
d2
=
d2
d3
=
M1
M2
=
M2
M3
≡ r , (331)
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then it is straightforward to show that the condition BD/CD = BR/CR is automatically satisfied. As
a consequence, Mν possesses the same Fritzsch texture as given in Eq. (330), and the three light
Majorana neutrinos have the same geometric mass relation m1/m2 = m2/m3 = r [858]. In fact,
m1 =
r2√
1 − r4
√
∆m231 ,
m2 =
r√
1 − r4
√
∆m231 ,
m3 =
1√
1 − r4
√
∆m231 , (332)
exhibiting a normal mass hierarchy, where r2 = ∆m221/(∆m
2
31 − ∆m221) ' 0.03 as indicated by
current best-fit values of ∆m221 and ∆m
2
31 listed in Table 9. On the other hand, the nontrivial phase
differences between MD and MR allow us to obtain a proper CP-violating asymmetry between the
lepton-number-violating decay of the lightest heavy Majorana neutrino N1 and its CP-conjugate
process, making it possible to account for the observed cosmological baryon-to-photon ratio η =
nB/nγ ' 6.12 × 10−10 in Eq. (48) via the thermal leptogenesis mechanism [858].
Beyond the simple but instructive Fritzsch texture discussed above, there are actually many
different possibilities to arrange texture zeros for Ml, MD and MR, from which the texture of Mν
can be derived by means of the seesaw formula. In this regard some general classifications and
concrete analyses have been made (see, e.g., Refs. [911, 912, 913, 914, 915, 916]). It is certainly
difficult to test most of them by just using current neutrino oscillation data, because such zero
textures on the seesaw usually involve quite a lot of free parameters. A combination of the seesaw
and leptogenesis mechanisms proves to be helpful to exclude some simple zero textures of this
kind, but there is still a long way to go in this connection.
7.2.3. Seesaw mirroring between Mν and MR
The example taken in Eqs. (329) and (330) implies that the textures of Mν and MR in the
canonical seesaw mechanism may be parallel, with either some texture zeros or some equalities
based on a sort of flavor symmetry. Such a parallel structure of Mν and MR via the seesaw formula
can be referred to as the seesaw mirroring relationship between light and heavy Majorana neutrinos
[722]. In this sense the simplest seesaw-induced correlation between Mν and MR should be Mν '
d20/MR by assuming MD = id0I with d0 being the mass scale of the Dirac neutrino mass matrix.
Taking account of O†RMRO
∗
R = DN ≡ Diag{M1,M2,M3} and O†νMνO∗ν = Dν ≡ Diag{m1,m2,m3},
we can immediately arrive at the following two seesaw mirroring relations:
Dν '
d20
DN
, Oν = O
∗
R . (333)
Therefore, mi ' d20/Mi holds (for i = 1, 2, 3). In the basis where the flavor eigenstates of three
charged leptons are identical with their mass eigenstates (i.e., Ml = Dl), we have OR = U
∗ with U
being the PMNS flavor mixing matrix for three light neutrinos. One might naively expect that the
CP-violating asymmetries between Ni → `α + H and Ni → `α + H decays (for i = 1, 2, 3) at high
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energies could solely be related to the CP-violating phases of U at low energies in this case, but it
is not true. The point is simply that the prerequisite MD = id0I leads to CP invariance in the heavy
Majorana neutrino sector, as one can easily see from Eq. (328).
Although the Fritzsch texture of Mν in Eq. (330) can be regarded as a seesaw-invariant con-
sequence of the Fritzsch textures of MD and MR in Eq. (329), this interesting seesaw mirroring is
subject to the precondition BD/CD = BR/CR. It has been noticed that a stable seesaw-invariant
zero texture is the Fritzsch-like one [137]:
MD =
 0 CD 0CD B′D BD0 BD AD
 , MR =
 0 CR 0CR B′R BR0 BR AR
 , (334)
in which AD and AR can be arranged to be real and positive. In this case the canonical seesaw
formula Mν ' −MDM−1R MTD leads us to
Mν ' −

0
C2D
CR
0
C2D
CR
B′ν
ADBD
AR
+
BDCD
CR
− ADCDBR
ARCR
0
ADBD
AR
+
BDCD
CR
− ADCDBR
ARCR
A2D
AR

, (335)
where
B′ν =
B2D
AR
+ 2
B′DCD
CR
− C
2
DB
′
R
C2R
− 2 BDCDBR
ARCR
+
C2DB
2
R
ARC
2
R
. (336)
Note that the Fritzsch-like four-zero textures of Ml and Mν are compatible with current neutrino
oscillation data very well, and the same zero textures of MD and MR can also guarantee thermal
leptogenesis to work well [917, 918]. So the universal zero textures of these mass matrices in the
seesaw mechanism deserve more attention in the model-building exercises.
Possible seesaw mirroring relations between light and heavy Majorana neutrinos are certainly
not limited to their zero flavor textures. If the neutrino mass terms in the canonical seesaw mech-
anism are required to be invariant under the S3 charge-conjugation transformation of left- and
right-handed neutrino fields, a systematic analysis shows that there exist remarkable structural
equalities or similarities between Mν and MR [722], reflecting another kind of seesaw mirroring
relationship of interest. In particular, the textures of MD and MR which respect the µ-τ reflection
symmetry are found to be seesaw-invariant. To be explicit, let us consider
MD =
AD BD B
∗
D
ED CD DD
E∗D D
∗
D C
∗
D
 , MR =
AR BR B
∗
R
BR CR DR
B∗R DR C
∗
R
 , (337)
corresponding to the textures given in Eqs. (300) and (306) under the µ-τ reflection symmetry, with
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AD, AR and DR being real. With the help of the seesaw formula Mν ' −MDM−1R MTD, we obtain
Mν ' −
Aν Bν B
∗
ν
Bν Cν Dν
B∗ν Dν C
∗
ν
 , (338)
where
Aν =
1
det MR
{
A2D
(
|CR|2 − D2R
)
+ 4ADRe
[
BD
(
DRB
∗
R − BRC∗R
)]
+ 2Re
[
B2D
(
ARC
∗
R − B∗2R
)]
+ 2|BD|2
(
|BR|2 − ARDR
)}
,
Bν =
1
det MR
{
ADED
(
|CR|2 − D2R
)
+ 2EDRe
[
BD
(
DRB
∗
R − BRC∗R
)]
+ ADCD
(
DRB
∗
R − BRC∗R
)
+BDCD
(
ARC
∗
R − B∗2R
)
+
(
B∗DCD + BDDD
) (|BR|2 − ARDR) + ADDD (BRDR − B∗RCR)
+ B∗DDD
(
ARCR − B2R
)}
,
Cν =
1
det MR
[
E2D
(
|CR|2 − D2R
)
+ 2EDCD
(
DRB
∗
R − BRC∗R
)
+ 2EDDD
(
BRDR − B∗RCR
)
+ C2D
(
ARC
∗
R − B∗2R
)
+ 2CDDD
(
|BR|2 − ARDR
)
+ D2D
(
ARCR − B2R
)]
,
Dν =
1
det MR
{
|ED|2
(
|CR|2 − D2R
)
+ 2Re
[(
E∗DCD + EDD
∗
D
) (
DRB
∗
R − BRC∗R
)]
+
(
|CD|2 + |DD|2
) (
|BR|2 − ARDR
)
+ 2Re
[
CDD
∗
D
(
ARC
∗
R − B∗2R
)]}
, (339)
with det MR = AR|CR|2+2|BR|2DR−ARD2R−2Re(B2RC∗C). It is obvious that Mν and MR have the same
texture associated with the µ-τ reflection symmetry, and thus there exists an interesting seesaw
mirroring relationship between these two mass matrices [722]. In particular, such a relationship
means a quite strong constraint on the overall texture of Mν, which is essentially independent of
the detailed parameter correlation in Eq. (339).
One may certainly find more examples of this kind in the canonical seesaw mechanism or
its extensions, such as the universal Fritzsch texture or Fritzsch-like texture of all the fermion
mass matrices in the inverse seesaw or multiple seesaw scenarios [211, 919, 920]. Of course,
a seesaw mirroring relation between light and heavy Majorana neutrinos does not necessarily
mean that there is a kind of underlying flavor symmetry behind it, although such a relationship is
phenomenologically interesting and suggestive.
7.3. Simplified versions of seesaw mechanisms
7.3.1. The minimal seesaw mechanism
Motivated by the principle of Occam’s razor, one may simplify a conventional seesaw mech-
anism by introducing fewer heavy degrees of freedom. The purpose of this treatment is simply
to reduce the number of unknown parameters and thus enhance the predictability and testability
of the concerned seesaw scenario. As mentioned in section 5.1.3, the minimal seesaw mechanism
[238] is the most popular example of this sort. It is a straightforward extension of the SM by
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adding only two right-handed Majorana neutrino fields (denoted as NµR and NτR) and allowing for
lepton number violation, in which the 3 × 2 Dirac neutrino mass matrix MD and the 2 × 2 heavy
Majorana neutrino mass matrix MR are expressed as
MD =

Aeµ Aeτ
Aµµ Aµτ
Aτµ Aττ
 , MR =
(
Bµµ Bµτ
Bµτ Bττ
)
, (340)
where all the elements are complex in general. The seesaw formula Mν ' −MDM−1R MTD allows us
to calculate the light Majorana neutrino mass matrix Mν in the leading-order approximation. Since
MR is of rank two, Mν must be a rank-two matrix with the vanishing determinant, implying the
existence of a massless neutrino! This observation is the most salient feature of the minimal seesaw
mechanism, and its validity is independent of the approximation made in deriving the leading-
order seesaw formula but guaranteed by the so-called “seesaw fair play rule” — the number of
massive light Majorana neutrinos exactly matches that of massive heavy Majorana neutrinos in an
arbitrary type-I seesaw scenario [921]. In the basis where MR is diagonal and real, a number of
generic parametrizations of MD have been proposed in the literature [568, 569, 570, 571, 572].
As a consequence, the minimal seesaw mechanism can make a definite prediction for the light
Majorana neutrino mass spectrum at the tree level 40:
Normal ordering : m1 = 0 , m2 =
√
∆m221 , m3 =
√
∆m231 ; (341a)
Inverted ordering : m1 =
√
|∆m232| − ∆m221 , m2 =
√
|∆m232| , m3 = 0 , (341b)
where the values of three neutrino mass-squared differences can be directly read off from Table 9.
Because of m1 = 0 (or m3 = 0), it is always possible to redefine the phases of neutrino fields such
that one of the Majorana phases can be rotated away [926]. In other words, there are only two
nontrivial CP-violating phases in the minimal seesaw mechanism — another salient feature of this
simplified but viable seesaw scenario.
In the Ml = Dl basis one may reconstruct Mν = UDνU
T in terms of three neutrino masses,
three flavor mixing angles and two CP-violating phases. With the help of Eq. (341a) or Eq. (341b)
together with Tables 9 and 10, we plot the 3σ ranges of six independent elements of Mν in Fig. 35.
Some immediate comments are in order.
• In the normal neutrino mass hierarchy case, Mν is not allowed to possess any texture zeros.
In comparison, one or two of 〈m〉eµ, 〈m〉eτ, 〈m〉µµ and 〈m〉ττ are still likely to be vanishing or
vanishingly small in the inverted hierarchy case, although the corresponding parameter space
is strongly restricted. This general observation is consistent with some explicit analyses of
the zero textures of Mν in the minimal seesaw framework [563, 927].
40Note that m1 = 0 remains valid at the one-loop level [922, 923, 924, 925], but the two-loop quantum corrections
may lead us to m1 ∼ 10−13 eV in the SM or m1 ∼ 10−10 eV · (tan β/10)4 in the MSSM [925] even if m1 = 0 originally
holds at the tree level (the same observation is true for m3 = 0). Such a vanishingly small neutrino mass can be ignored
in most cases because it has little impact on neutrino phenomenology.
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Figure 7: Majorana neutrino minimal seesaw.
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Figure 8: Dirac neutrino minimal seesaw.
5
Figure 35: In the minimal seesaw mechanism with a choice of the Ml = Dl basis, the 3σ ranges of six independent
elements |〈m〉αβ| (for α, β = e, µ, τ) of the Majorana neutrino mass matrix Mν as functions of the CP-violating phase
δν, where both the normal neutrino mass hierarchy (NH) and the inverted hierarchy (IH) are taken into account.
• The µ-τ flavor symmetry is favored to a large extent, for both normal and inverted neutrino
mass hierarchies. A comparison between Figs. 30 and 35 clearly tells us how powerful or
predictive the Occam’s razor could be in dealing with the seesaw-related flavor structures.
Hence it deserves more attention, at least from a phenomenological point of view [564].
Of course, either the texture zeros or the µ-τ reflection symmetry of Mν should stem from the zeros
or symmetries of MD and (or) MR. A systematic classification of possible zero textures of MD and
MR has been made in Refs. [239, 927] in the minimal seesaw mechanism, and some recent works
have also been done to discuss the structures of MD and MR based on the µ-τ reflection symmetry
in this simplified seesaw framework (see, e.g., Refs. [928, 929, 930, 931]).
To illustrate, let us consider the µ-τ reflection symmetry of MD and MR in Eq. (340) by re-
quiring the neutrino mass terms in the minimal seesaw model to be invariant under the following
transformations for the left- and right-handed neutrino fields:
νeL ↔ (νeL)c , νµL ↔ (ντL)c , ντL ↔ (νµL)c ; NµR ↔ (NτR)c , NτR ↔ (NµR)c . (342)
Then the textures of MD and MR are constrained as follows:
MD =

Aeµ A
∗
eµ
Aµµ Aµτ
A∗µτ A
∗
µµ
 , MR =
(
Bµµ Bµτ
Bµτ B
∗
µµ
)
, (343)
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where Bµτ = B
∗
µτ holds. The light Majorana neutrino mass matrix Mν ' −MDM−1R MTD turns out
to have the same µ-τ reflection symmetry as that given in Eq. (338), and its four independent
elements are now given by
Aν = 2
[
|Aeµ|2Bµτ + Re
(
A2eµBµµ
)]
,
Bν = Aeµ
(
AµµBµµ + AµτBµτ
)
+ A∗eµ
(
AµµBµτ + AµτB
∗
µµ
)
,
Cν = A
2
µµBµµ + A
2
µτB
∗
µµ + 2AµµAµτBµτ ,
Dν =
(
|Aµµ|2 + |Aµτ|2
)
Bµτ + 2Re
(
AµµA
∗
µτBµµ
)
. (344)
There are certainly several simple ways to explicitly break the µ-τ reflection symmetry of Mν by
introducing simple perturbations to either MD or MR in Eq. (343), or both of them [930]. If the µ-τ
reflection symmetry is realized at the seesaw scale ΛSS, the RGE-induced corrections to Mν may
also break this flavor symmetry at the electroweak scale ΛEW, as already discussed in section 7.1.3.
It is worth pointing out that a further simplified version of the minimal seesaw mechanism, the
so-called littlest seesaw scenario, has recently been proposed and discussed [562, 932, 933, 934].
In the flavor basis where both MR and Ml are diagonal and real, the elements of MD are arranged
to satisfy Aeµ = 0, Aµµ = Aτµ and Aττ ∝ Aµτ ∝ Aeτ. The resultant Mν ' −MDM−1R MTD only contains
three real free parameters in this paradigm (or only two real free parameters if an S4 ×U(1) flavor
symmetry is taken into account to constrain the CP-violating phase [932]), but it is able to account
for the observed neutrino mass spectrum and flavor mixing pattern. In this connection a “littlest”
realization of the leptogenesis mechanism and a combination of the µ-τ reflection symmetry with
the littlest seesaw model are also possible [935, 936].
It is also worth mentioning that the so-called minimal type-III seesaw scenario, in which only
two SU(2)L fermion triplets are introduced, has recently been proposed and discussed [937]. One
of the salient features of this simplified seesaw mechanism is that the lightest active neutrino
must be massless, exactly the same as in the minimal (type-I) seesaw case. Its phenomenological
consequences on various lepton-flavor-violating and lepton-number-violating processes certainly
deserve some further studies [938].
7.3.2. The minimal type-(I+II) seesaw scenario
Now let us look at a simplified version of the so-called type-(I+II) seesaw mechanism and its
phenomenological consequences on neutrino flavor mixing and thermal leptogenesis. This seesaw
scenario is an extension of the SM with both three heavy right-handed neutrino fields NαR (for
α = e, µ, τ) and an SU(2)L Higgs triplet ∆ which has a superhigh mass scale M∆ [202, 203, 204,
205, 206] 41, or equivalently a combination of the type-I seesaw in Eq. (30) and the type-II seesaw
in Eq. (32). After spontaneous electroweak symmetry breaking the relevant neutrino mass terms
can be written in the same way as in Eq. (226):
−LI+II =
1
2
[
νL (NR)
c
] (ML MD
MTD MR
) [
(νL)
c
NR
]
+ h.c. , (345)
41Note that this seesaw scenario had long been referred to as the type-II seesaw mechanism, but since about 2007
it has gradually been renamed as the type-(I+II) seesaw mechanism.
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where ML = λ∆Y∆v
2/M
∆
from Eq. (32) and MD = Yνv/
√
2 from Eq. (30). If the mass scales of
ML, MD and MR are strongly hierarchical, as one may argue according to ’t Hooft’s naturalness
principle [181], then a diagonalization of the 6 × 6 symmetric mass matrix in Eq. (345) will lead
us to the following type-(I+II) seesaw formula in the leading-order approximation:
Mν ' ML − MDM−1R MTD . (346)
Needless to say, this “hybrid” seesaw scenario generally contains more free parameters as com-
pared with the type-I or type-II seesaw mechanism, although it can naturally be embedded into an
SO(10) or left-right symmetric model (see, e.g., Refs. [939, 940, 941]). It can be simplified by
reducing the number of heavy Majorana neutrinos from three to one [573, 574, 575, 576], and the
resulting scenario is just called the minimal type-(I+II) seesaw.
One may simply take MR = M1 with M1 being the mass of the only heavy Majorana neutrino
N1 in the minimal type-(I+II) seesaw mechanism. In this case the second term of Mν in Eq. (346)
is of rank one and thus provides a nonzero mass for one of the three light Majorana neutrinos.
So the textures of ML and MD can be arranged to be as simple as possible for interpreting current
neutrino oscillation data in the spirit of Occam’s razor. For example, the assumptions of ML = m0I
and MTD = id0 (1, 1, 1) lead us to the same form of Mν as that in Eq. (256):
Mν ' m0
1 0 00 1 00 0 1
 + d20M1
1 1 11 1 11 1 1
 , (347)
which apparently respects the S3 flavor symmetry [719, 720, 721]. Proper perturbations to the
special textures of ML and MD taken above are therefore expected to generate a realistic texture of
Mν with proper S3 symmetry breaking terms to fit the experimental data.
In general, ML and MD can be fully reconstructed in terms of mi (for i = 1, 2, 3) and M1
together with both the active neutrino mixing parameters in Eq. (205a) and the active-sterile flavor
mixing parameters in Eq. (221). The results are
MD ' M1

sˆ∗14
sˆ∗24
sˆ∗34
 , ML ' M0L + M1

(sˆ∗14)
2 sˆ∗14 sˆ
∗
24 sˆ
∗
14 sˆ
∗
34
sˆ∗14 sˆ
∗
24 (sˆ
∗
24)
2 sˆ∗24 sˆ
∗
34
sˆ∗14 sˆ
∗
34 sˆ
∗
24 sˆ
∗
34 (sˆ
∗
34)
2
 , (348)
where sˆi4 ≡ eiδi4 sin θi4 (for i = 1, 2, 3) as defined in section 5.1.1, and
(M0L)ee = m1
(
c12c13
)2
+ m2
(
sˆ∗12c13
)2
+ m3
(
sˆ∗13
)2 ,
(M0L)µµ = m1
(
sˆ12c23 + c12 sˆ13 sˆ
∗
23
)2
+ m2
(
c12c23 − sˆ∗12 sˆ13 sˆ∗23
)2
+ m3
(
c13 sˆ
∗
23
)2 ,
(M0L)ττ = m1
(
sˆ12 sˆ23 − c12 sˆ13c23
)2
+ m2
(
c12 sˆ23 + sˆ
∗
12 sˆ13c23
)2
+ m3
(
c13c23
)2 ,
(M0L)eµ = −m1c12c13
(
sˆ12c23 + c12 sˆ13 sˆ
∗
23
)
+ m2 sˆ
∗
12c13
(
c12c23 − sˆ∗12 sˆ13 sˆ∗23
)
+ m3c13 sˆ
∗
13 sˆ
∗
23 ,
(M0L)eτ = m1c12c13
(
sˆ12 sˆ23 − c12 sˆ13c23
) − m2 sˆ∗12c13 (c12 sˆ23 + sˆ∗12 sˆ13c23) + m3c13 sˆ∗13c23 ,
(M0L)µτ = −m1
(
sˆ12c23 + c12 sˆ13 sˆ
∗
23
) (
sˆ12 sˆ23 − c12 sˆ13c23
) − m2 (c12c23 − sˆ∗12 sˆ13 sˆ∗23) (c12 sˆ23 + sˆ∗12 sˆ13c23)
+m3c
2
13c23 sˆ
∗
23 . (349)
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It is obvious that the active-sterile flavor mixing angles must be strongly suppressed in magnitude,
and the corresponding phase parameters are responsible for CP violation in the lepton-number-
violating decays N1 → `α + H and N1 → `α + H (for α = e, µ, τ).
Different from the decays of Ni in the type-I seesaw mechanism, which are described by the
tree-level, one-loop vertex correction and self-energy Feynman diagrams in Fig. 6, the decays of
Ni in the type-(I+II) seesaw scenario can also happen via the one-loop vertex correction mediated
by the Higgs triplet ∆ (i.e., N j in Fig. 6(b) can be replaced by ∆) [942, 943, 944]. As a result,
the interference between the tree-level and one-loop contributions leads us to the CP-violating
asymmetries εiα between Ni → `α + H and Ni → `α + H decays (for i = 1, 2, 3 and α = e, µ, τ), as
defined in Eq. (50). In the assumption of M1  M2,M3 and M∆, the flavor-dependent CP-violating
asymmetry of N1 decays turns out to be [172, 945]
ε1α '
3M1
8piv2(Y†νYν)11
∑
β
Im
[
(Y∗ν )α1(Y
∗
ν )β1(Mν)αβ
]
, (350)
where v ' 246 GeV, and Mν has been given in Eq. (346). Once the minimal type-(I+II) seesaw
scenario is taken into account, we find that the N1-mediated vertex correction and self-energy
diagrams of N1 decays do not really contribute to ε1α. So only the ML term of Mν is nontrivial in
this special case. Given the parametrization of MD and the reconstruction of ML in Eq. (348), it is
actually the M0L component of ML that contributes to ε1α. If the Fritzsch texture of Ml and ML is
assumed, for example, a successful leptogenesis can essentially be realized [573].
7.3.3. The minimal inverse seesaw scenario
Although the canonical (type-I) seesaw mechanism is theoretically natural for interpreting
the tiny masses of three active neutrinos and the cosmological matter-antimatter asymmetry via
leptogenesis, it is unfortunately not testable at any accelerator experiments because its energy
scale is too high to be experimentally reachable. To lower the seesaw scale to the TeV scale, there
must be a significant “structural cancellation” in the seesaw formula Mν ' −MDM−1R MTD. In fact,
it has been found that Mν will vanish in the MR = DN ≡ Diag{M1,M2,M3} basis if
MD = d0
 y1 y2 y3ay1 ay2 ay3by1 by2 by3
 , y21M1 + y
2
2
M2
+
y23
M3
= 0 (351)
hold simultaneously, where a, b and yi (for i = 1, 2, 3) are in general complex [217, 946]. This
special texture of MD means that some of its elements are not necessarily suppressed in magnitude
to assure mi to be vanishing, and thus some elements of R ' MDD−1N obtained from Eq. (229) are
not necessarily small in magnitude to make an appreciable interaction of Ni (for i = 1, 2, 3) with
three charged leptons possible [181, 555]. The latter is a necessary condition for the production of
a heavy Majorana neutrino with Mi . 1 TeV at the LHC or other high-energy colliders [579, 601,
947, 948]. To generate tiny neutrino masses mi, one may introduce some perturbations to MD in
Eq. (351). Given M′D = MD − XD with  being a small dimensionless parameter (i.e., | |  1), for
example, one immediately obtain
M′ν ' −M′DD−1N M′TD ' 
(
MDD
−1
N X
T
D + XDD
−1
N M
T
D
)
, (352)
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from which the mass eigenvalues of M′ν at or below O(0.1) eV can definitely be obtained by adjust-
ing the magnitude of  [181]. In this case, however, possible collider signatures of Ni (associated
with R) are decoupled from the light Majorana neutrino sector (controlled by ) to a large extent.
A relatively natural scenario which can lower the seesaw scale to the TeV scale but avoid
a significant structural cancellation is the so-called inverse (or double) seesaw mechanism [209,
210]. Its idea is to extend the SM by introducing three heavy right-handed neutrino fields NαR (for
α = e, µ, τ), three SM gauge-singlet neutrinos S αR (for α = e, µ, τ) and one scalar singlet Φ, such
that the lepton-number-violating but gauge-invariant neutrino mass terms can be written as
−Linverse = `LYνH˜NR + (NR)cYS ΦS R +
1
2
(S R)
cµS R + h.c. , (353)
in which the µ term is expected to be naturally small according to ’t Hooft’s naturalness criterion,
simply because lepton number conservation will be restored in Eq. (353) if this term is switched
off. After spontaneous gauge symmetry breaking, the neutrino mass terms turn out to be
−L′inverse =
1
2
[
νL (NR)
c (S R)
c
]  0 MD 0MTD 0 MS0 MTS µ

(νL)
c
NR
S R
 + h.c. , (354)
where MD = Yνv/
√
2 and MS = YS 〈Φ〉. Diagonalizing the symmetric 9×9 mass matrix in Eq. (354)
leads us to the effective light Majorana neutrino mass matrix in the leading-order approximation:
Mν ' MD(MTS )−1µ (MS )−1MTD . (355)
So the tiny mass eigenvalues of Mν can be attributed to the smallness of µ, and they are further
suppressed by MD/MS and its transpose in the case that the mass scale of MD is strongly suppressed
as compared with that of MS . For instance, µ ∼ O(1) keV and MD/MS ∼ O(10−2) will naturally
make Mν at the sub-eV scale, and the heavy degrees of freedom in this scenario are expected to be
around the experimentally accessible TeV or 10 TeV scales. Note that the heavy sector consists
of three pairs of pseudo-Dirac neutrinos whose CP-opposite Majorana components have a tiny
mass splitting characterized by the mass scale of µ [181], and hence it is very hard to observe any
appreciable effects of lepton number violation in practice.
The principle of Occam’s razor suggests that the number of free parameters in the inverse
seesaw mechanism be reduced by introducing only two pairs of NαR and S αR (e.g., for α = µ
and τ) [560]. This minimal inverse seesaw scenario can work well at the TeV scale to interpret
current neutrino oscillation data, since the resulting light Majorana neutrino mass matrix Mν is
phenomenologically equivalent to the one obtained from the minimal type-I seesaw mechanism
in section 7.3.1. The point is that MD, MS and µ are simplified respectively to the 3 × 2, 2 × 2
and 2 × 2 mass matrices, and thus Mν is of rank two and must have a vanishing mass eigenvalue.
So the predictability and testability are enhanced in this simplified version of the inverse seesaw
mechanism, and its possible collider signatures and low-energy consequences for lepton flavor
violation and dark matter have attracted some particular attention [560, 949, 950, 951, 952].
The so-called littlest inverse seesaw model, which combines the aforementioned minimal in-
verse seesaw with an S4 flavor symmetry, has recently been proposed [953]. The resultant light
Majorana neutrino mass matrix Mν is essentially equivalent to the one obtained from the littlest
seesaw scenario [562], as briefly discussed in section 7.3.1.
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7.4. Flavor symmetries and model-building approaches
7.4.1. Leptonic flavor democracy and S3 symmetry
It is well known that the S3 flavor symmetry has played an important role in some pioneering
efforts towards understanding the observed flavor mixing patterns of both quarks [132, 133] and
leptons [138, 139], partly because the group of this simple symmetry is the minimal non-Abelian
discrete group describing the permutations of three objects. But S3 does not have any irreducible
three-dimensional representation, and hence it is not a natural flavor symmetry group for building
a realistic three-family flavor model of either leptons or quarks. From the phenomenological
point of view, however, S3 remains a good example for illustrating some salient features of three-
family flavor mixing, as discussed in section 6.2.1 for the quark sector. Here let us take a look
at the lepton sector by considering flavor democracy for the charged-lepton mass matrix Ml and
the Dirac neutrino mass matrix MD, together with S3 flavor symmetry for the heavy right-handed
Majorana neutrino mass matrix MR in the canonical seesaw mechanism.
Given the SU(2)L × U(1)Y gauge-invariant mass terms of charged leptons and neutrinos in the
canonical (type-I) seesaw mechanism in Eq. (30), one may obtain the mass matrices Ml = Ylv/
√
2
and MD = Yνv/
√
2 together with MR itself. Assuming that the leading term of MR respects the
S3 symmetry and those of Ml and MD respect the S3L × S3R symmetry (i.e., flavor democracy) as
shown in Eqs. (255a) and (255b), we can write out
Ml =
Cl
3
1 1 11 1 11 1 1
 + ∆Ml , (356a)
MD =
CD
3
1 1 11 1 11 1 1
 + ∆MD , (356b)
MR =
CR
3

1 1 11 1 11 1 1
 + r
1 0 00 1 00 0 1

 + ∆MR , (356c)
where r is a real dimensionless parameter, Cx (for x = l, D or R) characterizes the absolute mass
scale of Mx, and ∆Mx denotes a small perturbation to Mx and thus breaks its flavor democracy
or S3 symmetry. Note that the latter is not a real flavor symmetry of the leptonic mass terms in
Eq. (30); instead, it is just an empirical guiding principle to help fix the basic texture of Mx. How to
explicitly break flavor democracy and S3 symmetry is an open question [721, 722, 725, 954, 955,
956, 957, 958, 959, 960], and hence whether the textures of ∆Ml, ∆MD and ∆MR are appropriate
or not can only be justified by their phenomenological consequences on the lepton mass spectra,
flavor mixing angles, CP violation at low energies and even leptogenesis at the seesaw scale. Here
we focus on the low-energy phenomenology by simply assuming ∆MR = 0 and [961]
∆Ml =
Cl
3
iξl 0 00 −iξl 00 0 ζl
 , ∆MD = CD3
0 0 00 −ξD 00 0 ζD
 , (357)
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where 0 < ξl  ζl  1 and 0 < r  ξ2D  ζ2D are taken for the purpose of doing the subsequent
analytical approximations. Diagonalizing the complex symmetric charged-lepton mass matrix via
the transformation O†l MlO
∗
l = Dl, one obtains mτ ' Cl, mµ ' 2ζlCl/9 and me ' ξ2l Cl/(6ζl) in the
leading-order approximation, together with
Ol ' O∗ +
i√
6
√
me
mµ

1
√
3 0
1 −√3 0
−2 0 0
 + 12√3 mµmτ

0
√
2 −1
0
√
2 −1
0
√
2 2
 , (358)
where O∗ has been given in Eq. (67). On the other hand, the light Majorana neutrino mass matrix
Mν ' −MDM−1R MTD is found to be of the texture
Mν ' −
C2D
3CR

1 1 11 1 11 1 1
 + 13r
0 0 00 2ξ2D ξDζD0 ξDζD 2ζ2D

 . (359)
Diagonalizing Mν via the transformation O
†
νMνO
∗
ν = Dν, one may arrive at a normal neutrino mass
spectrum with m1 ' C2D/(3CR), m2 ' ξ2DC2D/(6rCR) and m3 ' 2ζ2DC2D/(9rCR), together with
Oν ' iS (123) + i

0
m1
m2
m1
m3
−m1
m2
0
1√
3
√
m2
m3
−m1
m3
− 1√
3
√
m2
m3
0

, (360)
in the leading-order approximation, where S (123) = I has been given in Eq. (253). Then the PMNS
matrix U = O†l Oν can be achieved from Eqs. (358) and (360), and its leading term is just the demo-
cratic flavor mixing pattern U0 = O
†
∗ in Eq. (104). A careful analysis of this phenomenological
ansatz shows that it is compatible with current neutrino oscillation data, and a simple perturbation
to the texture of MR in Eq. (356c) may allow us to interpret the observed cosmological baryon-
antibaryon asymmetry of our Universe via the resonant leptogenesis mechanism [961].
Of course, one may also combine flavor democracy and (or) S3 symmetry with the type-II see-
saw mechanism [719, 720, 721] or the type-(I+II) seesaw mechanism [957, 962], so as to explain
current experimental data on lepton masses and flavor mixing effects. Although there exists an ob-
vious gap between such phenomenological attempts and a real flavor symmetry model for charged
leptons and massive neutrinos, the former can be regarded as a necessary step towards the latter.
In fact, a more realistic model-building exercise based on the S3 flavor symmetry group usually
requires an extra symmetry to reduce the number of free parameters or assumes a specific way
of breaking S3 symmetry spontaneously and softly [958, 962, 963, 964, 965, 966, 967, 968, 969,
970, 971]. Since the underlying flavor symmetry is most likely to manifest itself at a high energy
scale far above the electroweak scale and the corresponding symmetry group should accommodate
S3 or the empirical µ-τ reflection symmetry, the discussions about S3 symmetry and its possible
breaking actually fit the spirit of a bottom-up approach of model building.
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7.4.2. Examples of A4 and S4 flavor symmetries
Since 1998, the three lepton flavor mixing angles have been measured to a good degree of
accuracy thanks to a number of robust and successful neutrino oscillation experiments [19]. Given
the fact that the observed values of θ12 and θ23 are quite close to the special angles ∠BAD =
arcsin(1/
√
3) ' 35.3◦ and ∠ABC = arcsin(1/√2) = 45◦ within a cube shown in Fig. 16, one
may naturally conjecture that the leading term of the 3 × 3 PMNS matrix U should be a constant
pattern U0 (e.g., the tribimaximal or democratic flavor mixing pattern) whose nonzero elements
are just the square roots of a few simple fractions formed from small integers, such as 1/
√
2,
1/
√
3 and 1/
√
6. Since the latter are very similar to the Clebsch-Gordan coefficients used in
compact Lie groups and representation theories, they strongly suggest the existence of a kind
of flavor symmetry group behind the observed pattern of lepton flavor mixing. In other words,
U = U0 + ∆U, where ∆U describes small corrections of flavor symmetry breaking to U0. Along
this line of thought, many efforts have been made in exploring possible flavor symmetry groups
which can easily give rise to U0 in a reasonable extension of the SM, especially its scalar part.
In this connection an underlying flavor symmetry may be Abelian or non-Abelian, continuous
or discrete, local or global; and it can be either spontaneously or explicitly broken. But more
attention has been paid to the global and discrete flavor symmetry groups as a powerful guiding
principle of model building, simply because such a symmetry group has some obvious advantages.
For example, it can be embedded in a continuous symmetry group; it may stem from some string
compactifications; its spontaneous breaking does not involve any Goldstone bosons; and so on.
So far one has examined many simple discrete flavor symmetries, such as Z2, Z3, S3, S4, A4, A5,
D4, D5, Q4, Q6, ∆(27), ∆(48) and T
′, to interpret the experimental data on flavor mixing and CP
violation [143, 144, 145, 146]. Among them, A4 and S4 are found to be most appropriate and
promising towards understanding the underlying flavor structures of leptons and quarks.
If U0 = O
†
l Oν is a constant flavor mixing pattern independent of any free parameters, then
the corresponding charged-lepton and neutrino mass matrices Ml and Mν must have very special
textures such that the unitary transformation matrices Ol and Oν used to diagonalize them are
constant matrices. Behind the special flavor structure of Ml or Mν should be a kind of residual
flavor symmetry arising from the breaking of a larger flavor symmetry [972, 973, 974]. The latter
can be denoted as GFS, and its breaking leads us to the residual symmetry groups Gl and Gν which
constrain the textures of Ml and Mν. In fact, the textures of quark mass matrices discussed in
Eqs. (289)—(292) is an example of this sort with Gu = Gd for the up- and down-type quark
sectors. That is why we are left with Ou = Od = Uω and thus a constant (and trivial) CKM matrix
V = I. Now let us follow Refs. [455, 457, 458, 807, 809] to illustrate how to obtain the constant
tribimaximal neutrino mixing pattern in Eq. (106) from A4 symmetry breaking.
To be explicit, we introduce three Higgs doublets Φi (for i = 1, 2, 3) for the charged-lepton
sector as for the quark sector in Eq. (289), and three right-handed neutrino fields NαR (for α =
e, µ, τ), one Higgs doublet φ and three flavon fields χi (for i = 1, 2, 3) for the neutrino sector.
These scalar and lepton fields, together with the SM lepton fields, are placed in the representations
of the A4 symmetry group as follows:
`L = (`eL, `µL, `τL)
T ∼ 3 , NR = (NeR,NµR,NτR)T ∼ 3 , EeR ∼ 1 , EµR ∼ 1′ , EτR ∼ 1′′ ;
Φ = (Φ1,Φ2,Φ3)
T ∼ 3 , φ ∼ 1 , χ = (χ1, χ2, χ3)T ∼ 3 . (361)
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The gauge-invariant lepton mass terms, which are invariant under A4, can be written as
−Llepton = λl
(
`L Φ
)
1
(
EeR
)
1 + λ
′
l
(
`L Φ
)
1′
(
EτR
)
1′′ + λ
′′
l
(
`L Φ
)
1′′
(
EµR
)
1′
+λν
(
`L NR
)
1
(
φ˜
)
1
+ M
[
(NR)
c NR
]
1
+ λχ
[
(NR)
c NR
]
3S
· (χ)3 + h.c. , (362)
where φ˜ = iσ2φ
∗. After the scalar fields Φi and φ acquire their respective vacuum expectation
values 〈Φ0i 〉 ≡ vi (for i = 1, 2, 3) and 〈φ0〉 ≡ vφ while the flavon fields χi acquire their vacuum
expectation values 〈χi〉 ≡ vχi (for i = 1, 2, 3), the charged-lepton mass matrix Ml and the right-
handed Majorana neutrino mass matrix MR turn out to be
Ml =
λlv1 λ
′
lv1 λ
′′
l v1
λlv2 λ
′
lωv2 λ
′′
l ω
2v2
λlv3 λ
′
lω
2v3 λ
′′
l ωv3
 , MR =

M Mχ3 Mχ2
Mχ3 M Mχ1
Mχ2 Mχ1 M
 , (363)
but the Dirac neutrino mass matrix MD is given by MD = λνvφI. Assuming v1 = v2 = v3 ≡ v,
vχ1 = vχ3 = 0 and M > Mχ2  λνvφ, we use the seesaw formula Mν ' −MDM−1R MTD and obtain
Ml =
√
3 vUω
λl 0 00 λ′l 00 0 λ′′l
 , Mν ' −λ2νv2φM
 ξ 0 −ζ0 1 0−ζ 0 ξ
 , (364)
where Uω has been given in Eq. (103), ξ ≡ M2/(M2 − M2χ2) and ζ ≡ MMχ2/(M2 − M2χ2) have been
defined. Diagonalizing Ml and Mν in Eq. (364) leads us to a constant flavor mixing matrix
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U0 =
i√
2
U†ω

1 0 −1
0
√
2 0
1 0 1
 = 1√6Pl

−2 √2 0
1
√
2 −√3
1
√
2
√
3
 Pν , (365)
where “i” comes from the negative sign of the seesaw formula, Pl = Diag{1, ω∗, ω} and Pν =
Diag{−i,+i,−1}. So we are left with the tribimaximal flavor mixing pattern as the leading term of
the PMNS matrix U in this simple A4 flavor symmetry model. Since the experimental discovery of
θ13 ∼ 9◦ in 2012 [15], more realistic model-building exercises based on A4 have essentially gone
beyond the initial goal of simply deriving a constant flavor mixing matrix (see, e.g., Refs. [976,
977, 978, 979, 980, 981, 982, 983, 984, 985, 986]).
In comparison with A4, the flavor symmetry group S4 is the unique finite group capable of
yielding the tribimaximal flavor mixing pattern for all the Yukawa couplings [462, 974]. It is a non-
Abelian group describing all the permutations of four objects and possesses twenty-four elements
belonging to five conjugacy classes, with 1, 1′, 2, 3 and 3′ as its irreducible representations. The
multiplication rules of two three-dimensional representations of S4 are quite similar to those of A4
42In the literature most authors have neglected small and non-unitary corrections to U0, which are generally inherent
in such A4 flavor symmetry models and can arise from both the charged-lepton and neutrino sectors [975].
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(i.e., 3 ⊗ 3 = 1 ⊕ 2 ⊕ 3S ⊕ 3′A, 3′ ⊗ 3′ = 1 ⊕ 2 ⊕ 3S ⊕ 3′A and 3 ⊗ 3′ = 1′ ⊕ 2 ⊕ 3′S ⊕ 3A), and
the two-dimensional representation behaves exactly as its S3 counterpart (i.e., 2 ⊗ 2 = 1 ⊕ 1′ ⊕ 2)
[987]. That is why the three families of leptons or quarks can naturally be organized into one
of the three-dimensional representations of S4, and the corresponding residual symmetries can be
defined in the same representation. If GFS = S4 is broken to Gl = Z3 and Gν = K4, where K4 is the
Klein group with four elements, one may easily show that Ml is diagonal and Mν has a “magic”
texture of the form [736, 988]
Mν = m0I +
2yν −yν −yν−yν xν + yν −xν−yν −xν xν + yν
 , (366)
whose row sums and column sums are all identical to m0. Then the tribimaximal neutrino mixing
pattern can be derived from this texture of Mν in a straightforward way [462, 974]. Of course,
such an example is just for the purpose of illustration, because it is absolutely unclear whether
the tribimaximal flavor mixing pattern is really the leading term of the observed pattern of lepton
flavor mixing or not. So far a lot of efforts have been made in building lepton mass models and
explaining neutrino oscillation data based on the S4 flavor symmetry group (see, e.g., Refs. [459,
460, 461, 989, 990, 991, 992, 993, 994, 995, 996, 997, 998, 999, 1000, 1001, 1002]).
The above examples provide us with a simple but instructive recipe for model building, and
its basic ingredients can be summarized as follows [971]: (a) choose a proper discrete symmetry
group GFS, write down its possible irreducible representations and figure out all of their multipli-
cation decompositions; (b) assign the fermion and scalar fields of the SM or its extension to the
representations of the chosen symmetry group; (c) write out the Yukawa structure of the model in
accordance with the particle content and the given representations, which is invariant under GFS;
(d) obtain the fermion mass matrices after the flavor symmetry GFS is spontaneously broken (i.e.,
after the relevant scalar fields acquire their respective vacuum expectation values) to the residual
symmetry groups Gl and Gν in the lepton sector or Gu and Gd in the quark sector; (e) work out
the fermion mass spectra and flavor mixing patterns of leptons and quarks, and then confront them
with current experimental tests.
If more than one Higgs doublets are introduced in such flavor symmetry models, their conse-
quences on various flavor-changing processes beyond the SM have to be examined. If one insists
on using only the Higgs doublet of the SM, then the effective non-renormalizable interactions have
to be taken into account to support the discrete flavor symmetry. In either case some hypotheti-
cal gauge-singlet scalar (flavon) fields are required. That is why such flavor symmetry models
are typically associated with many unknown degrees of freedom which are normally put into a
hidden dustbin in most of today’s model-building exercises, simply because many of those new
particles or parameters are experimentally unaccessible at present or in the foreseeable future. On
the other hand, the variety of flavor symmetry models makes it practically hard to judge which
flavor symmetry group is closer to the truth [722, 816].
7.4.3. Generalized CP and modular symmetries
Given a non-Abelian discrete flavor symmetry, the model-building approach described above
is sometimes categorized as the conventional approach. It has recently been improved or extended
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in two aspects: on the one hand, the flavor symmetry group is combined with the “generalized
CP” (GCP) transformation [1003, 1004] so as to predict or constrain the Majorana phases of CP
violation; on the other hand, the flavor symmetry group is combined with the “modular” invariance
concept borrowed from superstring theories [814, 1005] so as to minimize the number of flavon
fields and enhance the predictability of the model. Here we give a brief introduction to the GCP
and modular symmetries associated with discrete flavor symmetries.
A theoretical reason for introducing the concept of GCP lies in the fact that the canoni-
cal CP transformation is not always consistent with the non-Abelian discrete flavor symmetries.
In the context of such a flavor symmetry group GFS, let us consider a scalar multiplet Φ(t, x)
which belongs to an irreducible representation of GFS and transforms under the action of GFS as
Φ(t, x)
g−→ ρ(g)Φ(t, x) with g ∈ GFS, where ρ(g) denotes the unitary representation matrix for
the element g in the given irreducible representation. Now let us define the CP transformation
of Φ(t, x) as Φ(t, x)
CP−→ XΦ∗(t,−x), where X is unitary in order to keep the kinetic term of Φ
invariant. So the cases of X = I and X , I correspond to the canonical and generalized CP
transformations, respectively. A successive implementation of the GCP transformation, the flavor
symmetry transformation g ∈ GFS and the inverse GCP transformation of Φ(t, x) leads us to
Φ(t, x)
CP−→ XΦ∗(t,−x) g−→ Xρ∗(g)Φ∗(t,−x) CP
−1
−→ Xρ∗(g)X−1Φ(t, x) . (367)
Then the consistency requirement dictates Xρ∗(g)X−1 to be a flavor symmetry transformation of
GFS and thus hold for all the irreducible representations of GFS. In other words, Xρ∗(g)X−1 =
ρ(g′), where g′ is also an element of GFS (i.e., g, g
′ ∈ GFS). It is then sufficient to arrange X to
be consistent with the generators of GFS, and all the X matrices satisfying Eq. (367) constitute
a representation of the automorphism group of GFS. Given X as a solution to Eq. (367), ρ(g)X
is also a solution but it provides us with nothing new. So the GCP transformations of physical
interest are given by the aforementioned automorphism group of GFS after those equivalent ones
have been removed, leaving a new group HCP to us. The overall group constituted by GFS and HCP
is therefore isomorphic to their semi-direct product GFS o HCP [1003, 1004, 1006].
Let us proceed to take a look at some physical implications of the GCP transformations. By
definition, the GCP symmetries constrain the charged-lepton and Majorana neutrino mass matrices
in the following way [440]:
X†
(
MlM
†
l
)
X =
(
MlM
†
l
)∗
, X†MνX∗ = M∗ν . (368)
Given O†l MlM
†
l Ol = D
2
l ≡ Diag{m2e ,m2µ,m2τ} and O†νMνO∗ν = Dν ≡ Diag{m1,m2,m3} as discussed in
sections 2.1.2 and 2.2.1, we simply obtain
X†l D2l Xl = D2l with Xl ≡ O†lXO∗l , X†νDνX∗ν = Dν with Xν = O†νXO∗ν . (369)
So Xl must be a diagonal phase matrix, and Xν is also diagonal but its finite entries are ±1. The
PMNS matrix U = O†l Oν turns out to satisfyX†l UXν = U∗, implying that U can only accommodate
some trivial CP phases [1007, 1008]. That is why the GCP symmetry has to be broken in order
to generate nontrivial CP-violating effects. A simple but phenomenologically interesting way of
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Figure 36: A schematic illustration of how to derive the PMNS lepton flavor mixing matrix U in the direct model-
building approach, with the help of a combination of the non-Abelian discrete flavor symmetry group GFS and the
generalized CP symmetry group HCP. Here we focus on the case of Gν = Z2 for the sake of simplicity.
breaking GFS o HCP is to preserve the residual symmetry Gl in the charged-lepton sector and the
residual symmetry GνoHCP with Gν = Z2 in the neutrino sector [1003], as schematically illustrated
in Fig. 36 43. One may accomplish this aim by requiring the vacuum expectation values of the
flavon fields in the charged-lepton and neutrino sectors to satisfy the conditions T〈φl〉 = 〈φl〉 andS〈φν〉 = X〈φν〉∗ = 〈φν〉, where T , S and X are the representation matrices for the generators of Gl,
Z2 and H
ν
CP, respectively. Moreover, XS∗X−1 = S is required to make Z2 and HνCP commutable.
Since S2 = I, it is always possible to diagonalize S by means of a unitary matrix OS; namely,
O†SSOS = DS = ±Diag{−1, 1,−1}, where the first and third eigenvalues of S are chosen to be
degenerate. In this case OS can be redefined by carrying out a complex (1,3) rotation [440].
Combining this freedom with the requirement XS∗X−1 = S allows us to arrive at OSOTS = X. The
invariance of Mν under Z2 ×HνCP means S†MνS∗ = Mν and X†MνX∗ = M∗ν , from which we obtain
DSO
†
SMνO
∗
S = O
†
SMνO
∗
SDS and O
†
SMνO
∗
S = (O
†
SMνO
∗
S)
∗, respectively. So the real and symmetric
matrix O†SMνO
∗
S can easily be diagonalized by a real (1,3) rotation matrix O13(θ∗). With the help
of these arrangements, the PMNS lepton flavor mixing matrix is given by U = O†l OSO13(θ∗)Pν
[1003], where Ol is determined by Gl and Pν serves as the diagonal Majorana phase matrix. Note
that U is essentially a constant matrix modified by a single free parameter θ∗ in this approach, in
which θ∗ plays an important role in producing nonzero θ13.
The above approach is sometimes referred to as the direct model-building approach, in which
the CP-violating phases are purely fixed by the GFSoHCP group structures. This approach typically
predicts 0, ±pi/2 or pi for the relevant CP phases (see, e.g., Refs. [1010, 1011, 1012, 1013]), unless
a larger flavor symmetry group is chosen (see, e.g., Refs. [1014, 1015]). In this connection the
so-called indirect model-building approach provides a possible way out. Its strategy is to choose
43This plot can be compared with the conventional flow scheme [1009] for deriving the lepton flavor mixing matrix
U from Ml and Mν based on either continuous or discrete flavor symmetries.
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a non-Abelian discrete flavor symmetry group GFS which is consistent with the canonical CP
transformation, such as S3, A4, S4 and A5 [1004, 1011, 1016], and introduce the nontrivial CP-
violating phases with the help of the complex vacuum expectation value of a flavon field φ which
transforms trivially with respect to GFS [1017, 1018, 1019, 982, 1020].
Now we turn to the modular transformation and its subgroup symmetries. In a superstring
theory the torus compactification is perhaps the simplest way to make the extra six dimensions
of space compactified. The two-dimensional torus can be constructed as R2 divided by a two-
dimensional lattice Λ, which is spanned by the vectors (α1, α2) = (2piR, 2piRτ) with R being real
and τ being a complex modulus parameter [814, 1005, 1021, 1022]. Since the same lattice can
also be described in another basis, (
α′2
α′1
)
=
(
a b
c d
) (
α2
α1
)
, (370)
where a, b, c and d are integers and satisfy ad − bc = 1, the modulus parameter τ transforms as
τ =
α2
α1
−→ τ′ = α
′
2
α′1
=
aτ + b
cτ + d
. (371)
This modular transformation is generated by S : τ→ −1/τ (duality) and T : τ→ τ + 1 (discrete
translational symmetry), which satisfy the algebraic relations S 2 = I and (S T )3 = I. If T N = I is
required, one is left with the finite subgroups ΓN which are isomorphic to some even permutation
groups. In particular, Γ2 ' S3, Γ3 ' A4, Γ4 ' S4 and Γ5 ' A5 [1005]. The holomorphic functions
transforming as f (τ) → (cτ + d)k f (τ) under the modular transformation in Eq. (371) are called
the modular forms of weight k. String theories on torus T 2 and orbifolds T 2/ZN have the modular
symmetry, so do the four-dimensional low-energy effective theories (e.g., a supergravity theory)
on the compactifications T 2 ⊗ X4 and (T 2/ZN) ⊗ X4 with X4 being a four-dimensional compact
space [1021, 1022]. Given the above τ → τ′ transformation, the chiral superfields φ(I) transform
as φ(I) → (cτ + d)−kIρ(I)(γ)φ(I), where −kI is the so-called modular weight and ρ(I)(γ) stands for a
unitary representation matrix of γ ∈ ΓN [1023].
It becomes clear that the modular groups Γ2,··· ,5 can find some interesting applications in under-
standing the flavor structures of leptons and quarks. A big difference between the modular symme-
try and a usual discrete flavor symmetry is that the former dictates the Yukawa-like couplings to be
the functions of the modulus parameter τ and transform in a nontrivial way under ΓN , whereas the
latter only acts on the fermion and scalar fields. To describe the dependence of the Yukawa-like
couplings on τ, it has been found that the Dedekind η-function η(τ) = q1/24(1−q) (1−q2) (1−q3) · · ·
with q = exp(i2piτ) is a good example of this kind [814], which satisfies
η(−1/τ) = η(τ)√−iτ , η(τ + 1) = η(τ) exp(ipi/12) , (372)
corresponding to the aforementioned duality and discrete translational transformations.
For the modular group Γ3 ∼ A4, there are three linearly independent modular forms of the
lowest nontrivial weight k = 2, denoted as Yi(τ) (for i = 1, 2, 3). They transform in the three-
dimensional representation of A4 and can be explicitly written out in terms of the Dedekind η-
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function η(τ) and its derivative η˙(τ) [814]:
Y1(τ) =
i
2pi
[
η˙(τ/3)
η(τ/3)
+
η˙(τ/3 + 1/3)
η(τ/3 + 1/3)
+
η˙(τ/3 + 2/3)
η(τ/3 + 2/3)
− 27 η˙(3τ)
η(3τ)
]
= 1 + 12q + 36q2 + 12q3 + · · · ,
Y2(τ) =
−i
pi
[
η˙(τ/3)
η(τ/3)
+ ω2
η˙(τ/3 + 1/3)
η(τ/3 + 1/3)
+ ω
η˙(τ/3 + 2/3)
η(τ/3 + 2/3)
]
= −6q1/3
(
1 + 7q + 8q2 + · · ·
)
,
Y3(τ) =
−i
pi
[
η˙(τ/3)
η(τ/3)
+ ω
η˙(τ/3 + 1/3)
η(τ/3 + 1/3)
+ ω2
η˙(τ/3 + 2/3)
η(τ/3 + 2/3)
]
= −18q2/3
(
1 + 2q + 5q2 + · · ·
)
, (373)
where ω = exp(i2pi/3) and q = exp(i2piτ) have been given before. From the q-expansion we
see that Yi(τ) satisfy the constraint [Y2(τ)]
2 + 2Y1(τ)Y3(τ) = 0. Note that the overall coefficient
of Yi(τ) in Eq. (373) is just a choice, because it cannot be fixed from the modular A4 symmetry
itself. Writing Y1(τ), Y2(τ) and Y3(τ) as a column vector Y(τ) = [Y1(τ),Y2(τ),Y3(τ)]
T , we have
Y(−1/τ) = τ2ρ(S )Y(τ) and Y(τ + 1) = ρ(T )Y(τ) under the modular A4 transformation, where the
unitary transformation matrices ρ(S ) and ρ(T ) are given by
ρ(S ) =
1
3
−1 2 22 −1 22 2 −1
 , ρ(T ) =
1 0 00 ω 00 0 ω2
 . (374)
In addition to an early and general description of some typical finite modular symmetry groups
and their possible phenomenological applications [1005], some concrete model-building exercises
based on modular A4 [814, 815, 816, 1021, 1022, 1024, 1025, 1026, 1027, 1028, 1029], modular
S3 [819], modular S4 [1030, 1031, 1032, 1033, 1034, 1035] and modular A5 [1036, 1037] have
recently been done to interpret the flavor structures of leptons and (or) quarks.
Here we just follow Ref. [1024] to briefly illustrate how a modular A4 symmetry allows us to
determine or constrain the textures of lepton mass matrices in the MSSM framework combined
with the canonical seesaw scenario. The assignments of the irreducible representations of A4 and
the modular weights to the MSSM fields and right-handed neutrino superfields in this model are
summarized as follows:
`L = (`eL, `µL, `τL)
T ∼ 3 , NR = (NeR,NµR,NτR)T ∼ 3 , EeR ∼ 1 , EµR ∼ 1′′ , EτR ∼ 1′ ;
H1 ∼ 1 , H2 ∼ 1 , Y(τ) ∼ 3 , (375)
together with kI = 1 for `L, NR and ER; kI = 0 for H1 and H2; and k = 2 for Y(τ). Then one may
write out the gauge-invariant and modular-invariant mass terms of charged leptons and massive
neutrinos as the following superpotential:
Wlepton = αl
(
EeR
)
1
(
H1
)
1
[
`LY(τ)
]
1 + βl
(
EµR
)
1′′
(
H1
)
1
[
`LY(τ)
]
1′ + γl
(
EτR
)
1′
(
H1
)
1
[
`LY(τ)
]
1′′
+g1
(
NR
)
3
(
H2
)
1 ·
[
`LY(τ)
]
3S
+ g2
(
NR
)
3
(
H2
)
1 ·
[
`LY(τ)
]
3A
+M0
(
NRNR
)
3S
· [Y(τ)]3 . (376)
After spontaneous gauge symmetry breaking, we are left with [1024]
Ml =
Y
∗
1 Y
∗
2 Y
∗
3
Y∗3 Y
∗
1 Y
∗
2
Y∗2 Y
∗
3 Y
∗
1

αl 0 00 βl 00 0 γl
 , (377)
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where the coefficients αl, βl and γl characterize the mass scales of three charged leptons and can
always be taken to be real and positive; and
MR = M0
2Y
∗
1 −Y∗3 −Y∗2−Y∗3 2Y∗2 −Y∗1−Y∗2 −Y∗1 2Y∗3
 ,
MD = v2

2g∗1Y
∗
1 −
(
g∗1 + g
∗
2
)
Y∗3
(
g∗2 − g∗1
)
Y∗2(
g∗2 − g∗1
)
Y∗3 2g
∗
1Y
∗
2 −
(
g∗1 + g
∗
2
)
Y∗1
−
(
g∗1 + g
∗
2
)
Y∗2
(
g∗2 − g∗1
)
Y∗1 2g
∗
1Y
∗
3
 , (378)
where M0 characterizes the overall mass scale of three heavy Majorana neutrinos, and g1,2 are in
general complex as Y1,2,3 are. The effective Majorana neutrino mass matrix Mν can then be calcu-
lated with the help of the seesaw formula Mν ' −MDM−1R MTD. After Ml and Mν are diagonalized,
one will obtain the charged-lepton masses, neutrino masses and the PMNS lepton flavor mixing
matrix. A careful numerical analysis shows that this modular A4 symmetry model is compati-
ble with current neutrino oscillation data, but it involves a number of free parameters besides the
complex modulus parameter τ [1024].
More efforts are certainly underway to explore more successful applications of the modular
flavor symmetries in understanding a number of well-known flavor puzzles. For example, the GCP
symmetry has recently been combined with the modular flavor symmetries for model building
[1034]. In this case it is found that some viable modular symmetry models turn out to be more
constrained and thus more predictive, with the complex modulus parameter τ being the only source
of CP violation for leptons and quarks. On the other hand, it has recently been pointed out that
the most general Ka¨hler potential consistent with the modular flavor symmetries of a given model
contains additional terms with additional parameters [1038], and the latter will unavoidably reduce
the predictive power of the model. Although it remains unclear whether the new ideas and methods
under discussion are going to work well, we believe that a change in perception is always helpful
for us to solve those long-standing flavor problems.
8. Summary and outlook
A number of great experimental breakthroughs in the past twenty years, including the discov-
ery of the long-awaited Higgs boson, the determination of the Kobayashi-Maskawa CP-violating
phase, and the observations of atmospheric, solar, reactor and accelerator neutrino (or antineu-
trino) oscillations, did bear witness to an exciting period of history in particle physics. On the one
hand, we are convinced that the basic structures and interactions of the SM must be correct at and
below the Fermi energy scale; on the other hand, we are left with some solid evidence that the SM
must be incomplete — at least in its lepton flavor sector. The fact that the masses of three known
(active) neutrinos are extremely small strongly indicates that the new physics responsible for neu-
trino mass generation and lepton flavor mixing seems to be essentially decoupled from the other
parts of the SM at low energies. Since the SM itself tells us nothing about the quantitative details
of different Yukawa interactions, it is really challenging to explore the underlying flavor structures
of charged fermions and massive neutrinos either separately or on the same footing. Nevertheless,
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a lot of important progress has so far been made in understanding how lepton or quark flavors mix
and why CP symmetry is broken. The purpose of this review article is just to provide an overview
of some typical ideas, approaches and results in this connection, with a focus on those general and
model-independent observations and without going into detail of those model-building exercises.
We have briefly introduced the standard pictures of fermion mass generation, flavor mixing
and CP violation in the SM or its minimal extension with massive Dirac or Majorana neutrinos,
and highlighted the basic ideas of several seesaw mechanisms. After summarizing current ex-
perimental and theoretical knowledge about the flavor parameters of quarks and leptons, which
include their masses, flavor mixing angles and CP-violating phases, we have outlined various pop-
ular ways of describing flavor mixing and CP violation. Some particular attention has been paid
to the RGE evolution of fermion mass matrices and flavor mixing parameters from a superhigh
energy scale down to the electroweak scale, and to the matter effects on neutrino oscillations.
Taking account of possible extra neutrino species, we have proposed a standard parametrization
of the 6 × 6 active-sterile flavor mixing matrix and discussed the phenomenological aspects of
heavy, keV-scale and eV-scale sterile neutrinos. Possible Yukawa textures of quark flavors have
been explored by considering the quark mass limits, flavor symmetries and texture zeros, with
an emphasis on those essentially model-independent ideas or novel model-building approaches.
We have also gone over some recent progress made in investigating possible flavor structures of
charged leptons and massive neutrinos, including how to reconstruct the lepton flavor textures,
simplified versions of seesaw mechanisms, and basic strategies for building realistic flavor sym-
metry models. It is certainly impossible to cover a vast amount of work that has been done in
the past twenty years at the frontiers of flavor physics, and hence we have combined our general
descriptions with some typical examples for the sake of illustration, so as to provide a clear picture
of where we are standing and how to proceed in the near future.
From a theoretical point of view, what lies behind the observed fermion mass spectra and flavor
mixing patterns should most likely be a kind of fundamental flavor symmetry and its spontaneous
breaking [1039]. In contrast with a “vertical” GUT symmetry which makes leptons and quarks of
the same family correlated with one another, a “horizontal” flavor symmetry is expected to link one
fermion family to another. So far many flavor symmetry groups on the market have been tried, in
particular A4 and S4 have been extensively studied as two promising model-building playgrounds.
But it remains unclear which flavor symmetry is close to the truth and can really shed light on
the secrets of flavor structures, although some new concepts (e.g., generalized CP and modular
symmetries) have been developed along this kind of thought. In any case, one lesson definitely
emerges from all our theoretical and experimental attempts in the past two decades: possible new
flavor symmetries and new degrees of freedom should show up in a new framework beyond the
SM and at a new energy scale far above the electroweak scale.
We certainly have no reason to be pessimistic on the way to look into deeper flavor structures
of charged fermions and massive neutrinos, because history tells us that a breakthrough might just
be around the corner. It is especially encouraging that a lot of progress has recently been made
in “cosmic flavor physics” — the studies of those flavor problems in cosmology and astrophysics,
thanks to the fact that our knowledge about neutrino masses and lepton flavor mixing effects is
rapidly growing. On the other hand, “dark flavor physics” — the studies of those flavor issues
associated with dark matter and even dark sector of the Universe, is entering a booming period
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in particle physics and cosmology. That is why we are confident that new developments in fla-
vor physics will benefit not only the energy and intensity frontiers but also the cosmic frontier
of modern sciences, and new developments in answering some fundamental questions about the
origin and evolution of our Universe (e.g., the nature of dark matter, the dynamics of dark energy,
the reason for baryogenesis and the origin of cosmic rays) will help deepen our understanding of
flavor structures of both leptons and quarks. The road ahead is surely bright and exciting!
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